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PART IL 



^ Calc ulation of the Ckedliilit>j of 
Humane Tejiimony, 

MOral Certitude Ahfolute^\% that in which 
the Mind of Man entirely acquicP 
ces, requiring no ^rther Aflurance : 
As if one in whom I abfolutely confide, fhall 
bring me word of iioo/. accruing to me by 
Gift, or a Ship's Arrival, and for which there- 
fore I would not give the lead valuable Con- 
fideration to be Enftir'd. 

Moral Certitude IncomfU.it^ has it^ feveral 
Degrees to be eftimatcd by the Proportion it 
bears to the Abfolute. As if one in whom I 
have that degree of Confidence, as that I would 
not give abov^c O.ic i.i Six: to be cafur^d of the 
truth of what he fays, ih iil iiifonn me, as a- 
bove, concerning 1203/. i may taci reckon 
that I have as good as the Abfolute Certainty 
of a 1000 /. or five fixths of Abfolute Certainty 

for the wliole Summ* 4 

B The- 
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The Credibility of any Reporter is to berated 
(i) by bis Integrity or Fidelity; and (i) by his 
jibilityi aud a double Ability i% to be conTider- 
cd i both that of Affrehending what isdeliver'd, 
and alfo of Retaining it afterwards, till it be 
tranfmirted. 

* What follows concerning the Degrees of 

* Credibility, is divided into F^ur Prof opt ions. 

* The Two Brfi^ refpjeft tbe Reporters of the 

* Narrative as they either Triinfi)iit Succeffive^ 
*- ly^ or Atteft Concurrently : the 7l?/V^i, the Sub- 

* jeft of it i as it may conrift of feveral Articles^ : 

* and the Fourth^ joins thoie three Coniiderati* 
~* ons together, exempUfyiug them in Oral aad 

* in Written Tradition. 

PROP. L 

Coffceming the Credibility of a Report^ made hy 

Single Succcflivc Reporter who are equally Cre^ 
dible. 

Let their Reports have, each of them, five 
Sixths of Certainty ; and let the firft Reporter 
give me a Certainty of looo /. in 1200 2. it is 
plain, that the Second Reporter, who delivers 
that Report, will give me the Certainty but of 
^ths of that 1000 /. or the |rfc of ^ths of the 
full Certainty of the whole 1 200 Aad fo a 
Third Reporter,who has it from thefecond,wiU 
tranfmit to me but ^rhs of that Degree of Cer- 
tainty, the Second would have deUvcr'd me, 
*&e. 

That is, if, be put for the Share of AlTu- 
rance a lingle Reporter gives me % and, r, for 
that which is wanting to make that Aflurance 

fonapieat ; and I therefore fuppos'd to have 

a 
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-*~ of Certainty fioui the Firll Reporter j I 



Ihall have from the Second, == ; from the 

And accordingly, if, i)c too, and 
Cthe number of Pounds that an icx)/, put out 
to Intereft, brings in at the Yearns end; ) and 
conieqnently my Share of Certainty from One 

Reporter, he =tli which is the prcfcut va- 
lue of any Summ to be paid a Year hcacc : The 
Proportion of Certainty coniing to me from a 
Second, will be f If multiplyed by M\ (which 
is the prefent Value of Mony to he piid after 
two Yearsj) and that from a Third- hand Re- 
porter, == i^J thrice multiplied into it felf i 
(the Value of Mony payable at the end of 
Three Years) &c. 

Corollary. 

And therefore, as at the Rate of f€r Cent. 
Intereft, the prefent Value of any Summ pay- 
able after Twelve Years, is but half the Summ 
So if the Probability or proportion of Certi- 
tude tranfmitted by each Reporter, be f,-? ; 
the Proportion of Certainty after Twelve fuch 
TranfmiOions^will be bat as a half ; and it will 
grow by that Time an equal Lay, whether the 
Report be true or no. In the fame manner, if 
the Proportion of Certainty be fet at Vst it 
come to half from the ^oth Hand: And if 
at from the 5p5^A* ^ 
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p II. 

Cmceraini Goacurrent TcJUjications, 

If Two Concurrent Reporters, have, each of 
them, as of Certainty ; they will both give 
me an Alluiaiue of M ths, or of 31 to one : It 
Three j an Agurance of or of 215 to 

For if one of them gives a Certainty tor 

iioo/. asofltfcj, there remains bot. an AUu- 
rance of V/^, or of 200/. wanting to me, tor 
the whole. And towards that the Second At- 
tefter contributes, according to his Proportioa 
of Credibility : That is to ^ths of Certainty be- 
forehand, he adds ^ths of the \th which was 
wanting .• So that there is now wanting but 
\th of a \,th^ that is i and confequcntly I 
have, from them both, ^bs of Certainty, bo 
from Three, &c. 

That is, if the firft Witnefs gives mc 



.of Certainty, and Uiere is wanting of it 

the Second Attefter will add ]^ of that ~- . 
and confequcntly leave nothing wanting but 
1— of that ^ = —— And in like maa- 
ncr the third Attefter adds his i-— of that 



and leaves waatiug oaly c^^* • 



Corol- 
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Corollary. 

Hence it follows, that if a fiagic WitncTs 
fhould be only fo far Credible, as to give me 
the Half of a full Certainty ; the Second of the 
feme Credibility^ would (joined with the firft) 
give me ^ths-j a Third-, Uhs^ &c. So that the 
Coatteftationofa Tenth,would give me [^iiths 
oi Cei^tainty ; and the Coatteftation of aTwen* 
tieth, To5T.-al or above Two Millions to one, 

PROP. III. 

Concerning the Credit of a Reforter for a PartlCtl- 
lar Article of that Narrative^ for the whole of 
v^hich he is CredibU in a certain Degree. 

Let there be Six Particulars of a Narrative 
equally remarkable : If he to whom the Rejx)rt 
is given, has yhs of Certainty tor the whole, 
or Snmm, of them ; he* has 35 to one, againft 
the Failure in any One certain Particular. 

For he has Five to One, there will be no 
Failure at ail. And if there be, he has yet a- 
nother Five to On^ that it falls not upon that 
lingle Particular or the Six. That is, he has 
rths of Certainty for the whole : and of the ith 
wanting, he has likewife ithsj or ^^ths of the 
whole more ; and thereforethat there will be 
no Failure in that fingle Particular, he has 
itbs and {-fths of Certainty, or |i of it. ^ 

In General,if -be the Proportion of Cer- 



taiaty for the whole , and be. the chance 



of Ihe reft of (he particular Artides t^i, agaiafl: 

B 3 ^^^^ 
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fome one, or more of them « there will be no- 
thing wanting to an abfohite Certitude, againlt 
the not failing in Article^ or Articles, ^f, but 



PROP. IV. 

Ccncernini the Truth of either Oral or Written 
Tradition^ (m Whole ^ or in Part J Succeflively 
trar.fmittedyMd alfo Coattefted hy fever al Suc^ 
cejfions of Tranfmittents* 

CO Suppofing the Tranfmiflion of znOral 
and Narrative to be fo performed by a Succcf- 
iion of Single Men, or joined in Companies, as 
that each^Traiifnunioii, after the Narrative 
has been kept for Twenty Years, impairs the 
Credit of it a th part ^ and that coofequently 
at the Twelfth Hand, or at the end of 240 
Years., its certainty is reduced to a Half ^ and 
there j^/ows then an even Lay {hy the Corollary 
tftke fecond Propo/iti^n) againft the Truth of the 
/Relation: Yet if we ftrthcr fuppofe, that die 
fame Relation is Coattcflcd by Nine other feve 
ralSucceliions,tranlmitting alike each of them ; 
the Credibility of it when they are all found to 
agree, wHl (j^ the CereUary of the fir ft Profejkim) 
be as of Certainty, or above a Thoufen^ 
to one ^ and if we fuppofe a Coatteftation of 
I^inetcen, the Credibility of it will be, as a- 
bovc Two Millions to One. 
* (2) In Oral Tradition as a Single Man is 
fubjed to much Cafuality, fo a Company of 
Men cannot be fo eafily fuppos'd to join j and 
therefore the Credibility oiKi ths; or about 
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iiths^may poflibly be judged too high a Degree 

for an Oral Conveyance, to the diftancc of 
Twenty Years. But in Written IrAditmi^ the 
Chaaces againll: the Truth or Conlervation of 
a fingle Writing, are far lefs ; and feveral Co- 
pies may alfo be eafily fuppos'd to concur ; nnd 
thofe fince the Invention of Printing exaftly 
the fime : feveral alio diftiaft Succeflions of 
fuch Copies may be is weD liippos'd^ taken by 
diFcrcnt Hands, and preferv'd in different 
Places or Languages. 

And therefore it Oral Tradition by any one 
Man or Company of Men might be fuppos'd 
to be Credible, after Twenty Yc:irs at *iths 
of Certainty ; or but f-ffcx ; or ^th^ : a Writ- 
ten Tradition miy be well imagined to conti- 
nue, by the Joint, Copies that may be ta|cen of 
it for one Place, (like the feveral Copied of the 
fame Imprcfilon) during the fpace of a 100^ if 
not 200 Years ; and to be then Credible at 
izi^hs of Certainty, or at the Proportion of • 
Hundred to one. And. then, feeing that the 
Succeflive Tranfmiflions of this ^^5^ of Certain- 
ty, will not diminiih it to a Half, until itpaP 
&s the SbcQT JUQth Hand; it wUl be near 
Seventy Years before the Rebate of M ony, at 
that Intereft, will fink it to half: ) It is plain, 
that written Tradition, if preferv'd but by a 
iingle Succeilion of Copies, will not lofe half of 
its full Certainty, until 70 times a Hundred (if 
not two Hundred) Years are pa It that is, Se- 
ven Thoufand, if not Fourteen thoufand Yearsj 
and farther, that, if it be likewife preferv'd 
by Concurrent Succeflions of fiich Copies, its 
.Credibility at that Diftance may be even ed- 
creas'd, and grow far more certain from the 
ftveral agreeing Deliveries a£ the end of Se- 

B 4 vcaty 
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vcnty Succeflioiis, than it would be at tbc very 
* firft from either of the Single Hands. 

(3) LafHy,in ftating the Proportions of Cre- 
dibilitv for any Part or Parts of a Copy, it may 
be obfcrv'd ^ that in an Original not very long, 
good Odds may be laid by a careful Hand,tiiat 
the Copy fliall not have lb much as a Literal 
Fault : But in one of greater Length^that there 
may be greater Odds againft any Material Ex^ 
ror, and iuch as Hiall alter the Senfe ; greater 
yet, that the Senfc fliall not be altered m any 
coniidLiablc i'oiiitj a ad ftill greater, if there 
be many of thofe Points, that the Error lights 
not upon fttch a ilngle Article j as in the Thir^ 
Propoiition. 
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^ Letter from the Reverend J)r. 
Wallis, Profe{for of Geometry m 
the Univer/ity of OySovd^and Fel- 
low of Royal Society, iiOM^ow, 
to Jnr. Richard Noriis, concern- 
ing the CoUedion of Secants ; and 

• the trm 'J)ivtfu)n of the Meridtms 
in the Sea- Chart, 

^ y\ N old enquiry, (about the Sam or Aggre* 
jfX gate of SecMts) having been of late mo- 
ved a-new; I have thought fit to trace it from 
its Original : with fuch folution as feems pro- 
per to it: Beginning firft with the general 
preparation ; and then applying it to the Parti*- 
cular Cafe. 

General Preforatioit. 

1 . Beeaufe Curve lines are not fo eafily ma- 
naged as Straight lines : the Ancients, vvlieii 
they were to conflder of figures terminated 
( at leaft on one fide) by a Cunre liae(Gon- 
vex or Concave) as AFKE^ Fig. i .2. Tab 1 . did 
oft make ufe of fbme fuch expedient as this 
ft>ilowing, (but diverily varie4 as occafioarei; 
qoir'dO l^amely, 

2. By Parallel Straight lines, as^F, BG^ 
CH^ SLc, (at equal or unequal diftances, as 

jpbere wa§ occaAaD^) they parted,itiato foma- 
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iiy Segments as they thought fit j (or Ibppofed 
it to be fo parted.) 

3. Thefe Segments were fo many wanting one^ 

ts was the number of thoie Parallels. 

4. To each of thefe Parallels^ wanting one ; 

they fitted Para)1eIo?,rams, offuch breadths as 
were tlie Intervals (equal or unequal) between 
cadi of them (refpectively) and the next fol- 
lowing. Which formed an Adfcribed Figure 
made up of thofe Parallelograms. 

5. And^ if they began with the Grcateft 
(and therefore neglefted the iealt; fuch Figure 
was Circumlcribed, (z% Fig. i.) and therefore 
Bigger than the Curvilinear propofed. 

6. If with the Leaft (ncgleding the great- 
eft ; > the Figure was Infcribcd (as Fig^ 2.^ 
and therefore Lefe than that propofed/ , ' 

7. But, as the number of Segments was in- 
jcareafed, (and thereby their breadths diminiHi- 
-rf ; ) the difference of the drcumfcribed from 
the Infcribcd (and therefore of either from 
that propofed) did continually decreafe, fo aSi 
at laft to be lefs than any afligned. 

8. On which they grounded their Method 
of Exhauftions* 

p. In cafes wherein the Breadth of the Pa- 
rallelograms, or Intervals of the Parallels, is 
not to be ^oniiderM) buir their length only ^ 
(or, wWdtfiriMch the feftfe, whi*ethe Ifttci^. 

vals are all thc^ iame, and each repnted-** 
jirchimades ^itidtt^A of Infcribcd and Circum- 
fcribed !F%WreO irfed to fay, AU except the 
Gredtefi^ asd M 0XC€f$ the As *re^ » t . 

Ua- bpiraL - , 

^ Fanicutar Caje. 

f a TkrtlgHt ^ vMl fi^n, thaft, itf t|je 
Trtrdtrial Globe, all the WcrWiaas! tti«W-«t - 

• the 
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the Pole, (as £P. Fig 3 ) whereby the 
Parallels to the Equator , as they be nearer to 
the i*oie, do continually decreafc. 

11. And hereby a degree of Longitude in 
loch Panittels, is lefs than a degree of LongU 
tude in the Equator, or a degree of Latitude. 
12. And that, in fuch proportion, as is the 
Co-fine of Latitude (which is the femidiamiter 
of fuch Parallel^ to the Radius of the Globe, 
or of the Equator. 

13. Yet hath it been thought fit (for Ibme 
reafbns) to reprefent thele MeridianS| in the 
Sea Chart, by Parallel ftraight lines ; as £ 
EP. 

' 14, Whereby, each Parallel to the Equator 
(as tj4) was reprefented in the Sea-Chart, 
(as as equal to the fi^piator ££ : and a 
degree of Lobgitude therein, as large as in the 
Equator. 

15. By this means, each degree of Longi* 
tade in fach ParallelSi was increafed, beyoikl 
its iaH proportion, at (Uchrate as the Bqua- 
tor (or its Radius) is greater than fuch Paial- 
lel, ( or the Radius thereof.) 

16. But, in the Qld Sea-Charts, the degrees 
of Latitude were yet repreftnted (as they are 
in themfelves) equal to each other ^ and, to 
tbofe of the £iquator. 

17. Hereby, amongfl: many other Inconve-* 
sieiKies, (as Mr. Mdmard Wri^ obibres, in 

his Correction of Errors in Navigation^ firft pu-* 

blilhed in the Year 1 599,) the reprefentatioa 
of Places remote froih the Equator, was fo di- 
ftorted, in thofe Charts, as that (for inflrance) 

iiii ijland in the Latitude of 60 degrees, (where 
the Radios of the Parallel is hut half fo ^j^i eat 

as that of tfa€£^ttatw) would have Jts Length 
* - . (from 
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(fi-®mEaft toWen:)in comparifonof its Breacftfi 
(from North to South) reprcfeiitcd ia a dou- 
ble proportion of what indeed it is. 

1 8. For rectifying this ia fome meafurc (and 
of fbme other inconvcniences)Mr.W^riffetadvi- 
feth ; that (the Meridians remaining Parallel^ 
as before) the degrees of Latitude,remote h'om 
the Equator, fhould at each Parallel, be pro- 
tfafted in like proportion with thofc of Longi- 
tude. 

19. That is; As the Go-Sine of Latitude, 
(which is the Semi-diameter of the Parallel) 
to tlie Radius of the Globe, (which is that of 
the Equator: ) fo fhould be a degree of Lati- 
tude, (which is every where equal to a degree 
of ix)n5itude in the Equator,) to fuch a de- 
gree jof Latitude fb protraAed (at fuch diftance 
from the Equator;) and lb to be reprefented 
ia the Chart. 

20. That is, every where, in fuch proporti- 
on as is the refpe<^ive Secant (for fuch Lati- 
tude) to the Radius. For, as the 0>-line, to 
the Radius ; fo is the Radius to the Secant (of 
the fame Arch or Angle 0 ^^f^g* 4«^*K; : 

R.y: 

/ 21/ So that ( by this means) the pofition of 

each Parallel in the Chart, fliould be at fuch 
diftance from the Equator, compared with fb 
many EquinoEltal Degrees or Minutes, (as arc 
thoie or Latitude,) as are all the Secants (ta- 
ken at equal di fiances in the Arch) to fo many 
times the Radius. 

2X» Which is equivalent, (as Mr. Wright 
there notes) to the Projedion of the Sphericsl 
fur face (fuppofing the Ey ai theCentcr)on the 
concave furf ice of a Cylinder, ereded at right 

Angles to chc Plain o^ i;he Equator. 

23* And 
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23. And the diviUon of iMeriduas, repre 
jented by the furfece of a Cylinder er^ed (oa 
the Arch of Latitude) at right Angles to the 
Pl iin of the Meridian (or a portion thereof.) 
The Altitude of fuch ProjeAion, (or portion of 
fuch Cylindrick; furface) being (at each point 
of fuch Circular bafe) equal to tfte fecant (of 
latitude) anfwering to fuch point. As Fig. 5. 

24. This Projedion (or portion of the Cy- 
lindrick furface) if expanded into a Plain, will 
be the lame with a Plain Figure, whofe bafe is 
equal to .1 Qiiadrantal Arch extended (or a 
portion thereof) on which (as ordinates) are 
er&^ed Perpendiculars equal to the Secants, 
anlwering to the refpedive points of the Arch 
fo- extended : The leaft of which (anfwcr- 

■" ing to the Eqiii^ioclial) h equal to the Radius^ 
and the reft continually increafing, till (at the, 
Pole) it be infimte. As at Fig. 6. 

25. So that, as E Rf L. (a Figure of Secants 
ereftcd at right Angles on EL^ the Arch of 
Latitude extended,) to E RRL^ (a rcftanglc 
on tl^ fame bafe, who's altitude £ ^ is equal 
to the Radius 0 lb is £ L (an Arch of the E- 
quator equal to that of Latitude,) to the di- 
ftance of fuch Parallel, (in the Chart) itom the 
Equator* 

25. For finding this diftance, anlwering to 
each degree and Minute of Latitude ^ Mr, 
Wright (as the nioft obvious way) adds all tlic 
Secants (as they are . found calculated in the 
Trigonometrical Canon) from the beginning, 
to the degree or Miautc of Latitude propo- 
fed. 

2j. The fum of all which, except the Great- 
eft, (anlwering to the Figure loforibed) is too 
Little ; The fum of all except the Leaft, (an- 

fwcring 
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fweving to the Circa mfcribed,) is too Great, 
(which is that he follows : ) And it would be 
nearer to the Truth than either, if (omitting 
all theft) we take the intermediates ; for Min. 

l iyikriU <^^* or (the doubles of tbefe) 
Min. I, 3, 5, 7, d-c. Which yet (bccaufe on 
the Convex fide of the Cunre) would be Ibme* 
what too Little. 

28. But any of thefe ways are exaft enough 
for the ttle intended, as creating no fenfible 
difference in the Chart. 

29. If we would be more cxad Mr. Oz/f/;-* 
tred direds (and lb had Mr. Wright done be- 
fore him) to divide the Arch into parts yet 
imaller than Minutes, and calculate Secants 
fuiting thereunto. 

30. Since the Anthmetick of Infinites intro* 
duced, and (in purfuance thereof^ the Doctrine 
of Infinite feries (for fuch cafes as would not, 
without them, come to a determinate propor- 
tion ; ) Methods have been found for Iqnaring 
fome fuch Figures 5 and (particularly( the Ex- 
terior Hyperbola (in a way of continual 4p- 
proach) by the help of an Infinite feries. As, 

in the Phllofophical Trarj/liClions^ Numb. 38, f for 

the Month of jiu^ujt^ i6<S8,; And my Book, 
JDe Moru^ Cap. ^. Prop. 31 • 

3 1 . In Imitation whereof, it hath been dcfi- 

red (I find) by fome, that a like Quadrature 
for this f igure of Secants (hy an Infinite feries 
fitted thereunto^ mi^ht be found. 

32. In order to which, put we for the Radi- 
us of a Circle, R the right Sine of an Arch 
or Angle, S, the Verfed Sine j V, the Go-Sine 
(or Sine of the Complement) X R-V = V 
Rq-S(i: the Secant, /i the Tangent, T.Jfig* 

33. Thea 
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33. Then is, «• R :: R.f. That is, 2) IV 

(S=|^ ; the Secant. 

* sit 
34- And 2. s :: R.T. That is,«; S R (T*»-^ 

the Tangent. 

3S; Now, if we fuppofe the Radius C P>Fig* 
7. divided into equal Parts, Candeach of them 
= 55 R; ) and, on thefe, to be erefted the Co- 
Sines of Latitude LA: 

36. Then are the Sines of Latitude iajiritk^ 

37- And the Secants anfwering thereanto, 

^ 38. But there Secants, fanfweripg^o right 
Sines in Arithmetical Trogreilion^ are not tbofe 
that ftand at equal diltance on the Quadran- 
tal Arch extended. Fig. 6. 

39. But ftanding at unequal diftances (oa 
the fame exteudcd Arch ^; Namely, on thofe 
points thereof, whofe right Sines fwhilft it was 
a Curve; are in Jrithtmtical Pi ogrellion. As 
Fig. 8. 

40. To End therefore the magnitude of RE 
Lf, Fig. 6. Which is the fame with that of 
Fig. 8. (fuppofing EL of the fame length in 
both ^ however the number of Secants therein 
may be unequal : ) we are to conlider the Se- 
cants, tho' at unequal diftances: Fig.. 8. to be 
the fame with thofe at equal diftances in Fig. 
7- anfwering to Sines in Arithmetical Progre?- 
lion. 

41. Now thefe Intervals, (or portions of the 
bafe; m Fie. 8. are the fame with the inter- 
cepted Arches (or portions of the Arch ; in Fig.. 
^. For Xixh bajfe is but tbat Arch extended. 

# 

4^* And 
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42. And thefe Arches (in parts infinitdJT 
ImalU dre to be reputed equivalent to the per-* 
tioDS of their refpeftive Tangents intercepted 

between the fame ordinates. As in Pig- 7. 9. 

43. That is, equivalent to the portions of 
the Tangents of Latitude. 

44. And thefe portions of Tangents are, to 
the Equal intervals in the bafc, as the Tan- 
gent (of Latitude^ to its Sine. 

45. To find therefore the true Magnitude of 
the Parallelograms (or fegments of the Figure;^ 
we muft either protraft the equal fegmcnts of . 
the bafe, Fis;. 7. (in fuch proportion as is the 
refpedive Tangent to the Sine) to make them 
equal to thofe of FigrS. 

45. Or elfe (which is equivalent) retaining 
the equal intervals of Fig. 7. protraft the Se- 
cants in the fame proportion, (for, either way 
,the Intercepted Redangles or Parallelograms 
will be equally encreafea) MLM Fig. 9- 

47. Namely As the Sine (of Latiude) to 
its Tangent ; fo is the Secant to a Fourth j 
which is to Itand (on the Radius equally divi« 
ded) inftead of that Secant. 

^( : : S . R): : F si^R55a-=L M, Fig.9^ 

48. Which therefore are as the Ordinates 
in (what I call jirith, Infin^ Pr^f. 104) Recifro-^ 
rif Setundinorum : {iippoilng ^ to be fquares 

' in the order of Sccuado^es* 
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49. UiiS bccuu.c oi ' 

^ '=fR^-S-,& the Sines ^^-^ R- g*-* 

S, ill Aiitlimetical t^r-n. 
greflion) is reduced (by 1 
divifion) into ,tliii Ixm- *• 
tiite Scries. .* *'.■. S«' 

50. That is/putting R=s I. j '•"r^j 

'5f . Then (^acfcording' to tfi€ Arirhntetici of 

liifinitesj vvc ai*e to interpret S, ruccenivcly, by 
I 5, 2 S, 3 8cc- till we come to S, the grcat- 
eit. Which therefore reprefeats the number 
of All. 

52. And beciufe the firfl Member doth re- 
prefeat a Series of Equals; the fecoiid of ie- 
candans j the third, of Quartans, &c. There* 
fore the firft Member is to be multipiicd by S 
the fccoad, by f S the third, hj ^ 6; the 
fourth, by * S &c. • 
. -53. Which makes the AggregatCi 

Fig- ^• 

54. This (becaufe S is always lefs than R = 
f) may be fj far continued, till fom: power of 
S become lb fmall as that it (and all whisk 

follow it) may be fatcly negledcd. 

55. Now (to fit this to Ltie iji-Charc, ac- 
cording to Mr. IV/^^ht'sd^Cigai ) Having ths 

i C propo- 
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propofed Parallel fof Latitude) gi^en we arc 
to find (by the Trigonometrical Canon ) the 
jSineoffuch Latitude*, and take, equal to it, 
C Lr=S» And, by this, find th^ magnitade of 
EC L M, Fig. 9 ; that is, of R E L/, Fig. 8. 
that is, of R E L/, Fig. 6. And then, as R 
• RLE (or. fo maay times the Radius,^ to R E 
Lf (the Aggregate of all the Secants ; ) fo 
mnft be a like Arch of the Equator ( eqdal to 
the Latitude propofed J to the diftance of 
f ich Parallel, Ci'q^refenting the Latitude in the 
Chart) from the E^ton Which is the thing 
required. 

55. The fame may be obtained, in like man- I 
ner, by taking the Verftd Sines in Artthmcti' \ 
cM Progreflion. For if the right Sines (as hetc) \ 
beginning at the Equator, be in: Jltrkhmtkd \ 
Frogrellion, as 1, 2, 3, &c. Then will the Ver- ; 
led Sines, beginning at the Pole, fas being 
their complements to the Radiusj be ib alio. 

■ 

Tije Colltclion of Tangents. 

I 

57. The fame may be applied in like man- | 
, ncr, ( though that be not the preftnt builne^^ j 

to the Aggregate of Tangents, (aufvveringtu 
the Arch divided into equal parts.J 

58. For, thofe anfwering to the Radius ib 

SR i 

divided, are j /takingii iaArithmeticaL Pro- i 

greflionj 

59- And then, inlar^ing the Bafc, (as in 
Fig. 8.; or the Tangent Cas in Fig. 9.) in the 

proportion of the Tangent to the Sine* ' 
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Wc have Cby Divifion^ this Series, 

6 1 . That isf putting R=i J 1,0,^? 

62. "Which f multiplying j.1'5 
the relpeftive members by 5. 

4S, ;s, iSy iS, ;.s, &c.; be- %i -r; 

comes ■ 

Which is the Aggregate of Taageats to the 
Arcb^ wboie right Sine is S. 

tfj. And this method may be a pattern for 
the like procefs ia other cafes of like nature. 
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j4n eafie ^emonjlratton of the j^nalo- 
o'i of the Loo^arithmick T^anjyents 
to the J[idridi(in Laine or fitm of ihe 
SeccHnts ; ^ith various Methods 
for comfuting^the fame to the utmoji 
£,xai^nefsj E. Halley. 

IT is now neat loo Years fince our Worthy 
Countryman, Mr. Edward Wrtfht^ publilh* 

ed llis Cory ion of Errors in Navigation^ a Book 

well dcferving the perufal of all luch as delign 
to ufe the Sea. Therein heconfiders the Courfe 
of a Ship on the Globe, (tearing obliquely to 
the iMciidiaii and having fncvvii, that the Dc- 
farture from the Meridian, is in all cafes lefs 
than the Difference of Longitude^ in the ratio oi 
Radius to tbc fec^t of the Latitude^ he con^ 
dudes, That the fum of the Secants of each 
point of the Quadrant being added fuccefTivcly 
would exhibit a line divided into Spaces, fuch 
as the intervals of the parallels of Latitude 
ought to be inatrueSea-Chart,whereon theMe- 

' ridians are made parallel Lines, and the Rhombs 
or Oblique Courfes rcpirefentcd by right Lines. 
This is commonly known by the name of the 

* Meridian /./»e,which tho' it generally be called 
AfircttGrh^ was yet undoubtedly Mr. fVright^s 
Invention, fas he has made it appear ia his 
Preface.) And the Table thereof is to be met 
with in moftBooks treating of Navigatibn,cora- 
puCwd with fuHicicii^cj^adnefs for the purpofe. 

It 
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It was firft difcovercd by Chance, and as far 
as I can learn, firft publiih'd by Mr. Henry 
Bmd^ as an addition to N&rw^od'^ Epitome of 
JSfaviaation^ about 50 Years fince, thnt the A^e- 
vidian Line waf analogous to a Scale of ijtffaruh^ 
miek^ Tangents ^ kilf the Complements of the 
L4tftud$s. The difficulty ta prove the truth 
of this Propofition, feemcd fach to Mr. /I/rr- 
coior^ the Author of Logarithmotechnia^ that he 
propofed to wager a good ibm of Monv,aRainfl: 
whoib would fairly undertake it, that he fliould 
not demonftrate either, that it wa<; true or 
falfe : And about that time Mr. John Collins^ 
holding.a Corrclpondence with all the Eminent 
Mathematicians of the Age, did excite them 
to this enquiry 

The firft that demonftrated the /aid Analogy^ 
was the excellent Mr. James Gregory in his Ex- 
ertkatiems GeometricSj publiflied jinno id68« 
which lie did, not without a long; train of Con- 
lequences and Coiiij>lication of Proportions, 
whereby the evidence of the Dcmonftratioa is - 
in a great meafure loft, and the Reader wea* * 
ried before he attain it. Npr with lefs work 
and apparatus hath the celebrated Dr. Bu, r/)w^'^ 
lA ills Geometrical Le^itres (Led. XL ApjJ% i^) ^ 

proved, that :the Stm, of all th;e , pf , 

any arch is analogous to the L0§arithm\Q^ tnp . 
ratio of Radius 'V Sine to Rad.-^Slne^ or, which ^ 

IsaU one, that the A^eridiofa^^ff'trts anfwciM\^j 
to any degree of Latitude, are as the Logarithms 
of the natio9tes'x>fxh^ Iferjid Shies oithcidiit^i^ 
ces from both the Poles. Since vvliich the in- 
comparable Dr. Wallis ("on oqcalioif pf ^ Para^... 
logilm OpW/nitljCd b]^ qnf ]S^, xVarr«tiia\ this' 

mattf r> has moreifoUyianid c|i»l# li^i^l^d this 
Argumm^ he fecf :iu, Kua>> i^hrOt^ 

L : ' ^ C 3 the 
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^hc Tra^ifaihions. But neither Dr. WslUs^ox 
Dr. Bdrrmy in their fiid T^ca^tifes, have any 

where touched ujjpn the aforefaid relation of 

the Meridiart'Une to the LogarithmickjTarfgent j- 

nor hath any one, that I know of, yet difcover- 
ed the Rule for computing indc^ndently the 

interval of the Meridional farts anfwering to 
any two given Latitudes. 

Wherefore having attained, as I conceive, a 
very facile and natural denionftratioa of the 
faid Analogy, and having found out the Rule 
fbr exhibiting the differe?icc of Meredional parts^ 
between any two parallels of Latitude, without 
finding both the Numbers whereof they are the 
difference: I hope I may be entituled to a 
fhare in the Improvements of this ufeful part 
of Geometry. And firft, let us demonftrate 
the following Provofition. 

' TlEre Miridtan Line is a Scott tf Lig^thmikJi 
Tangents of the half Complements of the Latitudes. 

For this Demonftration, it is requiiite to 
premife thefe four Lemmatiu 

m 

f 

Lemma. I. In the Stereografhich^TrojeEtion of 
the Sphere upon the plain of the jE^uinoftial, 
the diftai^ces from the Center, which in this 
cafe is the Foie, are laid down by the. Taa«> 
gents of half thofe diftances, that is, of half 
the Complements * of the latitudes^ This is 
evident from EwL 3* 20. 

Lem, II. In the Stereografhick. TrojeBion^ the 
Angles under which the Circles interfeft each 
other, are in all cafes equal to the Spherical 
Angles iJiey rcpt^^fent : Whieh^ i*i peffiaps as 
valuable a property of this ProjeHiifft^ as thst 
of all the Circles ot the Sphere thereotd appear- 

ing 
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ing Circles: But this not beiag vulgarly knownf 
naft not be affiimcd without a Dtmwfir^tion. 

Let EB PL in Fig. i. Tab. 2. beany great 
circle of the Sphere/ £ the Eye placed in its 
Circumference, C its Center, / any point 
thereof, and let FC O be fuppofcd a plain 
erefted at right Angles to the Circle EBPLj 
on which F CO we defign the Sphere to be 
projeAed. Draw E P crolling the Plain F 
CO in and f ihaU be the Point P projeded. 
To the point P draw the Tangent A P G 
and on any point thereof, as A, erect a per- 
pendicular at right angles to the plane 
ESPI^aod draw the lines PD, AC^ DCi 
and the Anglc-4P D lhall be equal to the Sphe- 
rical Angle contained between the plains A P 

DPC. Draw alfo j4£^ D£j interfeaing 
the plain F<:O m the mints 4 and d.^^ and 
joyn ad^ p di I fay thrfTriangle ^ p is fiimu- 
lar to the triangle A DP. Ajid the Angle ^fd 
equal to the Augle A PD^ Qraw PJU^ A pa* 
rallel to FO^ .and by reafoA p( the parallels, 4 
f^w^hetOsd MiAKto AD: But (fxf JSticL 
3. 32.^ in the triangle AKP, the angle AKPs=i 
LPE is alfo equal tp AvPJK.=;EPG, wherefore 
the ficks AK, AB^ are equal, and 'twill be a$ 
dp to ^d fo to AD. Whence the angles 
DAP, dap being right, the angle APD will 
be equal to tl|e;aAgle apdj^^xi^ is, the Sphe« 
skal Angle h equal to tjbiti oii tbc Pro^ftipii^ 
and tiiat in.aU Gafes. Wifkli vMs to be frovtd^\ 

This Ismma 1 lately received from iMr. Ab. 
de Moivr€y though.! iii^tcp uA^crftand from^Dr, 
that lopgjago'pyoduce^^^ 6mg 
tl^g bc§Qvtr^S9ci0tp^ jy[owever the demoAfi 
ftrativ^Lafti. thfi ?6ftiefi^Cii^Cmf?iJ^ m 

C4 Zemms 
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Louma III. On the Clohe^ the Rumb Lines 
make equal anj^Iesvvith every Meridian, and 
by the afoY^winj^ iewm^/they raaft like- 
wife niako egifal aiiiples with the Mevicliaas iii 
the St€reofraj^li't\pyoitintvion the plain of the' 
JEquatGT Thfey are thcrcfoFc,in that Fro}€£tioi>^^ 
TroforticMt Splrais abiut^the f ole Point* 

• • • 

Lem.lV. In thQproportt<?!al Sfiral (Fig.2.)it is 
a knev;ri propeTt-y,that the angles BPC^ or the 
arches BD, nve f xpfff7&nt's 6f'tne rMioK9f of BP 
to PC: for if the arch BD be divided into in- 
rmmmble cnnal parts^ right lines drawn from- 
them to the Center P, fhall divide^ the Curve B. 
ccC, into an infinity of proportionals ; and all 
the lines Pc fiuil he an infinky of proportionals 
between FB 3hd'P,Q,*_M4iore number -is equal to 
all the points d, d, iii'' tlte-arch Bl5: Whence- 
atid by whaM !i^Ve^§livcf din' the'iiext iiifk- 
ing Dircourfe it follo\ys, tliat as BD to Bd, or 
as the angle BPC to the single BPc, fois the 
Loc;aritbin of the of PB to PC, to the L<h 
gafithm of the f^^ft' of PB to Pc. ' ; - : ^ i f 

From thefe Ie?727?; our Propofiti^cf f^i*Wy\ 
clearly d^monftratcd r '^FaS^^by the firft, "^PBy 
Pc, PC d/t^'X\i^T^ngkts of half the ComthJ 
mtfrts of ilk Latituilef ia'the ^ereographicl^ 
ProjeBiofi: and by the laft of them, the differ 
rcnceir of «Loagil;ude- or angles at tHe Pole be-i 
iwcen thinii ar5li)gartthrasiof tber^r/^^i^i o£ 

tical ^/er'/W/^^r i/we^is no Otb thrftl If»nrabl* 
of the Longitudeii anfwering to each nuautc 
of ^Latitude, oh ^the Rhumb-line, making an 
angle gf 45 degrees wfth tbc-Meridian -^Wtere- 
fore the MeHm^n One is no otl?et^th^ti*S«W 
of JLOgarithinick^angeiits^f the h8if<:iomple^ 
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inents of the Latitudes. Quod erat demonjlran* 
dum, 

CorolL i.Becaufe that in fTery point of any 
Mhum Line^ the difference of Latitude is to the* 
Deoart Nre^ the Kadius to the Tangent of the 

angle that Rhumb makes makes with the Me* 
riaian ; and thofe equal Defarturfs are every 

where to the differences of Longitude, as the 
Radius to the Secant of the Latitude; it fol- 
lows, that the differences of Longitude are^oa 
any Rhumb, Logarrthms of the fame Tangents 
but of a differing Species*^ being proportioned 
to one another as are the Tangents of tlic au-- 
gJes inadc with th« Meridian. 

CorolL 2. Hcnccany Scale of Logarithm Tan* 
gents, ( as thofe of the* Vulgar Tables made 
aficr ^rigffs^^ form ^ or thofe made to Nafier^%^* 
or any other form whatfbevcr^ is a Table of 
the differences of Longitude, to the leveral ta* 
titndes^ upon fomc determinate Rhumb or o- 
thcr : Aiid therefore, as the Tangent of the' 
angle of fuch Rhumh^ to the Tangent of any 
other Rhumb X So the difference of the Loga- 
irithms of any two Tangents, to the differenccr 
of Longitude, on the propofcd Rbumh^ iiitcr* 
cepted between tiie two Latitudes, of whofc 
half Complements you took the Logarithm* 
Tangents. 

- And Hnce we have a very complcat Table 
of Logarithm Tangents g( form, publi^l- 

ed by riacq^ Anna i (53J> in Yits^Canm Magj^ui 
Trianguhrum Logarithmitus^ com pelted to ten 
Decimal places of the Logarithm, and to every 
tea Seconds of the Quadrant (which fee ms to 
be -more than fuffictent for the niceft jCakula- 
t^tyi thought fie m enqoire-Vhe.OhUque «ngk% 
wicii which that Rhumb Line ciuUcs^.theMe* 
tr::.::.^^i^ ; : \ ridiaa, 

-ii r 
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ridian, whereon the faid Canon ot l^alcc] pre- 
cifely anfwers to the differences of Longitude, 
pottinp; Unity for one minute thereof as ia 
the Common Meridian Line. Now, the mo^ 
mentary au^^ merit or fluxion of the Tangent Line 
at 45 degrees, is exactly double to the fluxion 
of the arch of the Circle, (as may eafily be 
proved ) and the Tangent of 45 being equal to 
Radius^ the fluxion alio of the Logarithm Tan- 
gent will be double to that of the arch, if the 
Logarithm beof iVif/er's form but for 2?r;V^ ^'s 
form, it will be as the fame doubled arch, mul- 
tiplied into o, 43429, Sec or divided by 2, 
302585 &c. Yet this muft be underftood only 
of the addition of an indivifible arch,for it cea* 
festo be true, if the arch have any determi- 
nate magnitude. 

• Hence it appears, that if one minute be fu|D- 
pofed Unity, the length of the arch of one mi^ 
nutc being ,000290888208665721 59^1 54, &c* 
In parts of the Radius, the proportion will be 
as Unity to 2,908882, &c. fo Radius to the 
Taught of 71* 1' 42'^ whofe Logarithm is 10. 
46372611710718325204, &c. and under that 
angle is the Meridian interfered by that 
Rhumb Line,on which the differences oi NafHr\ 
Logarithm Tangents of the half Comidementl 
of the Latitudes are the true differences of Lon- 
gitude, cfl-imated in minutes and parts, taking 
the firft Four figures for Integers* But iw. 
Tables, we muft iay. 
k% -23(02585, &c. to 2908882, &c. So Ra« 
dius to 1,26331143874244569212, &c. which 
is the Tangent of 5 T 38' 9 and its Logarithm 
10,101 51 0428507720941 162, dcc^ wherabre in 
the Rhumb Line, which makes an angle of 51* 
38' s> with the Meridian, t^Uc^\ Logarithm 

Taa- 
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Tang;ents are the true difFercnces of Lon- 
gitude. Aad this comjxircd with our fecoad 
Corollary may foffice for the lUe of the Tables 
already computed. 

But if a Table of Logarithm Tangents be 
made by extradtion of the root ot the Iniiaiceth 
power, wfaofe Index is the length of the arch 
you put for XJnity^ f as for miautes the ,co» 
29o8882th,(?rc. powerj which we will cill ^ \ 
fuch a Scale of Tangents (ball be the true Me- 
ridian Line, or (urn of all the Secants taken 
iafinitely many. Here the Reader is defired 

to have recouvfe to uw liltle Treatlfc of 
Logarithms^ in the cnfuing Difcourfe that I 
may not need to repeat it. By what is there 
delivered^it will follow, that putting r for the 

excefs or defect of any Tangent above or under 
the Radius or T^/zc^w^ of 45 ; the Logarithni 
of the rath of RmJUus to fuch Tangent wiU he 

into t^\tt Ittt-- \tttt -I- ^r^,&c. 
when the arch is greater than 45 Or 

when it is lefs than 4S^r. And by the fame do- 
ftrine putting T for the Tangent of any arch^ 
and t for the difference thereof from tiic Tan- 
gent of another arch, the Logarithm of their 
rauo will be 

when T is the greater Tei or 

wJien T is the lefler Term : 
And if w be fuppofcd ,00025108882, &c.^=^ 
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r 

its reciprocal - will be, 3437,74<^7707S493 

ozx,26^ ^c. which multiplied into the afore- 
faid Series^ lhall give prdcifely the dilferericc of 
IV^idional parts, between the two Latitudes, 
to whofe half complements the aflTumed Tan- 
gents belong. Kor is it material from whe- 
ther Pole you efbimate the ComplQments,whe- 
ther the elevated or deprefled ; the Tangents 
being to one another in the fanip ratio as their 
Complements, but inverted. 

in the fame Difcourfe I ajfo Ibewed, that 
the Seri^ might be made to converge twice as 
fwift, all the even powers being omitted : and 
putting T for the fum of the two Tangents, th€ 
fame Logarithm would be : 

but the ratiaofr to f , or of the fom of two 

Tangents to their difference, is the fame as 
that of the fine of the fum of the arches, to the 
fine of their diff^ence.; Wherefore, if S put 
for the fine Complement of the Middle Lati- 
tude, and s for the //^^e of half the differ/ence 
of Latitudes, the fame Ssnes wiU be . 

I 

wherein, as the difierences of Latitude arc 

fmaller, fewer fbcps will fuflice. knd if the 
Equator be put for the middle Latitude, and 
confequeutly iS=^, and s to theyZv^ of the la- 
titude, the Meridiofial parts . reckoned from 
the Equatot will^ be J ';.^:';r ; - - -ii ^ 

a 
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which is coincident with Dr- PFl^/Z/Vs fbliitioa 
in Numb. ij6* of the Fbllofofblcal Trattfaftions. 

Aad this fame Series being hilftlie Logarithm 
of the ratio of R'Vs to — y, that i*^, ot the f^er- 
ftd'-fims of the diilances from both Poles, does 
agree with what Dr. Barrm bad fliewn in his 

Xlth. LeEiure. > . 

The fame rdth of t to ^ may be exprefled alio 

by that of the Sum of the Co-fines of the two Lati* 
tudes^ t0 the fine of their difference : As Ukewife 
by tbat of the Sine of the Sum of the two Lati^ 
tudcs^ to the dijference of their Co-fihes : Or by 
tbat of the P^erfed'fne of the Sum of ihe Co 4 at 
tudes^ to the difference of the fines of the Latitudes: 
Or as the ftme difference of the fines of the Loii^ 
tudes^ to thef^erfed-fine of tloe difference of tlx La* 
tit tides all which are in the fame ratio of tl-c 
Co-fine of the middle Latitude, to tlve iiint of 
half the difference of the Latitudes. As it 
were cafie to demonftrat'C, if the Reader were 
not fuppofed capable to do it himfclf, upon a 
bare infpedion of a Scheme duly veprefentmg 
thefe Lines. 

This variety of Expreffion of the lame rn- 
tlo I thought not fit to be omitted, becaufe by 
help of the rationality of the Siiie of 30^r* 
in all cafes where thp Sum or difierence of the 
Latitudes is 3o^r. ^o^. po^r. \xogr. or 150 
degrees, feme one of them will exhibit a fimple 
feries^ wherein great part of the Labour will be 
laved : And befides 1 am willing to pive the 
. Reader YAi choice which of tbe^ eqmppolent 
methods to make uic of; but for bis exercife 

Oiall 
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ihall leave the profecution of them, and the 
comfitidiA arifing thercfrom^to his own Induftry. 
Contenting my fclf to confkier only thefbrmcr^ 
which for all ufes feems the moft convenient, 
whether we delign to make the whole Meri- 
dian linC) or any part thereof) vix.. 

~ into -^A- r:;? + TTT + r^" + "To 



S 3$^ 5^' 



Wherein ^ is the length of any Arch which 
you defic^n (hall be the Integer or Unity in 
your Meridional Pai ts,(whether it bcaMintttc^ 
League, or Degree, or any other,j 5 the Co- 
fine of the Middle Latitude^ and / the Sine of 
half the difference of Latitudes ; but the Se- 
cants being the Reciprocals of the Co-fines, 

jwili be equal to ^putting /for theSecant 
of the Middle Ladtade^ and -—into -5- will 



-be=:^ This multipUcdby pj that is by 
will eivc the fecond ftcp : and that a* 

gain by the third ftep i audio forward, 

till you have compleated asinany places as you 

defire. But the fquares of the Sims being in 
the lame rmo with the rerfid-Jmcs of the dou- 
ble Arches, we may inftead of ^^^IDxme for 

our Multiplicator or the Verfcd-finc of 

* ^ 'the 
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thcdifltrcnce ofthcl/ititndes^divided by tiincc 
tbe Verfed^-Hne of the ium of the Co-latitudes, 
&c. which is the utmoft C&^npemlitm 1 cftn think 

of fcr this purpofe, aad the fame J^t us vvui 
become. 

Hereby we are enabled to cfi:iinate the de- 
fault of the method of making the Meridian 
line, by the continued addition of the Secants 
of aeqaidifferent Arches^ which as the difference 
of thofe Arches are fmaller, does Hill nearer 
and nearer approach the Truth. If we affume^ 
as Mr. Wright did, the Arch of one minute to 
be Unity, and one minute to be tbe commoii 

difference of a rank of Arches : It will be in all 
cafes, as the Arch of one Minute, to its Chord 
So tbe Secant of the middle Latitude, to 
the firft ftep of oar feries. This by reafbn of 
the near equality between ^ and 2 which arc 
to one another in the ratio of Unity to i— o, 
00000000352566457713, &c. will not differ 
from the Secant /but in the ninth Figure ; be« 
ing lefs than it in that proportion. The next 

ftep being -~3r ^^^l ^Sl^l Cube 
of the Secant of the middle Latitude raultipli^ 
cd mto ■ ^ = 0,00000000705132908715 V 

which therefore unlcfs the Secant exceed tm 
times Radius^ can never amount to i in the fifth 
place. Thefe two fteps fuffice to make the 
Meridian Line, or Logarithm Tangent to ftr 
more places than any Tables of Natural Se« 

cafes. 
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cants yet extant, are computed to; but if the 
third Rtp be required, it will be found to be 

. rh/* into. — -^::=:^,6oooooooooooocoo89498 ; 

By all wJiich it dppears, that Mri Wright^s 
Table does no where exceed the true Meridfaa 

Parts by fully half a Miautc: which fmall dif- 
ference arifes by his having added continually 
the Secants of i\z\i\ &c. inftead of o;', it, 
2 2? 3 &c. Bat as it is, it is abundantly iuf- 
ficientforA^*r;yr.r.t/ 'Ly^'.-.Thatiu 6lx J '-'' Afocr'^^ 
New Syfiem of the Maihematickjy is much near- 
er the Truth, but the difference from HV/^^t 
is fcarce feniible till you exceed thofe Latitudes 
where Navigation ccalcs to be praciicaulc, tlie 
one exceeding the Truth by about half a Mi- 
nute, the other being a very fmall matter de- 
ficient therefrom. 

For aa Example eafie to be imitated by who* 
fo pleafcs^ I have added the true jVferidioiial 
Parts to the firlt andlafl: IVIinutcs of the Qua- 
drant; not fo much that there is any occaiion 
for fuch occurrancy, as to Ihew that 1 haveob- 
• tained, and laid down herein, the full Doctrine 
of theie fpiml Jihumbs^ which are of lo gr«at 
concern iathe Art of Navt^ation. 

The firft Minute is, 1.00000001410255852178 
The Sccohd, . 2,0000000 5 1 06380(^707 

The LalljOr o^p ' 59'is 30 y^j^^^6^j^^ 1 1 ^1 

and not 32348, 5279 as Mr. Wright has it, by 
:addittg the Secants of every whole Minute : Nor 

.30249,8 as Mr. Oii(rhtre£s Rule makes it, by 
adding the SecifU s of every other half Minute. 
Uor 303^^4,3 4s ^ii\ j9nai M^of. had concluded 
; ; it 
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it hf I know not what Method, tbo' in the relt 

of his Table he follows Oughtred. 

And this may fuffice to (hew how to derive 
the true Meridian Line from the Sines, Tan- 
gents, or Secants* fuppofed ready made ^ but 
we are noi dcftitutc or a Method for deducing 
the fame indepcndentlv,from the Arch it Mf. 
If the Latitude from tiie Equator be eftimated 
by the length of its Arch jiy Radius being U- 
nity, and the Arch jmt fOr an /w^efjrrbc 4, as 
before ^ the Meridional parts aiUwering to tha£ 
I.atitade, will be 

which converges much iwifter than any of the 
former 5t//>/, and beiidcs has the advantage of 
A encrealingin Arithmetical progrefiion^which 
would be otgfc^t eafe^if any Ihould undertake 

de novo to make the Logarithm Tangents^ or the 
Meridian Line to many more places than now 
we have them. The Logarithm Tangent to 
the Arch of 45 + i -/i being no other than the 
aforefaid Series .rf h 4^ A\ &c. in 

Nu^eir^ form, or the fame multiplied into 
0,43429, &c. for Brlgg%, 

But becaole all thele S^ies toward the latter 
end of the Quadrant do converge exceeding 
flowly, fo as to render this Method almoft ufe- 
lefs, or at leaft very tedious : It will be con- 
venient ta apply ibme other Arts, by afiiumng 
the Secants of fome' intermediate Latitudes ; 
and you may for s or the Sine of a. the Arch of 
half the difference of Latitudes, fubftitute 
i -I* tit 1 5Ti» t^itTi*^ &c accord- 
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ing to Mr. Newton's Rule for giving the Sine 
trom the Arch: And if«be no more than a 
Degree, a very few fteps will fufficc for all the 
accuracy that can be dcfii ed. 

And if « be commeufurable to rf, that is, if 
It be a certain number of thofe Arches with 

which you make your Integer, then will — be 

that number : which if we call tbc parts of 
the Meridional Line will be found to be* 

/•jj 6rr 6 6 r^^ , 

into ^ I J-^ ^3/* to. 

. 1201*4 ' 3^0 r » ^' • , 
5040 r • 

la this,the firft two fteps are generally fuffici- 
cntfor Nautical iifes,e(pecially when neither of 
.tlifr Latitudes exceed 60 degrees, and the dif- 
ference of Latitudes doth not pals 30'degrees. 
But I am fenlible I have already fiid too 
- miu 11 for the I earned, tho' too little for the 
Learner ^ to fuch I can recommend no better 
^Treatife, than Dr- iVsliu^s precedent Dif- 
courfe, wherein he has with his ufual brevity, 
and that perfpccuity peculiar to himfelf, Innd- 
\led this Subjeft from the firft Principles, which 
hcre.fonthe moft part we iiippofeknown« 
I need not fhew how, by regrefTive work, to 
'find the Latitudes from the Meridional Parts, 
-the Method b^ing fuffici^atly obvious. I fli^U 
;.OQly conclude with (be propo&l of a Problem 

which 
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which remain?; to make this Doctrine compleat, 
and that is this. 

A Ship fails from a given Latitude^ and ha- 
ving fun a wrtain dnmber of Leagues, haa al- 
ftrM her Longitude by a givea angle, it is re* 
quired to find the Gourfe fteared. The folu- 
tion hereof would be very acceptable, if not 
to the Publick, at leafl: to the Author of this 
Tracts being likely to open fome fm cher Light 
into the Myfteries of Geometry. ' ' 

To conclude, I /hall only add, That Uni- 
ty being Radius*, the Confine of tiie Arch Jly 
according to the fame Rules of Mr. Newton^ 
will be 

from which and tlic former Series exhibiting 
the Sine by the Af-c>j, by divifion, it is eafic 
to conclude^ that the Natural langtm of the 
Arch Ay is 

and the Normal Seeam to the fame Arch 

♦ ' i+i 4 ^Mv,; A\ &C-' 

and from the Arithmetick of Infinites, the 
Number of thefe Secants being the Arch A, 
it follows, that the fum Total of all the la- 
hoite Secants on tliat Arch, is 

» 
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the which, by what foregoes, is the Logarithm 
Tangent of Nafcir^s form^ for the Arch of 4j{r. 
^ as befinre. 
And Collecliag the Infinite Sum of all the 
Natural Tangents oa the fiud Aich A> there 
will arUe 

1 44 +.i ^*+4T ^^4-Ti;»^M^i/tVi &c. 

which will be found to be the Log^ritQl of tk 
Secant of the iame Arch 



% 
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maft camfendious and facile Me- 
thod for CanflruSing the Loga- 
rit hms^exemflified and demonftra^ 
ted from the Mature of Numiers^ 
without any regard to the Hyfer^ 
ioloj with a ffeedy Method for 
finding the Number from the Jjt^ 
gar hhm given. J5y £. Halley- 

THE Invention of the Logarithms is juft- 
ly eflreemed one <tf tbc moft Uiefiil Dis- 
coveries in the Art of Numbers, and accord- 
ingly has had an Uaiverral Reception and Ap* 
plaufe i and ihe great Geometricians of this 
Age^ haye not l)een wanting to ctddvate this 
Subjeft with'all the Accuracy and Subtilty a 
matter of that confequence doth require j and 
they have demonftrated feveral very admi|a- 
ble Properties of thefe Artificial Nambcw, 
which have rendred their Conftruftion much 
more facile than by thofe operofe Methods at 
firft ufed by their truly i4oble Inventor, the 

Lord Nafek^ and oor worthy Coimtry*fflaa 
Mr. l^riggs. 

But notwithllanding all their Eedeavours, I 
find very few of thofe who make conftant nie 
of Logarithms, to have attained an adequate 
Notion of them^ to know how to make or ex- 
amine them i or to underitaud the extent of 

* D 3 tHe 
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ufc of them .* Contciitim^, themfclve^ with the 
Tables of them as they find them, without da* 
ring to queftion them, or caring to know how 
to redifie them, ^fliould they be found amifs; 
being I fiippofc under the apprchcnfioii of fome 
great difficulty therein. For the lake of fuch 
the following Tv^St is principally intended^but 
not without hopes however to produce forae- 
thin^ that may be acceptable to the moft know- 
ing in thefe matters* 

But firlt^it may be requiiite to premiic a de- 
finition of Logarithms, in order to render the 
cnfuing Difcourfe more clear, the rather be- 
cause the old one JNumerorum frofortionalium 

aqtd dijferentes cotnites^ icems too fcanty to de- 
fine them folly. They may more properly be 

laid to hc Numeri Rationurn Exponentes \ Where- 
in we confider ratio as a Onamltas ful ge^ieris^ 
beginning from the ratio, of equaiUy^ or i to 

-i=o i being Affirmative when the r4M is in- 
creafing, as of Unity to a greater Number, 
but Negative when decreafing and thefe ra^ 
tiones we fuppofe to be meafured by the Num- 
ber of rktiuficuls contained in each. Now theie 

* rdtimcuU are fb to be underftood as in a 
continued Scale of Proportionals infinite in 
Number between the two terms of ^he ^atii^y 
which infinite ^Number of ihean Proportionals 
is to" that infinite Number of the like and equal 
ratitmcuU between any other two terms, as 
the Logarithm of the one ratio is to the Loga* 
rithm of the other. Thus, if there be fupjx)-- 
led between i and lo an infinite Scale of mean 
Proportionals, whofe Number is igoooo, e^r. 
in infinitum between X and 2 there IhaU be 
30102, €^c. of fuch Proportionals^^nd betijeeA 
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which Kumbers theretbre are the Logarithm^ 
of the ratianes of i to 10, i to 2, and i to ii 
and not (b properly to be called the Lo^ritbms 
of ro; 2 and 3. 

Bat if inftead of fuppofmjg the Logarithms 
Gompofed of a number or equal RstivncvU^ 
proportional to each ntth^ we lhall take 
the ratio of Unity to any number to coiiiul 
.always of the fame infinite number of Ra- 
tiu»€uUy their magnitude, in this cafe^ will 
be as their number in the former ; wherefore 
if between "Unity and any Number propofcd, 
there be taken any infinity of mean Proportion 
nals^ the infinitely little augment or dccrc- 
ment of the firft of thofe means fix>m Unity, 

will be a ratinncuUj that is, the momentum or 
Fluxion of the ratio of Unity to the fud Kiiin- 
ber ; And feeing that in thefe contmual Pro- 
porjb^onals all thsratimculd are equal^tbpir Sum^ 
or the whole ratio will be as the fiid momentum 
is direftly that is, the Lofrarithm of each 
ratio will be as the Fluxion thereof. Where- 
fore if the Root of any infinite Powei* be ex^ 
traded out of any Number, the difcrentiola of 
the laid Root from Unity,ftial1 be as the Loga- 
rithm of that ^umber. So that Logaritlims 
thus produced 'may be of as many forms as you 
pleafe to alTume infinite Indices of the Power 
whofe Root you feek : as if the Index be fiippo- 
fed looooo^c. infinitely, the Roots fhall be the 
Logarithms invented by the Lord Napeir ; but 
if the faid Index y^crei^oi^S^^&c.Mv^Brigg/^ 

Logarithms would immediately be produced. 
And if you pleafe to ftop at any number of 
Figures, 4nd not to continue them on, it wiU 

O 4 ihfBce 
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fufHce to afTume an Ir?dex of a Fi^^nre or two 
more than your intended Logarithm is to have, 
as Mr. Sriggs did, who to have his Logarithms 
true to 14 places, by continual cxtraftion of 
the Square Root, at lad came to have the Root 
of the 140737488355328^^ Power; but how 
operofe that Extraftion was,will be eafily judg- 
ed by whofo fliall undcriakc to examine ms 
Calculm* 

Now, though the Notion of aa Infinite Pow- 
er may ftem very ftrange, and to thofc that 
know the difficulty of the Exti aftion of the 
Roots of High Powers, perhaps imprafticablc ; 
yet l}y the help of that admirable Invention of 
Mr. Ntmon^ whereby he determines the Vntu j 
or Numbers prefixed to the Members compo- 
finp; Powers (on which chiefly depends the Do- 
ctrine of Series) the Infinity of the Index con- 
tributes to render the Expreffion much .more 
eafie : For if the Infinite Power to be refol- 
ved be put (after Mr, i<lmton\ Method) 



&c. (which is the Root when w is finite)b'ecome$ 




m m being infinite infinite, and confequently 
whatever is divided thereby vaniflung* llence 

it follows that ^ multiplied into ^iqt^s 

^cjq—^q^-\\ &c.' is the augment of the firft 
of wt mean Proportionals between Unity and 
i-V^, and is therefore the Logarithm or the 
ratio of i to i*^^ i and \Yhcrcas the liifiiiite In- 

dex 



% 
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dex m may be taken at nleafiire, the feveral 
Scales of Logarithms to luch Indku wUi be u 

—or reciprocally as the Indices^ • And if the 

Index be taken 10000, &c. as in the cafe of 
IJkfeir's Logarithms, they wiU be fimply Af— ; 

Again, if the Logarithm of a decreafing r4- 
tio be ibught, the infinite &oot of 1-^ or 



— &c. whence the decrement of the 

firft of oar infinite Number of Proportionals 

will bc.^ into y^-i <i^H^' \-W^'iq'^ \-^f &c- 

which therefore will be as the Logarithm of 
the ratio of Unity to i— ^. But if m be put 
.iqQOo^^c. then the faid Logarithm will be 

f'l i?rt-f9'+i?^+i9^+if% &c. 
Hence the terms of any rmi^^ being 4 and 

f becomes ^ or the difl^nce divided by 



the lelTer term, when 'tis an increaCng rsttio ^ 

or^ ^ ^ when 'tis decreafing, or as i to ^ 

Whence the Logarithm of the lame r^th may 
be doubly expreft, for putting x for the difie* 
rence of the terms a and it will be cither 

—into *_ ** 1 *^ _ ** . • »« 

But 
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But if the ratio of ato h be fuppofed divi- ^ 
dcd into two parts, viz.. into the ratio of a to 
the Arithmetical Mean between the terms, 
and tlie ratio of the faid Arithmetical Mean 
to the other term then will the Sum of the 
Logarithms of thofe two rationes be the Loga- 
rithm of the rMh of 4 to * % and fubftituting 
\ z. inftead of M I f the laid Arithmetical 
Mean, the Logarithms of thofe rationes will be 
by the foregoing Rule, 

the Sum J., il^ t will 
whereof K *+l?^*+5t^*7i^^^' ^^^^ 

be the Logarithm of the ratio of a to whofe 

difference is x and Sum And this Series 
converges twice as fwift as the former, and 
therefore is more proper for the Practice of 
rnaking Logarithms : Which it performs with 
that expedition, that where a* the difference 
is but the hundredth part of the Sum^ the 

firft ftep — fuffices to feven places of the 

Logarithm, and the fecond ftep to twelve : 
But if ^^'^i^^'s firft Twenty Chiliads of Loga- 
rithms be fuppofed made, as he has very care- 
fully computed them to fourteen places, the 
firft ftep alone^ is capable to give the Loga- 
rithm of any intermediate i^umber true to all 
the places of thofe Tables. 

After the lame manner may the difference 
o£ the. laid two Logarithms be very fitly ap- 
plied 
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pUed to find the Logarithms of Prime Norn* 
hers, having the Logarithms of the two next 

Kumbcrs above and below them : For the dif- 
ference of the ratio of ^ to \ and of i ^ to ft 
is the ratio of a b to \ zjz.^ and the half of that 
ratio^ is that of 4 |r to | or of the Geo^ 
metrical Mean to the Arithmetical. And 
confeqncntly the Logarithm thereof will be the 
half difierence of the Logarithms of thofe riui* 

0 

Which is a Theorem of good difpatch to find 
-the Logarithm of ^ z,. But the fame is yet much 
more advantageoufly performed by a Rule de- 
rived from the foregoing, and beyond which, 

in my Opinion, nothing better can be hoped. 

For the ratio of ah toi or 4 aa \ ab \ 

b has the difference of its terms \ M^h a\h^ 
\ bhy or the Square of i a—f fc=s$ x x\, whicn 

in the prefent cafe of finding the Logarithms 
of Prime Numbers, is always Unity, and cal- 
ling tbe Sum of the terms ^siz. '^-ab=yy^ the 
Logarithm pf the ratio of ^ it ^ to ia-yib or % 
^ will l)e found 

'which converges very much faflcr than any- 
Theorem hitherto publi&ed for this purpofe. 

. Here note -^is all along applied to adapt thefe 

Rules 
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Rules to all forts of Logiiithms. If m be 
■ Tcooo &c. it may be negleded, and you will 
have Naffir's Logarithms, as was hinted be- 
fore; but if you defire Brigg^h Logarithms^ 
which are now generally rcccu cJj you muft 
divide yuur Series by 

1,302 5 8 505^2994041^840 1 799 1 454^84354207 

^0110148852877297603 3 3 12 
or multiply it by the reciprocal thereof, viz. 
0^3429448 1 9032 5 1 82765 1 1 289 1 89 1 66050822 
945^970058036665661 1 4454 

But to fave fo opcrofc a ^^u1tiplication 
fwhich is more than all the reft of the Work^ 
it is expedient to divide this MultipUcalor by 
the Powers of «. or continually, according to 
the Dircclion of the Theorem, efpecially where 
X is fmall and Integer, referving the proper 
Quotes to be added together, when you have 
produced your Logarithm to as many Figures 
as yoa defire: Of wluch Method I will give 
a Specimen. 

If the Curiofity of an^ Gentleman that has 
leifure, would prompt him to undertake to do 
the Logarithms of all Prime Numbers under 
100000, to 25 or 30 Figures, I dare affure him, 
that the facility of this Method willinvite him 
thereto ; nor can any thing more eafie be de- 
fired. And to encourage him, I here give the 
^Logarithms of the firft Prime Numbers under 
20 to 60 places, computed by the accurate Pea 
of Mr. Abraham Sharpy (from whofe Induftry 
and Capacity the World may in time expcd 
great Performances) as they were communi- 
cated to me by our common Friend Mr. Euclid 

SfeidaU* 

NumbJ 



uiyiii^ed by Google 
1 



Mifcellanea Curiofa. 

♦ 

Kutnb. Logarithm. 

2 05301029995^^3981195^^37388947244.9 

302676818988145210854! 3TO427 ■ 

3 0^77iiii547t9<^6a4372.95<^^7903255ii 

5 3092001 90695 864829866 

7 0,8450980400 1 42 568307 122162585 926 i 
6193483572396323965406503835 

1 1 1^41 392685 1 s 822 5 0407 5019997 1 24302 

4241 706702190456453094596539 

13 1,1 1 3943352306837769206541 8950262^ 
6254561189005053673288598083 

17 1 ,230448921 37827 3028 5 40 1 6 98943 2833 
7030007567378425046397380368 

19 ^278753<J0095292896i53633347575<J9^ 
9317951^^9337394497598906819 

The xttxt Prime Number is 23, which I will 
take fiwr an Example of the foregoin?; Doftrin ; 

and by the firft Rules, the Logarithm of the 
raiia of 22.to 23, will be foimd to be either 

22"*968^ 31944 937^-2.4 ' 25768160^^'^ 

23*^1058'^ 36501 '^1119364'^ 32181715 
&c. 

As likewife that of the mio of 23 to 24 hf 
a like Proceis. 



or, 

1 1- 1 V I J I 1 T 

24T'iis2T 41474 ' I3i7»'f'4 ' 3S>8i3iio 
&c." ■ •• Aad 



* 
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And this is the Refult of the Docli inc of 
Mercator^ as improved by the Learned Dr. 
WaUis. But by the fecond Theorenii viz^ 



2f!X?f^ J-.?^l &c. The fame Logarithms 
are obtained by fewer fteps. To wit, 

^ ^ J- L J ^ 

4> ^73375 922^40625 * 26156^6x71875 

&c. and 

2,2, 2 2 

which Wis invented and demonftrated in the 

Hyperbolick Spaces Analogous to the Loga- 
rithms, by the Excellent Mr. James Gregory ^ 
in his ExercitatUnes Geometrica^ and fince fur- 
ther proiecuted by the aforefaid Mr. Sfeida/l^ 
in a late Treatifc, in EngUJh^ by him paDlilhed 
on this Subjeft. But the Dcmonftration as 
1 conceive, was never till now perfeded with- 
out the confideration of the Hyperbola, which 
in a matter purely Arithmetical as this is, can- 
not be fo properly applied. But what follows 
I think I may more juftly claim as my ownji^k.. 
That the Logaridim t>f the ratio of the .Geo- 
metrical Mean t6 the Arithmetical between 
22 and 24, or of V 528 to 23 will be fouad to 
be either. 



1058 iiip3<$4 888215334 ' 626487882248 
&c. or 

1057 » 354i7ptf579 ' 5^7*558485*85 

AU 
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All theife Series being to be multiplied into 

0. 4342944810 &c. if you defign to Jiiuke the 
IjQgarithm of But with greit Advaa* 
tage in refpcft of the Work, the (aid 434294 
4819, Sec. is divided by 1057 nnJ ihc Quo- 
tient thereof again divided by three times the 
. Square of J057, and that Quotient again by \ 
of that Square, and that Qnotient by J there- 
of, and To forth, till you have as manv Figures 
of your Logarithm as you deflre. As for £x'- 
ample; the Logarithm of the Geometrical 
Mean, between 22 and 24, is found by the Lo* 

* garlthms of 2, 3 and 11 to be 

1057)434^9 
3 in 1117249)41087 &c. 

\ in 1117249)12258 &c. 

^ in 1 1 17249)55832 &c. 

^ in 1117249)42088 

1, j6i 3 1696 1 26690612945009172669805 
( 41087462810146814347^1 5886368 

( 1225852x544181829460074 

( , ^58323518437^^75 
( 4208829765 

( , 2930 

Summa. 

I.J6172783601759287886777711225117 

* Which is the LogariLhm of 23 to thirty two 
places, and obtained by five Divilions with ve- 
ry fmall Bivifers ; all which is much lels Work 
tnaft^ limply multiplying the Sm^s into the laid 

Multiplicator 4342.91 &c. 

Before I paB on to tlie converfe of this Pro- 
blem^ or to ibew how to End the i^umber ap« 

pertaining 




bigiiizeo 
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pertainiag to a Loprithm afllgned, it will be 
rcquifitc to advertife the Reader, that there 

is a fmall miftakc in the aforefaid Mr. James ^ 
Cregorfs Vera Quadratura Circuli & HyperboUy 
publilhed at Padua Anno t66j. wherein he ap- 
plies his Quadrature of the Hyperbola to the 
making the Logarithms ; In pag, 48. he gives 
the Computation of the Lord Napeir's Loga- 
rithm of 1O9 to fire and twenty places, and 
finds it 2302585092994045^2401 7870 inftead 
of 2302585092994045684017991, ening iuthe 
eighteenth Figure, as I was aflurcd upon my 
own Examination of the Number I liei e eive 
yon, and by companion thereof with the ^me 
wrought by another hand, agreeing therewith 
to 57 of the 60 place<;. Being delirous to be 
iitisfied how this differeace arofe, I took the 
no finall tronbie of Examining Mr. Gregory's 
Work, and at length found, that in'the infcri- 
bcd Polygon of 512 Sides, , in the eighteentti. 
Figure, was a o inftead of 9, which being re- 
ified, 9nd the fnbfequent Work correfted 
therefrom, the refult did agree to a Unite 
with our Number. And this I propofc not to 
Cavil at an ealie miftake in managing of fo valt 
Numbers, efpecially by a Hand that lias fo 
well deferved of the Mathematical Sciences, 
but to (hew the cxad coincidence of two fb 
very difiering Methods to make Logarithms^ 
Which might otherwiie have been qneftioji* 
ed. . ' ' ■ ' 

From the Logarithm given to find w^hat 

. ratio, it expreifes, is a Problem that has > Aot 
been fo much conridered« the former^ but 

* whkh is felred with the like cafe, aad demon- 

ftratcd 
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(tnteA by a like Proccfs^ from the (kme gene^ 

nei il Theorem of Mr. T^ewtM : For a$ thelx>* 
g^ri th m of the ratio of i to i -hg was pro v cd to be 

and that of the rath of i to i-^ tQ 

be 1— I— lb the Logarithm,, which we 
will from h€iic9fbrth call being given, i 

_L 

mil be equal to v^q\^ in the one caie^ and 

• J. 

I— L will be equal to IZ^l^ in the other; Cou- 

fiquently i-j Li'^wiU bc equal to i+f, and 

IZli ^-^J ^3t is, according to Mr. 

Newton's ^kid Rule, i -J wH-;77f'L•^'>i'L^-^- 
i7?w4L^^-,T•wJ'L^ &c. will be^i-^-^, and i — 

will be equal to i-^, m being any infinite In- 
dex whatfocvcr, which is a full and general 
Propofition from the Logarithm given to find 
the Number, be the Sfecies of Logarithm what 
it will. But ii Napeir^s Logarithm be given, 
the Multiplication by m is faved (which Mul- 
tiplicatioii is indeed no other than the redu- 
cing the other SfecUs to bis) and the iSerfw will' 
be more fimple, viz^ i-j-^L-j-iLL-^-V L'-|-4L^-l-» 
.UL' 5vc. or i-L-i iLL-4L'-|-,^L"--..t,L' 
&c. This Se/ ;'f cfpecially in great Numbers 
converges fo ilowiy, that, it were to be wiflied 
it could be contrad:ed« 
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If one terra of the ratioj whereof L k the 
Logarithm, be given, the other term will be 

cafily had by ihc fame Rule : For if L were 
Nafeir\ Lcgdrithui of the ratio oi a the leilcr 
to b the greater term, b would be the Prodiift 
of a into^ uyl^y i LL^-] LLL &c.- ^^^aW 
^LL^i i^L' &c. But if were given, a would 
hc^b^LWbL'L^hL' Sec. Whence, by the 
help of the ChUiadsy the Number appertaining 
to mj Logarithm will be exadly 'bad to the- 
utrfioft extent of tl.c Tables. If you feek the 
iieareft nextLogarithm,whether greater or lef- 
fer, and call its Numbei* a if lelTer. or b if 
greater than the given L^ and the difference 
thereof fiom the faid ncaicH: Logaiiihni you 
cal] / \ it will follow, that the Number an- 
fwering to the Logarithm L will be^ either ^ 

into i-Hi-i^^ ih^' ^^^^ * 

into ^dP\^ rj^ ri-^l^ c\c. wherein as 

/ is lefs, the Senes will converge the fwifter. 
And if thcfirfl: 20000 Logarithms be given to 
fourteen Places, there is rarely occafion for 
the three firft Heps of this SmV/ to find the 
>Iunibcr to as many plac'cs. But for VL^x(f% 
great Canon xoooop Logarithms, which is 
made but to ten' places^ there is fcarce ever 
need for moic tlian tlic Hrfl ftcp a-y al or a-y 
m a I hi one cafe, or elfe b—b I or b—^n b I in 
the other, to have the Kumbcr true to as ma- 
py Figures as thofe Logarithm's confift of. 

If future Induftry Ihall ever produce Loga- 
rithmick Tables to* many more places than 
now we have them v the aforefaid Theorems 
will be of ncore ufe to reduce the correfpondcnt 
Natural Nimbers to all the places thereof. 
In order to make the-firJ: Chiliad fcrve all 
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Ufcs, I wasdefirous to contraft thhStrier^ 
wherein all the powers of / arc prcTcnr, ijita 
bne, wherein each alteraatc Power might. be 
wanting j but found it neither ib fimple or 
Ihifbfnl as tlic other. Ifet the firft flrep there- 
of is, I conceive, iiioll commodious for Prac-* 
tice, and withal exact enough for Nambers 
riot exceeding fourteen places, fuch 8% are 
Mr. Brigs^s large Table of Logarithms ; and 
therefore I recommend it to copimoa Ufe. 

. It IS thus ; 4-\ 1— or . 



will be the Number ^nfwering to the Loga- 
rithm given, differing from the Truth by but 
one half of the third fl:ep o,f tte former Series. 
But ttet which rendferi it' yet more eligible^ 
hy th^t with eqiul facility, it ferves for 
£ri£^s ofV any Other fort of Logarithm ^ with 

the only variation of writing — inftea^^of^' 
that is, a 

and b-- ^ — or m^"^^^ 

L — L, 1 i, % ~ and 



which are eailly reiblv'd iato A- 



As 434*9 &<i.'"5/ to 434i9i-i / : n to thd 
So is ^Num- 

Or As 434^^9 &c.i-i/ t0.4342j>- W : : | , 
So 19 ^ j rougher 
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If more fteps of this Scries he dedred, it 
will be fouiid as follows, a-)r . i— ****7 4* 

&cr. as may eafily be demonftrated by 

working out the Divifions in each fi:ep, 

and colkaing the Quotes, \vliofe Sum will be 
fiwind to agreee with our former Series. 

Thas I hope, I have cleared up the Doc- 
trine of Logarithms, and fliewn their Gm- 

ftruftion and Ufe indcpcndant from the Hy- 
ferbola^ whofe AfFedions have hitherto beea 

made nie for this purpofc, though this bea 
matter {Nirely Arithmetical, nor properly 

demonftrable from the Principles of Geome- 
try. Nor have I been obliged to haviexiB' 
cpurfeto the Method of Indmlibles, or djt 
Arit^metick.of Infinitesv the whole bein]; no 
other than an eafie Corollary to Mr. Newton^ 
General Theorem for forming Roots and 
-Powers* 




♦ t . . . 
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A SOLUTION, 

Given by Mr. John Collins^ of a Choro* 
graphical Problem, Propofed bjr 

Richard Toiv^lej^ l^^Sli 

PROBLEM. 

TheDiftances of three Objedsin the 
fame Plain being given, as jdjB^ 
^ ; The Angles made at a fourth 
Place in the fame Plain as at 
are obferved : The Diiiances 
from the Place of Obfervation 
to the refpeftive Objeds, are re- 
quired. 

The Problem hath fix Cajij. 

Cdfo I. TF the Station be taken withoot the 

X Triangle made by the Objefts but 
in one of the fides thereof produced^ as at 5 In 
the 9^/7 Figure; find the Angle ACS* then 
in the Triangle ^ CS all the Angles and the 
fide A Care known, whence either or both the 
Diitances SA ov SC may be found. 

E 3 Cdfe X. 
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Cafe 2. If the Station be in one of the Sides 
of the Triiingie, as in the loth Figure at 
then having the three fides AC^ CB^BA given, 
find the Angle Cj4B'^ then again in the Triy 
angle S AB^ all the Angles, and the fide AB^ 
lire known j whence may be found either AS^ 
otSB^ GecmetricaBy^ it you make the Angle 
C AJD^ equal to the obferved Angle CS B^ an4 
draw B S parallel to D A^ you deteriiii|ie the 
Point of Station S. 

Cafe 3. If the three Objcdlslie in ? right Line 
n$ Ac B (fuppDfe it done) and that a Circle 
padeth through the Station 5, aiid thetwo ex- 
terior Objefts A i?, then is the Angle A B D 
equal to the obferved Aufile ASc (by 21 of 
the 3d Book of Evclid) as infifting on the faro^ 
Arch AI>: And the Angle B A D m like 
ipanner eqnal to the obferved Angle cSS: 
By this moansi the point D is determined. 
Join DXiy and produce the lame, thn a Circle 
paffing thr6ugh Points AS interfefts I>C, 
produced at 5, the placq pf Station. 

* 



In the Triangle A B all the Angles and 
if:he A B are known^ whence may be found 
the fide A D. 

Then in the Triangle CAD the two fides 
C A and A D arc known and their contained 
Angle c A D i% known \ whence may be found 
-the Angles cPA and Ac the comple- 
inent whereof to a Semicircle is the Angle S 
c A : in which Triangle the Angles are now 
all Known and the fide AC; whence may he 
^iii^d either of the pifts^nces^ Sc or S A. 
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» 

Cafe 4. If the Station he without the Tri- 
angle, made by the Objeds, the ium of the 
Angles obferved is left than four right Angles. 

The Conftmiclion is the fame as in the lall 
Cafe, aud the Calculatioa iikcwire ^ iaving 
that you iriuft make one Operation more, ha^ 
ving the three Sides, j4C^ c SA , thereby 
find the Angle C A which add to the Angle 
E j4 then you have the two fides, viz,. A 
being one of the Diftances^and A i>/found 
as in' the former Gafc) with their contained 
Angle C A given to find the An^^les CDA^ 
and AQ the Complement whereof to a Se* 
micircle, is the Angle S C a \ Now in the Tri- 
angle Sc the Angle at C being found, and 
at 5 obferved, and given by Suppofirion, the 
other at ^ is likcwift known, as beia^ the 
complementof the two former to a Semicircle, 
and the fide A c given j hence the Diflrance c S 
or A S may be found. 

Caft 5. If the place of Station be at Ibme 
Point within the plain of the Triangle, made 

by the three Objects, 'the Cbnftruftiou and 
Calculation is the fame as in the lalt, fa ving 
only that inftead of the obferved Angle aSc^ 
the Angle A 8 D is equal to the Complement 
thereof to a Semicircle, to wit, it is equal to 
the Angle A S D*^ both of them inlifting on the 
fame Arch a d : And in like manned the An- 
B A D is equal to the Angle /> S 5, which 
is the Compl cmcat of the obferved C S B i and 
ill this Cafe, the fum of the three Angles ob- 
fenred, is equal to four right Angles. 

E 3 Ift 
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In thefe three latter Cafes no ufe^ is made of 
the Angle obfetvcd between the two Objeds, 

as and that are made the Bafe-line of the 
Conftructioa yet the fame is of ready ufe for 
finding tije third Diftance^ or laft fide fought, 
as in the foiirth Scheme, in the Triangle Sa 
. there is p^iven the Diftance j4 its oppollt^ 
Angle. equal to the fum of the two obferved 
Angles, and the Angle S ^fi attained, as in 
the fourth Caft : Hence the third Side or laft 
Diftance SB may be found. 

And here it may be noted^ that the three 
Angles c ASy ASB^ SBC^ate together equal 
to the Angle AC for the two Angles C S B, 
and c B 5, are equal to £cB, as being the 
Coinpiement of 5 c it to two right Angles*, and 
the like in the Triangle on the other ikle% 

» 

Cafe 6. If the three Objeds be -4, By and 
the Station at 5, as before^ it may happen, ac* 
cording to the former Conftruftions, that the 
Points c and o may fall clofe together, and 
fb a right Line joining thcni may be produced 
with uncertainty in iii^h caiie the Grcle may 
be conceived to pafs through the place of Star 
tion at 5", and any two of the Objects fas in 
the lixth Schemcj througii -BandCj wherein 
making the Aitgle obc equal to the obicrve4 
Angle A$c^ and BCD equal to the Gomple- 
ment to 1 8o degrees of both the obfervcd An- 
gles in DSB thereby the Point p is determi- 
ned, through which, and the points c b^ the 
Circle is to be defoibed, and joyning DA^ 
(|:)iodacedj when need require tb) where it in- 

terfcfts 
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terfc^ls the Circle, as at is the place of Sta« 
tion ibught. 

This Problem may be of good Ufe for the 
due Situation of Sands or Rocks, that arc 
within light of three Places upon Land^ whoft 
diftances are well known ^ or for chtirogrMkim 
cmI XJfes, &c. Efpecially now there is a Mc^ 
thod of obfcrving Angles nicely accurate by aid 
of the Jelejcope ^ and was therefore though fit 
to be now Publifh'd though it be a competent 
time fmce it was delivered in Writing. 



0^ 




Solutions of three Qhorogrcifhio 
*ProMe,ms^ by a Memhr of the 
; Philofophical Sqciety of Ox- 

TH E ^ ^ *hree ifbllowiig Problems ma y 
occur at Sea, in finding the dil'tancc 
and pofition of Rock^^ Sands^ &c. from the iea 
Shear } or in the Sttrveying of the Sea Coaft ; 
When only two Objefts^ whofe diftance finom 
each other is known, can be fcen at one Sta- 
tion ^ but clpecially they may be ufeful to one 
that would make a Map of a Country by a 
Series of Triangles derived from one or more 
jneafured Bafts ^ which is the mofl exaft way 
of finding the bearing and diftance of Places 
.from each other, and thence their true Lon- 
gitude and Latitude; and may confequently 
occur to one that would in that manner mca- 
fure a Degree on the Earth* 

7)bf Problem (Fig. 3 and 4.) 

There arc two Objcfts, B and C, whore di- 
ftance BC is known *, and there arc two fta- 
tions at j4 and wh^re the Obje&s B c 
Leing vifible, and the Stations one from 
another, the Angles B yiC^ B A A E 
jiECj are known by Obfervation, (which 
may be made with an ordinary Serveying Se- 
micircUy or Crojlaf-^ or if the Objefts be 

^ beyond 
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beyond the , view of the naked Eye, with a 

Tdefcofk\ Quadrant) to liad the diilauces or 
Jines AB^ AC^ A^^ EC^ 

Ii) each of the Triangles BAEj CAE^ 
two Angks at A^ being known^ the third 
is alip known : then take aay line at plea* 
Are, on which conftitote the Triangles ^^i^ 
rejpeftively equiaiiguLir to the Triangles 
9AE^ AEC'^ join fiy. Then upon EC coo* 
ftitute the Triangles BCA^BCE^ equiangv^^ 
lar to the correfpondent triangles P > 3 ^ «^ 
Join AE^ and the thing is manlfeftly done. 

Tae CaUulatiotJ. 

Affuming of anjr number of parts, in 
triangles « Angles being given^ 

the fides ^t3, '^T^, fc> may be found by • 
Trignometry : Then in the Triangle i^cty^ 
having the angle fi^y^ and the legs m^*y^ 
we may find fiy. Then fy* BC:: fi^. BA*: 

The fecund ProbUm (Fig. % and 6.) 

Three Objefts 5, C, JD, are given, or Cwbich 
is the faniej the lides, and Gonlequently an- 
gles of tlie triangle ^Ci> are given ^ alfo 
there iare two points or ftations A^ E^ fuch, 
that at A may be feen the three points BCE^ 
but not D ; and at the ftation E may be 
feen yl^C^D^ but not that is the angles 
£AC^ BAEy AECj AED^ ( aviA conft- 
quently E AC^ AEC^ are known by oblci va- 
tioii : to find the Uxie^ A B^ AC^ AE EC^ 
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Take any line «« at pleafure, and at its ex- 
tremities make the angles « a 3, ct?^, 
<^€^, equal to the correipoiident obferved aja- 
gtes £^c; f-/iJ?^ ^£C, u4£I?. Produce &s 
till they meet in?>, ]om^y\ then upon 
CSdefcribe ^according to 33. 3. £//r/.) a ieg- 
ment of a ciicle that may contain an angle=5 
yp(^\ and upon C Z> defcribe a ftgment of a 
^trclc capable of an angle=> p^-^ fuppofe F 
the common fcftiou of thefe two circles j join 
FSjFC^ FD \ then from the point C, draw 
forth the lines CA^ CE^ io that the angle FCA 
may bc=?> and F<r£=?>>s fo the 
common Seftions of CA^ CEy with Fi9, FZ>, 
will be the points required, from whence the 
iroftiseafily dedaced- 

The Calcination, 

Afluming of any number, in the trian- 
glcs *o/S all the angles being given, 
with the fide *f atfiimM, the fides <* « 
« will be known ; then in the triangle 7-^7^ 
the angle y with the legs « T', * being 
known, the angles with the fide 

f y will be known : then as for the reft of the 
work in the other figure, the triangle BCD 
bavihg all its lidcs and angles known, and the 
angles BFC^ BFD^ being equal to the found 
3 p 0 ? ^ i how to fiiid F^, FC, FD by 
^uUtion ("and alfo Protratlion^ is fhcwn by Mr. 
CoUms in the precedent Difcourfe, as to all 
its cafes, which jjiay therefore fupcrfede my 
Slewing any other way. 

But 
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But here it mufl: he noted, that if the fum 
of the obferved angles, B A A£D^ is i8a 
degrees : then A £.and £i> cannot meet, be^ 
caoie they are parallel, and coniequently the 

given Solution cannot take place y for vvhicl| 
reaioQ I here fubjoia another* 



- TJpon B c fFig. 7. J defcribc a fcgnicnt uaC 
of a circle^ fo uiax the angle of the Icgment 
may be equal to the obierved ^ ^ « >, (which 
as ^bove quoted is. {hewn 33. 3. Euclid.) and- 

iipoii CD defcribc i; fcg^meiiL C £ D of a circle 
capable of anangle equal to the obferved CED^ 
from C draw the diameters of theie circles CC? 
C then nponc ff defcribe a (egmentof a 

circle G Fc^ capable of an angle equal to the 
obierved L aE C-^ likewiic upon c H delcribe 



equal to the obferved c aEz fuppofe F the 

common Seftion of the two lall circles HFc^ 
GFC^ join F//, cutting the circle HJE C la £, 
join alfo FG^ cutting the circle G - / c in ^ : 1 
fay that ^5 are the points required* 

Demonflration* 
For the LB AC \<^=^ ^ 7^ by conftruftion of 
the feftment^ alfo the angles c £ //, c aG^ 
are right, becaufe each exiffs in a fenucircle : 
therefore a circle being defcribed upon C F as 
a diameter, will pafs through £, a j There- 
^re the^ angle c a E^L c FE=f ]pH^(^^j 
cooftrndion ) to. the obferved angle y^^. In 
like manner the Lc E A=C f y.^cEG— ob« 
(crv'd angle y^a,. 

* In the itations ^ f > fall in a right line with 
the point c J the Mncs G a^ HE being parkl- 



Another Solution* 



a circle's Xegyncnt c£//, capable of 
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leU cannot meet : but in thi^ cafe the Problem 
is; indeterminate and capable of infinite Sola* 
tions. F6r as before upon CG defcribe a Seg- 
ment of a circle capable of the obTervfed Ly^- % 
and upon Ci/, defcribe a Segment capable of 
the obfcrved y « « i then through draw a 
line any way cutting the circles in theft 
points will anfwet the ciueltioj^ 

The third Problem. 

>■ * 
Four points C^D^F^ 'g- 8.)^r the 4 fides 

pf a quadrilateral, with the angles compre- 
liended are given j alfb there are two nati- 
ons Azrvi E fuch, that at only B C £ arrf 
vifible, and at £ only A D that is, the 
-angles B ac^ b a e D e F avc given : 
to find the places of the two poiuts a and 
ccmrequently, the lengths of the linei aB^ aC^ 

AE^ED, EFi 

ConflrvEiton. 

Upon BC fby 33. 3. EvcL) defcribe a feg- 
tneilt of a circle, that may contain an angle 
equal to the obferved angle BJiC^ then froni 
.C draw the Chord C or a line cutting the 
circle in M^y fo that the Angle iC-^/ may 
be equal to the fupplemcnt of the oblenred 
angle BAEy i. e. its refidue to 180 degrees. 
In like manner on £>F defcribe a fegment of 
a.circle, capable of an angle equal to the ob- 
Terv'd DbF^ and from Z> draw the Chord DJSt^ 
fo that the angle F^>iV may be equal to thd 
fupplement of the obferv'd angle A E F^ Join 
MN^ cutting the two circles in AjB'4 I fay 
z*^ are the two points rcgaiir'd* 

% 
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Demorifiration. • * * 
Join AB^^C^BD^ £ thenis tht I MAB 
i:=iLBC M (by 21. 3. i'l/cAJsfupplement of 
the obferv'd LB A E hy conftnition, therefore 
the conftruded L B /i is equal tathat which 
was obferved. Alio the L Bjichf the fcg-' 
ment is the conftnidion of the Segment, e- 
qual to the obferv'd L b A c. In like manner 
the eonftruded angles abF^ and D BE^ arc 
cqual to the correspondent obftnred angles 
A nF^ D B F^ therefore ^2 E arc the points re- 
quired.- ' ' ■* 

7%e Calculation. 

In the Triangle BCM^thelBcM ( s::fup* 
plement ofl?-^^) and I BMC (:=:.B yic) are 
given^ with the Hdc Be ^ thence Mc may be 
'jfbund ^ in Jike manner I> J^iatbc:^J)NJP 
may be iband. But the £ Mc D)^ * c D^- 
BCM) h known^with its legs ^^c, c D-, there- 
fore its Bafe M and LMDC^ may be 
Ijinown* Therefore the L M D N (::^qd f^ 
C D M^F D N) is known, with its legs M 
D N\ thence M N with die angles DMN^ 
l^NM^ will be known. Then the Lc M -^f c5 
(LDMC -\'D Af N) is known, with thit LMAC 
^MAB'\^Bac) and MC before fbnnd ; there- 
fore M A and A c will be known. In like 
manner in the triangle £i>iV, the angles £,iv, 
with the fide -Div being known, the fidcs-^ATy 
B D-, win be known \ therefore A B (« Mn— 
jilA—E k) is known Alio in the triangle A 
JSC^ the L A with its fides B c, c being 
known, the fide A B, will be known, with the 
i B c // ; Jo in the triangle a F v., the L e with 
the fides, E being known, EF will be 

found, with the Lbdf tiaftly, in the trian- 
gle. 
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gleyci>, the ^^C^(aBCD»Bc^> with ■ 

its legs AC^ CObieing known, the fide a d, 
will be known \ and m like maancr £ c ia the 
triangle bdc. 

K&e, that in dits Problem, as alfo in the 
Jirft and lecond, if the two ftations fall ia a. 
right line with cither of the given Objecls : 
the locus of Ay or being a circle, the pr« 
txcolar punt of or cannot be determined 
from the things given. 

As to the other cafes of this third Problem, 
wherein A and £, may ibift places, ut, only 
J>FB^ may be ^idfiUe at Aj and only ^, b, c, 
at fi; or wherein B^D^E^ may be vilible at 
aud only c, F, ^, at £^ or wherein ^ jnay 
be ot one lide of the quadrilateral, and £ on 
the other % or one of the ftations within thie 
quadrilateral, and the other without it: I 
fflttll for brevity fake omit the Figures, and 
divedky of the Sines + and-- in the calcula* 
tiofi, and prefume that the Surveyor will ea« 
fily direft himfelf in thole cafes, by what has 
been fald. 

The folution of this third Problem is gene- 
2«T,-and finres alio for both the precedent*- 

For fuppofe c the fame point in tl>e laft fi- 
gure, and it gives the folution of the fecond 
Problem: bit if 5c be fuppos'd the fame 
points with #; by proceedingas in tbe laft, 
X;oa may diredly folve the firft Problem. 



* • 

* #• 
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Arithmetical Taradoxy concern^ 
ing the Qbmces of Lotteries ; 
toe Hmourahle Francis S^obei ts, 
Eff, fellow of the R. 

As fotric Truths (like the Axioms ofGe^^ 
metry aad Mitdfhyfkkj) are fdf-cvidcnt 
at the firft VkWj fo there are others no left 
cfcftaiii in tbenr Foandatian^ that bnv^e a vety 
different Afpeft, and withdut a ftrid and care* 
ftil Examination, rather feem rcptignaat. 
Wejoayfind la&tLacHoftbBkiodia ino& 

In Geometry^ That a Body of an infinite 
Lengthy may yet bavk but a boile Magni- 
code. 

In C€0gr4tptjy^ That if Arttwfrp be due Eait 
to London^ for that reaion Lmd^n cannot 
Welt to Annmf. 

In Afirmmny^ That at the SMrk^0es ^nd 

other Places between the Line and Tropiclc) 
the Sun, part of the Year, comes twice in a 
Morning to foiiie Points of the Compafs. 

ing upon its Bafis) being fiU d with Water, 
the Water (Rail prefs the bottom with three 
times the Weight, as if tbe fime Water waa 

frozen to Ice^ and Figures might be coacriv'd 
to make it prcfs a hundred times as much* 
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Thefe Speculations, as they are p;enerally 
pleafint) fo they may alio be of goad u(e td 
warn us of the Miftakes wc are liable to, by 
carelcis and fiiperficial Reafoniag. 

I (hall add one Ipii^ance in jirithmetick^v^hkcli 
perhaps may ieem as great a Paradox as any 
of the former. • • : 

There are two Lotteries, at either of which 
a Gamefter paying a Shilling for a Lot or 
Throw The firft Lottery upon a juft Ctom- 
putatioa of the Odds, has 3 to i oftheGame- 
fter V the Secx)nd Lottery, but 2 to one ne- 
verthelefS) the Game&er h^s the vptf 1km 
diftdirantage (and no mOre) ii\ playing at ti» 
Firft Lottery, as the Second. . . 

It looks very like a Contradiciion, that tfic 
Difad vantage fliould be ao greater in f4a]^|ig 
againft 3 to than 2 to but it may thus 






a-piecc# 

^ ^2 fliUling 



In the firft Lottery the Gamcfter hai^ds.a' 
Shilling to win a Groat, rad t|^(H:}hajlAS5 be- 
ing equal, itis evident tliereis 3 to on^ againft : 
him. * . ' - . 

In the Second Lottery, the Gamcfter vcn-' 
tures a Shilling againft a Shilling^aod liie Lots 
being 4 to 2, his Dif^vantage is 2 to u 

And a Lot at cither^ of them being truly* 
worth juft 8 Pence,, /-wk,.. the. ^ifch. part of 3 
tiikes 16 Pence, or twicc:2 Shillings) .tteCHf* 
adTantag«4A(lft*be the Yery fame m both C^- 
fcs, that is, the Gamefter pays a Shilling for 
a Lot that is worth bat & Fence* 

. > The 
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The Method of finding this Anfwor Ixihg 
fonicwhat out of the common Road, I fliall 
here add it, and thereby iiiGaite i>alaCioas pf 
the iame kind may be difcoyercd^ * 

i/. Lottery* 

Let ^isathe number of^aol^f^ ! -It" * 
*=the number of Prizes. ' . 
r=the Value of a Priz^. • , 

w 

• Xer^SE==tne number of Blanks* j • * 

i/=thc namber of Pri'ze^. ' • • ' r ♦ 
x=the value of a Frize/ ' * ' 

: 

1 sisto what you pay for a Lot^^'i^. a Shilling. 

' So the Lottery has its Cha^ces^ &p k> and. 
. the Gamefter his for r-^i. NoiT tht tfiveOdd^ ' 

confifting of the compouadcd Projxirtioii of ' 

the Chances and the Values, v izi, a n4 

the Share of the Lottery will be and ^t of 

the Gamefter rh—b. Therefore as thf pre* 
lent cafe ftands, the firft Lottery muft be a ssj 
rt-^ihy and by the like raibniiig, the ^cond 
Lottery will be iw=J 2 /»—2#f. Nowtbcjvainc/ ^ 
of a Lot being the Sum of the Prizes divid'ed'** 
hf^ the num^r of LotSv Twhichfiiuft be iequal 
In both Lotteries) it yields ■ . | 

. - . . ' ^1 * * 
rb _ stt '"'■■ '] '•■ ^- 
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1 



^-d^sav^ Eocail and Eafid ^lethody 
^ ^ ' '^&f finding ibe Rooti of Uny E^ua^ 
tions Generally^ and that. ^wit bout 
any previQUs R.^uciwn. Edm« 
Halley. > . v , J 



is to bring Matbematic;^! Problems to 
Equations, and to exhibit thofe E(|uations in 
the molt iimple Terms tbatc^be^ -Bjit this 
Art would juftly ieom ia Sxane degree defe- 
ftivc, and not fufficieikfy AnMytical^ if there 
were not fome Methods,by the help of which, 
the Roots (be they Lines or Numbers, might 
Ik? gott e n from the Equatiou y tna tj arc found, 
and fo the Problems in that i»fifpe^][ be folved. 
The Ancients fcarce knew aiiy thiliig in thefe 
Matters, beyond, Ow^^ir^r ickjEfjuat^ons. A Jid 
what they writ of the GcoWetricklVon^ra^n 
jof jgUd Prnhlrms, by tiie.hd^>-of tbe Tarahola^ 
Ciffoid^ or any other Curvp, were only parti- 
cular things defign'd fDrfonae particular Ca- 
fes. Butas taJ^^^'^^^^'vV^ £,rtr-sf^f/<v,---ther^ is 
every whciie'S profcWTi'd Silence^ folthat what- 
ever we perform now in this kind/ is cntipeiy 
owing to the li^yentions of^t^he Mqdcrns. f 

And fir ft of all, that great Difcoverer and 
Rcftorerof the Modern Algebra, Francis Fieta^ 
about ICO Years lince, Hicw'd a general Me- 

r VI' tho4 



r 
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thod for extrading the Roots of any Equati- 
on, which he publilh'd under jJbe Title of, A 
Numerical flefilmcn of Pmers^ &c« . HarrUt^ 
Oughfred^ and others^as well of our own Goun* 
tfy, as Foreigners, ought to acknowledge 
whatibever they have written ugoa this Sixb^ 
led, as taken 4om rietM. But what the Sa- 
gacity of Mr. Newton's Genius has performed 
in this bufinefs^we may rather conjecture (than 
. beioUy.aflur^d of; frojn fhat: fhoFt- jipecimea 
gi?en by E)i»- W^Hista the'i)4th Chapter of h» 
Algebra, And we tnuft: be fore'd to exped it, 
till his great^Modcfty ihall yieW to the Intrear 
ties of. his Frieitdsi and foffhr'tbofecurioas 
Difcoveriet to fee the Light. ■ \ 
'Kot lotig fince {yiz^. A. D. 1690) that e^- 
ccUeot Perfon M. Jojeph RMfhfon^ & pu- 
liUh'dr bis, Vnherfd^ jt»afyfis of Ecfwaicnf^- and 

ifluft rated his Method by plenty of Examples j 
by all which he has given Indications of a 
Mathematical Genius^ 6^001, wliicli the great* 
eft things nfey be er pedfd* / ^ 
' By hh Example, de Lagne^ an ingenious 
Frofellbr oi MathN^maticks^M fi^i was 
covriig-d to ittef^the ftfiie Ar^vment ^ l»t 

he being almofl alto^^ethcr taken up in ex- 
trafting the Roots of pure Powers (efpeci- 
ally Che.Gubick) adds bot little abcmt aSede4 
BquatiDnsi rand that ^prcitty' mnch perplex'd 
too^ and hot fufficitntly dcmonftrated. Yet 
he gives twc3^ yery cotsipendious Rules for th^ 
Api)it»tiAiation of -a« Cubical Root ; one d 
Rational^ and the other an Irrational one. 
Bx. gr. thf^ttl^e fide of the Cube ^-afi^, i& 



✓ 




And the root of the 5th Power (t^-ib^ h( 
makes 



*tis i aay not ? as 'tis erroneoufly Friated 
in the Freiicb Book*) Theie Rules were cdm*^ 
municated to me by a Friend, I having not 
feen the Book but having by tryal foundthe 
goodnefs of them,and admiring the G<mpea« 
diom, I was willing to find oot the Demon* 
Itration* Which having done, I prefently 
found that the fame Method might be accoffl* 
jfRodated to the Reiblatioaof aU ibrts of Bma- 
tions* And I was the rather iaclin'd to im- 
prove theft Rales, becaufe 1 law that the 
whole thing might be £xplain'd in a Symoffis i 
and that by this means, at erery repeated 
ftep of the Calculus, the Figures already found 
in the Root, would be at leaft Trebled, which 
aD other wan, are encre^fed bat to an equal 
Kumber witn the gWen ones* Now, the fore? 
Tnention'd Rules are eaTjly demonftrated 
from the Genefis of the Cube, and the 5tb 
Powerl For, foppofing thp fide of any Cube 
« H^*, the Cube arifing from thence, is ana^ 
3 t^e-^yee^-^eg. And confequently, if we fup: 
pofe ^4 the next lef&Cube, to any gben Nott< 
Cuhick dumber!, then en will be kfi thaa 
Unity, and the remainder will the 
other Members of the Cube, 344*^ inte^-etf* j 
Whence rejeding fee upon the account^ iti 
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4it IS much greater than the quantity-^ 

niU not much exceed 9\ fb that potting 

^ If 

f tax — thea the quantity > ( toyhidl 

f is nearly equal) wiU be found 

h t st 

«r — ^==—7 or -f ^ , V that is — r*L^# 

Andfo the&deof thcCnbc^^^-V*^ wUl bt 
. which is the Jladmal f armuUd 

M» ^ Lagney. But now, if ^44 were the next 
gnsattr Gobick Number to that diren, the fide 
of the Cube will after the lame man- 

ner be found to be ^ And this cafy 

and expeditious Approximatbn to the Cubick 
Root, is only (a very fma!l matter^ erroneous 
in iK)int of dtfeS^ the quantity the remain* 
der of tbe Root thus feoad, €oming Ibmetliiiig 

left til a a really 'tis. 
As for the/rratio)7MleFormida^\is dcrivM from 

t;he fiime Principle w u. i>= i ^m^^^^ or 

i.r=:4i+^, andfo\/;iM4* =i^,and 
3 ^s 

V i444-* BS «4<, the Root fcught, AlCo 

the fide of the Cube aaa^b^ after thefime 
^^^u, wili be (pu^ to be k^'^iaa^Ji^ 

AM 
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JiXid thu ^farmida coipes lomctbing nearer to 
tlie Scope, teing erroneous ia point of excefs^ 
as the other was in defeSt^ and ismorl? accom- 
piodated^o tiie ends of Practice, fiijce the Re^ 
IHttition ofthe Calculus, is' nothing clfc Iwt 
the continual addition or fubftraciion of the 

Quantity — according as the quantity e can 
■^beJ^jUowii^^Wo thit we fliould pajthei; write 
y/ Xa^tzf^'l^a^ ia the farmer cafe, and in 

the latter,. i'»W^'*'^-|!!!ZI- But by either 

of the two Farmj4a\ the Figures? iiready 

"kno\¥n in the Root to be extrsft'cd, are -at 
Icaft Tripled ; which I conclude will be vct'y 

^ratefel to all the Stftdefitr itt'^Afithtrtetick ; 

.andl-congratulate-the Iiiyentor uj|on..the ac- 
count of his Difcovery. ' - • 

/. But ti^t the ufe of thefe Ririgs may heH:4y 
]istter pei^OTucfd, T tfaulk it prbpiN: tor fubjoit 
an Example or two. iet it t be proposed* to. 

;ljaid the fide of the (louhie Cube^or. 4akk\^mt^ 

Here ^ :~ :;3.ii§cfe;-t 

be found to be the tra.e Mehwlf. tj|i** 
Cub e of f , 26 ^ is 2^ ^^SUiu^^T^fsh^i \ 

^^969-j2222^ , or o, 63 W^i9^Sc^^ 

91005291 ss 1^25992x049895-; wlgch in 13 
•Figures, gives tfie-M© of tbe double Qahti 
with very little trouble, vi;^. By. one only di- 
vikon^ a4di the extraSkm of the ifjakie Ko6¥| 
jWten as by the common way of working, how 
^ much 
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mncb pains it would baTe coft^s^tHe Skilful 

very well know. This Calculus a Man may 

Squire by tbe additioa of . the quantity — J 

wUch^ Corredion^ inthis cvfe wilt gire^ tet 
the entreafe of Unity in the 14th Figiire of 

the Root. * V * • • • 

Exemp. id.. Ixt ithc propos'd to find the 
fides of a Citbe;eqaal tsoith«t> £ngliih Morflure 
commonly calFd a Gallon, which contaiiis 231 
folid Ounces. The next lefs Cube is 116^ 
whofe iide 6"^ and the remainder i^tsib ^ 
^nd f o for the firft Approximation, we have 

3+ Vp-j-— = the Root. Aiid fiiice Vpfim. . • 

is 3,1358..., 'tis pJain that 6',3f8ts^|^. 
Now^let 6^1 i$S:=ia'^aB4^c (hall then have finr 
its Cube 23 1 ,0008 5 38947 1 2,&aca>rding to the 
IU1s,3>Q6 Ji)'-W9> 41 { 04 x- ^ 00085 83947 iz 

1 8,4070 

is moft accurately equal to the fide of the gi- 
ven Cube, which within the fpace of an Hour, 
lidet^rmiu'd by Calculation tq be (^.1357924 
396619^2^7 J which is exadin.tbe 1 8 th Figure; 
defedive in the 1 9th. And this P&rmtM is 
def^fvedly preferable ta t]}c^ Ratifittale^ upoa 
the account of the great Diviibr, which is not 
to bp(qBa^gg'd.withoat a gt^eat dea>V,Qf Labaarij 
wberet^sthc extraclion of the Iquar^ Roof^ 
priOQeeds^jQi^cb more eoiily, ^maJQJkfoH^* 
peflence Jw taught mf./.- • •« ^ ' . 
» rifut.^h^^'I^le S)r the Ro6t c£ a ^ij^. Surlb-r 
lid,or-tiie 5th Power, is of fouiethinga l^igjier. 
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do the bufmefs ; for it does at Icaft Quintuple 
the given Figares ia the Root^ neither is the 
. CalciilM very large or operoft. Tho* die Au- 
thor no where fliews his method of Invent^pni 
or ai^y Demonftration, altho' it feems to be 
ircrf nmch wanting ; efpccially fince all things 
arc not right in the printed Book, which may 
eafily deceive the Unskilfhl. Now the 5th 

Swar o[ the fide is compos'd of thae 
embers, 4*+5-<*r|rio^'e*+iOir»r^H-54e*+ 
e^mst^'j^b '^from whence As^s^'^r^-io^^e'^^io 

rejcding becaufc of its fmalneis. 

Whence — -= ^^M-2'«*^+i^'+^%anda4T 





ding Ofl botii Udes i**,we fliall baveV 



Then ftt Mtaraaing from both fides, ia-\-f 
wiii =V *^4'«M-i — 144 1 to which if i 4 b« 

c3 the root of the Power But if it had 

4*—^ (the <ioaJiUty/» being too great ) the 

Rule would have been tlros,^*-!- v ^i-*'- t"t^' 

And this Rule approaches wonderfully, fo that 
there is hatdly tny need of Reftitution. ^ 

But while I confidered thefc things wrth 
my felf, I light upon a General Method *» 
the Formulas of all Powers whatfoever, and 
(vf}acb being handfo^e and concife enough) 
I thought I would not conceal from thiB Poo- 
Uck. Tbcf^ 
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Theft FormQl^% (as well iht Mmim$si^ as 
the IrratpQudi oaes) are thus* 



And aUb of the other higher Fowers. But 
* if a were afliimed bigger, than the Root 
fought (which is done with Ibine advantage, 
as often as the Power to be Rel&lred, is much 
nearer^ the Power of the next gnmit wholt 
Komber, than of the mkt Ufs) in this cale. 
Mutatis Mutmdiij we 0udl hare the iame £x- 
preiUons of the Koots, vit. 




sea * 



ah . , 



3^ 3^ 



6 4 i 



L^-,.. • io-»» / 



>X>ii'"~^ p= iiMt- V J »^'^-w-^mr. «— — 



And WiiWn thefc t^o Terms, the ttac 

Root is ever found, being fonicthing nearer 
"to the Irrational than tlie Rational Expreflion. 
Bat the quantity e found by the JrramMl Fot^ 
mula^ is always too great, as the Quotient re- 
fulting from the Rational Formula, is always 
too little. Aud coafequently,if we have ^-/^,the 
JrrMtiwal FarmuU gives the Root ibmethiug 
greater than it fhould bc^and t\\^RaihnM fbmc- 
thing lefs. Bat contrary wife if it be —b. 



■• • • 



And 
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/And thus mudi may fufRce to be ftid* coa«%; 
Clfmng the extradioo of the iloott of p««!* 

Powers; which nut.vithftanJi.ig, for commoa 
Ufes, m:iy be had much more eafily by the 
help of the I.ogarHhntf* But when a Root is 
t# be determia'd very accurately, and the Lo» : 
garithmjck Tables will notieach foftr, then 
wc muft ncceffarily have recourfe to thcfc*^ or 
fuch like Methods. Farther ^ the Invcritioa 
and Contemplattoii of the^e Fonnnlaf, teadiog 
me to a certain XJnivcrnil Kuk^ for adfeded 
Equations Qwhich I hope will be of ule to all 
the $tyd&B]j» ia Algebra aad Geomury) I was 

i willing hereto* glre feme accoant of this Dif- 

covcry, which I will do with all the perlpc- 
cuity I can. 1 had given at N^* 188 of the 
TranfaStions^ a very ea/y and geiieral coflftru- 
Qapn of all adfeded Equations, jQU)fi exceeding 
thie Biquadratick Power from which linic I 
had a very great dcfire of of doing the fame ia 
Kuiubcrs^ iiut quickly after, Mr^ Rafhfon ' 
feem'd in great meafure to have iatisfy'd 
this Defire, till Mr. X-agmy by what he 
had performed in his Book, intimated tluc the 
thing might be done more compeiK^iouily ye£# 
Nonr, j^fiy Method is thus. ^ ' 
.Let;^: the root of apy Equation, be imagined 
' to be composM of the parts a\'^ ov—e^ of 
which, let a he aifumM as near as is pollibie^ 
which isnotwitbftanding not nee^ffary^t only 
cmmoiloi^s. Then from the Quantity aA-e ov . 
(j—e^ let there be form'd all the Powers of ^, , 
6Hmd in the Equation | and the JSumerical 
Cb-efficients be re(pe&iT<dy aflixM td tbem : 
Then let the Power to be refolv'dy be fub- 
ftraded from thefumof the gi^en Parts Tin 

• ' * ' the 
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the firft Column where e is not found) whtcH 

they call the Homogeneum Comfarationis^ and 
let the difference be la the next place, 
take the fumof all the Co-effictents of e ia the 
lecond Colomn, to which putesi Laftly, in 
the third Column let there be put down the 
lum of all the Go-eflicieats of ee^ which iiiai 

call t. Then will the Root z. ftand thus in 
the Rmi$nMl Farmuia^ viz. x. m 04* ^. 

and thns in tli^e i^4Mir4/ Firn!rii/jft ^ 



ss'^hi whkh . perhaps it 
t 

may be worth while to lUulhrate by fomc 
Examples. And inftead of an Infitumetu^ let 
this TMb ienre^ which (hews the Gfenefis of 
the feveral Powers of ^4:^, and if need be, 
may eafily be continued farther \ which for 
its ufe I may rightly call a Generd Andytkd 
SfectUum. The forementioncd PoWefs arifing 
from a continual Multiplication by a-^-s (:zix^ 
come out thus with theif adjpyned Co*effid« 
ents. &v tbi T tkti. But now^ if it be 4^ r ss;c, 
the Table is composed ofrhefartie Members, 
only the odd Powers of as ^% are 
Negative^ aad the dven Power^ asf%e*,e', 
AffiriAative. Alio let the fum of the Co-effi* 
cients of the fide be ss / ; the fum of the 
Co-efficients of the Square eet=i the fum of 
the Co-efficint of e^t=i a ; of e^ss w ^ofe^&^i 
of is y, Sec. But now, fince e 1^ fuppofal 
only a fmall part of the Root that is to be en- 
quir'd, ail the Powers of will be much lefs 

than the correfpondent i^owers of and fix ht 

fhtf 



• 
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the firfl; Hypptheiis; all the fuperior ones 
rtay be rejefted \ and forming a new Equati- 
on, by Tubllituting /fJ:<?=z^ we (hall have (as 
was laid; ±b—±se\:^ tee. The following Ex- 
amples will make this more dean 

Let the Equation x^3Jt*-l' 75 ^=10000, 

be proposed. For the firft Hypothelis, let 
0| and fo we have this Equauoo^ 

^dz.-Tr=^ — da^ due — ^e* 
\cz;=rVca ce 

= hi 0000 400oe ^htSoor* 40e^ i't^ 
— / 300 5or ^ipe 

^lOOOO 

The Signs and — with refped to the 

Quantities e and are left as Doubtful, till 
it be known whether e be Negative or Affir- 
niative ; which thing creates feme dilhucttlty^ 
fince that in Bquations that have lever^ 

Roots, the Homogenea Comparatiortis (as they 
termthemj are oftentinies encreafed by the 
minute quantity 4, and on the contrary, fhdf 
fteiug inereaftd,' lAey are ^ioliniflied. Bat the 
Sign of e is determm'd from the Sign of the 
Quantity b. £or taking away the Refolvend 
irom the Homogentsd formed of 4) the Sign of 
»f (and confequently ot the prevailing Parts 
ia the compolition of itj will always be coa- 

G trary 
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trary to the Slga of the difference b. Whence 
'twill be plain, wiiether it muft be -| or — e; 
and confequently whether^ be taken gi:eater 
pr lefs than the True Rm* How the quan* 

tity e isf —ji- l^i—ht^ when b and t have the 

t 

fkmt Sigii) bat when the Signs tire di&- 

rent^ # is = *s / i,ss \ bt^ \s. But after it is 

t 

found that it will be let the PoweK e, 'e\ 

and e% ere. in the affirmative Members of 
the Ec^uatioa be made Ii^egative, and in the 
Kegative be made Affirmative ; til&t is, ict 
them be written with the contrary Sign. On 
the other hand, if it be + e (\tt thofe fore- 
mention'd Powers) be made Affirmative in the 
Affirmative, and Negative in th^ l^egative 
Members of the Equation. • 
" ISTow we have in this Example of ours,iO450 
inftead of the Refolvend i ooqo> or b=:^%(^ 
whence it's plain* that ^ i!^ taken greater than 
theTruthjaad confcquently^that 'tis--c.Hence 
the Equation comes to be, 401$^ -j- 

59yee—^^ i<>Do6/Thatfe,45o— 4j6i||r 
•f-j^yfesoj and 10450 5=54015 e^^^-jee^ 

' oxb^sc — ^e^, whofc Hoot e t=s *^iss^h 

or - — V.^^ ; that is in tkue prei^at cai^t 

fix)m whence we hafc 

597 

the Root foi^ght, 99 w^cb k ri|«r t]t$ 
Truth, 9)it Ihfift f^bftiiitutiii^ t^is f9r a ft- 

coad 
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cond Suppofition, there comes 4^=:jt, mofl 
accurately q, ^^^62503935495 .... fcarce ex- 
i^eeoiiig the Truth by 2 iA the laft Figure, viz. . 

When \ ss' \ kt ^e. And this (if accd be) 

t 

may be yet mocb Either verified^by fiibftrtd^ 
ing (if it bc-he) the qnaatity t 

from the Koot before fiMmd ^ or (iticbe^) 
by adding to that Root, Which 

Ipompendinm is f6 m^h the inore Valeable, 

in that fometimes from the fir ft Suppofition 
Jilone^ but alvvays from the fecond, a Man 
ihay continue the Galculttsfkeepfng thefime 
Coefficients) as far as he pleafes. It may be 
ftoted, that the foi e-meiitioned Equation, has 
alfo a ^^egatiye &oot| vsx.. z.z=i 10^ z6 . ... 
Iwhich any one that has a miad^ may deter« 
min more accurately* 

Suppofe ^'—17^ -1-54-5=2 3 5<^ J andlct^tss 
to. Then accordii^ to the preicript of the 
ftidey 
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% t t 

That is, ^- 1 oco hsoorl-joeM-e* - • 

-"1700— 34Cw"~i7« • " 

•V-540-I-54* 



Or, — <io+i4e -I'l 3« ca o- Now, fmcc 
we have -5 10, it is plain, that * isafl'umed 
kfs thaa the Truth, and confeqmently that * 
is Affirmative. And from C the Eguauon } 



5 1« ta I4r + 1 je *, comes e ybt^-^ss 

t 

'J66n9-X Whence «=» 1 5i 7 • • •» which b 

too much, becaufeof 4 taken wide; thercftwe 
Secondly, let ^ssij, and by the like way <tf 

Reafoning, we lhaU find V^^^* 

t 

^ K>9»^V"7i04. ^ confequenUy x-s* 

1 4,9 5 +06 8 . 1 f the Operation were to be re- 
peated the third time, the Root will be found 
conformable to the Truth as far as the 25 th . 
Figwe : but he that is contented with fewer, 
by writing inftcad olth^ or fiibftra- 

aing or adding ,t^4-t- to the Root before 

found, will prefently obtain his end. Note, 
the Equation propofe^, is not explicable by 
any other Root, becaufe the Rifolvjtnd 3S°»** 

.greater than tht Cube of o*""^ 
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Exdmfle IIL 

Let us take the Equation 80 z,'+i998 
^^•-*-i4937 +5000=: which Dr. WalUs 
nfes Cap. 6% of his jilgebra^ in the Refblotioa 
of a very difficult Arithmetical Problem where 
hyf^sfia's Mqjhod hehasobtaia'dthe rootmoft 
accurately; and Mr. Rafhfon brings it alfo as aa 
Example of his Method^ Page 2^^ 25* Now 
this Equation is of the form, which may have 
fcveral Affirmative Roots, and (which iacrea* 
fes the difficulty) the Coefficients arc great 
in re/peA of the R^fUv^nd giren. 

But that it may be the eaficr managed, 
let it be divided, and acccording to the 
Ipiown Rules of Fointin^^ Jet — jc*-+-8x.* — 
20 ^hi 5 ^so,5 (where the quantity is 
of;?: in the Equation propofed) and for the 
firft Suppofition, let a^^^x. Then ir'*^ 
2#»-l-4e^--e4^o,5ao; thatis^ 5e"lr20f ; 

hence s:=i\l I ss+bt-iL is ^^^"37-^ 5, andfo 
» . f • 

' • ■ I "' ' 

• , ^ 4 
«:!=8i,27; Whence 'tis manifcfl: that 1 2, 7 is 
near the true Root of the Equation propofed. 
I4ow Secondly, let us fuppoie f s=i2, 7, and 
then according to the direftions of the Tabte 
of Powers, there arifes 

» ^ 

b ' St' tt 

—26014, — S193, 532^ — 9<^7> 74^*— 50, — 
+-163870, 64o-'^^38709, 6o?'|-3048 e*-\-So 
—322257,42 — 50749,2 e— -1998 

"G 3 That 
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That 15, 4-298, 6^^9—^296 132 e 16 e*' 

*\-X(^f 2 —e"^ —.0 And fo — 298, 6559 s—: 
5295, 132*1 82, ider, whofe Root e ('accord^: 

ing to the R^lc)=i a J — Vi^^—t^ corner tQ 

t 



82^ 25 

',05544080331.... e tefs tlian the Truth. But 
that it may be gprrcded, 'tis to be conlidei'd 

that ^ 1, 3 or V^ n > t$^900Qoo99», 

and confcquentlye correftcd,i8 5^056447044.8. 
And if youddireyct more Figures oftheRoot^ 
frQm the^ corr^Aed let there be made 

W.l--fet 43105602.42.3 . . and 

Vi ^»eM" re^ or which is all one^ 

2648, 0(S(S*«-V<^987^85-,<J74955p757 

82, 25 " ' * ^ . - • 

,05544 1 7944807440265^1 whence i!f4-«ssz. 
tlie Root is molt accurately 12, 7554417944S 
074402 ... as Dr. If'W//> found in the fore- 
mentioned Place ^ vvliere it may be obferv'd,, 
that the repetition of the Calculus does ever 
triple the true Figures in the affunicd 

\iFhich,thc firft correaioa^or -i-s — -ir-Moes 

quintuple ; which is alfo coramodioufly done 
ll^y th» Ug^ithms. But (he other Correftion 



. • • • 



Digitized by Google 



after the firft, does alfo double the number 
of Figures, lb that it readers the afumcd al- 
togetber Seren-foid ^ yet the firft Corre&ion 
is abundantly fuiTicient for Arithmetical ufes, 
for the molt part. 

But as to what is fiiid ooncerning the nam* 
ber of Places- rightly takeh'ifi the Root^ I 
would have uaderftood fo, that when a is but 
f part diftaht from the true Root, then the 
fitfl: Figure is rightly afTumed j if it be within 
Ao part, then the two firft Figures arc rightly 
a (Turned If within ^ooa and then the three 
firft are fo v which coafequently managed ac- 
CMdin$ to . our Rolc^ do prefently become 
nine Figures. 

It remains now that I add fomething con- 

ceraing our Rafional Formula^ vic. — 7— r- 

Wiiich fecms expeditious enough, and is not 
mu£h Inferior to the former fioce it will 

triple the given Number of Places. Now 
having formed an Equatioa from <^ J^e ss«^ as 
before^ it will prefently appear, whether^ be 
taken greater or lefs than the Troth ; fiace 
/ e ought always to have a Sign contrary to 
the Sign of ti^e difference of the Hsfoivend^ 
^.ad its Homogeneal produced from Thea 
fuppofing +>-\-/e^|-4«— reess^y the Divifor is 
jj—fi?, as often as t and b have the fame Signs; 
but k is- xH^fe^f when they have different ones* 
But it feems moil: commodious for Pradice^to 

write the Th^rem thus/ B lince 

this way the thing is done by one Multiplica- 
tion and two Divifions^which otherwife would 
require three Multiplications, and one Divi- 

G4 Lot 
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Let us take now one Example of this Me- 
thod, from the Root ( of the forertiention'd 

Equation) 1 2, 7 , where 

298, (55 59^ S^-P^i i 32^^+82, 2(yr^+-29, 

. b tb 

--e* jss^, and fo — — ts^- that is, let 

tb 

it be as s toj-^ lb to -i—ts 5296^,1 32)298, 

6$ 59 into 82,26 (4, (^3875. • . • wherefore the 
Divifor is / — — * ^%X9iy±9ix< .-..•) 298, 

6559 (o, 055441 j=:e, that is, to five true 

Figures, added to the Root that was taken. 

But this Formula cannot be corrected^ as the 
foregoing Irratvonul one was ; and io if more 
Figures of the Root are defired, 'tis tlie beit 
to make a new* S^pp6fition, aM^ repeat tic 
Cakulus again: And then a new Quotient, 
tripling the known Figures of the Root, will 
ifaBndantly fatisfie eren the moft Scrupuldus. 



• r 
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A Dijfertation cmcerning the Qm-^ 
jiruSim of Solid TroMems^ or 
JEquatims of the third or fourth 
To^duer^ by the helf of one (given) 

"Parahla and a Circle. 



By Edmund Halley* 



HOvv all Equations (that involve the third 
or fourth Power of the unknown Qjian* 
tity) may be conftrufted by the help of any 
given VaraboU and a Circle^ tlic Famous lVl» 
"jDes Cartes has flievvn'and clearly demonftrated ' 
. in the Third Book of his Geometry. But he 
fitft of all orders the fecond Term of the E- 
quation (if it be there) to be thrown out, and 
then by the Rule there delivered, to find the 
Roots of the Equation lb reduced. 

And fince that Operation feems too La- 
borious, Ibme thought fit to invent a like 
Ck>nftruftib4i, without any previous Redodion. 
Amongft whom Francis a Schpoten has offered a 
Method ( for conftracling cubital Equations 
howfoever afFec^edJ which might hare been » 
called very eafie and fimple; if (byunfbld* 
mg the Princifde from whence he deducal his 
Rule) he had better confulted his Reader'i^^ 
Memory, which he burdens with very many 
and perplexed Cautions. But lately our Fa- 
tnous Countriman, Mr. Th^mif Bdmry in a 
*Yhoie Treatife Written upon thclc Conftru* 

dions. 
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^^Aions, has comprehended not only all Cubi- 
cal, but alfo piquadra^tical Equations of every 
Kind, ttndcr one General Rule, whicb he has 
demonftrated, and abundantly Illuftrated with 

•J6k«mples through ^11 Cafes j and moreover 

• at the Cl0ie, proposed a ,way, 4iy iii^bich thait- 
General Rule might be InVefttgated* But he 
docs not fhew the very Method, by the help 

• of which (ysl fufreifl) obtained, hi.s Vni^ 
verfat Geomefrieal Cl^is^f^t at lei^ mig^t have 
obtained it with much more cafe. And fince 

• this Rule of ^^ib?y"'s is no Icfs perplexed with 
Cations about the Signs and r-^ than Scboo^ 
ten's is^ fo that a Perlbn can hardly pel^bmai 
thofe Conflruftions aright, w ithout he has the 
Book by him \ I thought that it wou'd not be 
^i£hi^ Unpleaiant or ynprofil^abli^ jso yo«k^ 
Students, to explain the Foundations of both 
J?,ujes, and by foitie emendation of the Me- 
'^iod once more, to afford as much light as 1 
cduM in fb difficult a Matt^. Cme flush Coib* 
Jlruclion (which does very eafily difcoverthe 

• Roots of all Cubick or Biquadratick Equati- 
Qnf,^wbere the fecond Term is wanting) may 

' ^c^/upposM as known* Yet (ince 'tis the AaiA 
"bottdmy on which all that follows does de* 
peadi that this Difiertation may not feem to 
want a principal Part> Ill here add the Role 
taken out of his Geometry, altering fome . feW 
ti^iiSfij Cas I think j for the better.- ' 

fea6nc| Term being out of fhe fiquatir 
oAf all cubical Equations^ ^re reduced fci 
t?ijs Form, ^f^- ^ i ^nd Biquadra- 
ticdl ones ,J;p^ this Form, z^. ^. afzx.. aaq^ 
^rt^ft,j[^erc ^ denotes the Lmis Re Slum oi 

uiW^ ill the 
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(Eonftrnftion. Or t]fh taking a fortJnity^^ 
thdfe Equations are reduced to thefe Forais^ 
S/iz.* Cab.;^^. 9t=:^,and Biquadn z,^^.fzA* 
qfjL. r. =2 9. Now the ParaboU FAG, Fi^;, 9 be- 
ing given, vvhofc Axis is ACDKL^ and Para-^ 
meter or i ^ let AC be taken a i and 
be fet off always from the Vcrtejr ^, toward* 
the inner parts of the Figure. Then take CD 
fpf isi that Line AQ^ continued towards if 
It be — p In the Equation^ or tmt'ards the 
contrary Point, if it be i> Farther,froni the 
point D Cor from the point C if the quantity 
p be not in the Equation) Let DE(ere6:ed 
perpendiculer to the Atis) be m^des 
jvhich is to be fet to the right hand if it be 
— but to the other fide of the Ax-is if it be 
H^'^f. And then a Circle defcribed on the 
Center fi« which the Radios AE (if the jBqi^'« 
tion be but a Cubical one) will interfeft the 
Parabola in a$ jnany Points {yiz.,¥^G^Gy) as 
the Equation has True Roots, of which thi 
AlRrmatirc eoies, as GK, iball on the right 
iide of the Axis, and the Negative ones as 
Fr, 01 the Lefi. 3ut if the Equation be ^ 
Biqnadratical one, then the Radius of the Cir« 
cle AE, by adding (if it be •••r) or Subftrad- 
ing (if it be -Vr) from the Square of it, th^ 
Red-angle a x r, or the content under the Pa- 
rameter, and the giwA Quantity r ; which is 
very ealily done Geometrically. Ajid the In- 
terfcdions of this Circle with the Parabola, 
will give (letting fail Perpcndicnlars from 
thence ttthe Ajris)! all the 'mnr 'Roots of 
the Biquadratical Equation ; the j^ffirma^ 
liw ones bdng on the £i£ht Mc of the Axis 

k^A tlMr lUfgmivi^ 0oci^ on the lefi. The de- 
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monftration of all which I leave to Cartefius 
the Inventor. Let it be Noted, that l^adeai- 
vour here that the Affirmative Koots, ma^ 
always be had on the Right llde of the Axis^ 
to avoid the Confufion that will ncceflai il/ 
^rife from a multitude pi: Cautions, where the 
re afoa of them is not evident. 

Having pre mi fed thcfc things, in order to 
makp way for the conftruftion of thefe Equar 
tions, even when the fecond T^rra is found 
in thesi, we are to confider the Rule it felf 
for taking away the fecond Term, ^nd redu- 
cing the Equation to another, fuch as might 
be conl^ruAed b^ the foriegoing Method. Now 
all Cubick Equations of this Claffis, are re- 
duced to thisforn), z} bz^z.. apz,- aacj-zno^ov to 
tbis> V. ^- a4q^o. £jquadratick ones 
ihay: be rcduc'd to tl^i^^ z.\bzJ,*'afz^^^ Mqz.. 

M^r^o^ or this, z^», or this h^^*^- Mqz.. 
k}rt=iQ^ or this, z.*. bz,K afz^ . ^^aW^o^ or 
laftly, to this Form, zf'.hz^ ^ '^^ a}r:=i0^ 
From all which there arifes a great Variety, 
according as the Signs "V or — are diverfly 
conncded together ^ and hea<:e the Generai 
Jlule. fcrving all thefe cafes, is refldred very 
oblcure and difficult, unleis (manag'd by thp 
help of the following Method) it be .clpared 
up and delivered from thofe Intricacies. 

The fecond Term in Biquadratical Equati* 
CIS, is taken away by puttmg jirsszrh;^, if it 
be ^Vb in the Equation •, or x ^^^^ if it be 

— ^. Hence a:— i b in the firft cafe, and 

l b in the fecond, is t=s^ ; and fb ia any Equa- 
tion propofed, fubftituting inftead of its 
Equal, there will come forth a new Equation, 
wanting the fecoiKi Term, all whole Roots 

- : ■ do 

« * « , 
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•do exceed, or come (hort of the fought Root 
K-i by the given diiFcrence 4 ^- But fince ia 
things of this kind,. Examples do more thaa 
Precepts, let us propole one or two Equati- 
ons to be conftru^ted. 

£xAmfle I. 

put x^*'^bs:i{^ and then will 

x> ^^\x^b + .•^6^?^'— #V « K^- and 
x^^-^bxH i b'x'—hb'x -hf,/.^ 

Hencq it follows, that 
x'^^^^bx^ Y\h^x^^'- , b^x -V^U - 

*^^4i^qx\^la^qbtSi—a*qK 

* 'The Som of all thfefc is a new Equation 

wanting the fecond Term, and which confe- 
quently may be conftruded by Cartes'^ Rule, 
by taking inltead of % fy half the Coefficient 
of the third Term, divided by a or the Para- 

bb 

meter, that is — i and inilead of if, 
half the Coefficient of the fourth Term, divi- 

b^ pb 

ded by that is, "biV t-I- * — i?. The 
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Members of which that have the Sign -1- ai'C 
to be fet off to the left Hmd from the Axis^ 
«nd thofe that have tne Sign >r to the \ 
In order to find the Center oiF the Circle re- 
quired for Conftruclion, vvhofc Interfedion^ 
^vitfa the Parabola (lettiag fall perpendicalars 
to the Axis) may give all the true Roots 
namely, the j4ffirmative mcs on the Right 
fide of the Axis, and the Negative ones oil 
the ijtfi. But now, When j,^»t=sj(9 thea 
drawiog a Line Parallel to the Axis on the 
right fide of it, and at the diftaace of the 
Perpendiculars terminated on this Paralkli 
will denote all the. enquired Roots the Jf^ 
firmaiiv'e ones on the right fide, and the 
gative ones .on the Left. As for what related 
to the Radius of the Circle, it is iiad, by ad* 
ding the flegative, or taking away the Ar- 
firmative parts of the fifth Term divided by 
ita^ from tht Square of the Line A E, drawn 
from the Center £ found, to j4 the Vortex of 
ihe Parabola; which is rhoftly ddne, byta* 
king iuflead of AE, the Line EO which is 
fermihated at 0 the laterfcftion of the Para- 
jbsoLa^a^d the fore-mentjbned Parallel j for the 
Square of this comptehends all the paitsbf 
tlie fifth Term, brought into the new Rqua- 
iioa- upon tht calliixg out of. tlie.fecond Term, 
as is eafiiy proved : And it remains only, that 
tJie Square of ]fiO be increaftd, if it be •-•^ 
in the Equation^ or diminifli'd^ if it be 'I'J', hy 
the addition or lubltraetioa of the Reftanglc 
4t r\ froiii whffntb th^ Radius of the Circle^ds* 
lired, is composed. This Method of invefliga- 
ting M. Bak^r^ central Rule, is ealie and free 

from all Gautidas) and th« dMtedeedirifej 611^ 
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ly from heace^that / determm the anter of tkt 
GrcUy by the Axis^ sotd he by s fmatUl t0 tk^ 
Axis ^ and that 1 always have four Affirmatht 

Roots on the right fide the Axis^ which he has fomc^ 
times on the right fide^ and fameiimei m the leju- t 

As for cubical fiquations, they ar4 to be 

reducM to Biquadratical.ones, before thty caa 
be conftrufkcd by the fame General iiuliei 
which is done by multiplying the fiquatioa 
proposed bjr its Root whertcc arife^ a Bf^ 
quadratick Equation, in which the Jaft Term 
pr r, is wanting. Wher4:tore Ukiag away, tfa* 
fecond Term, and finding the Geoter £^ i^ 
line £ O is the Radius of the Circle \ vi^^ 
When^r is r=^o^ and the whole fifth Term 
in the new liquation^ ariies fiom the tikins; 
away of the iecond Term, tet tim £qujf * 
be proposed to be conftrui^ed. m , : 

ExamfU \h v : 



which multipjy'd into becpmcas .x . ' 

To take away the fecond Term, put i 
x^\*l ^ c= and then will , . t , 

^kx^ ^Ib^x^^.y'x^ :j^F^ ^bi^ , 

Now in this new Equation, the half Cocf- 
fent (of the third Tctna)^aivlded hja,^^ 

is tobe ufedlaJkadof i;; 

164 
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ihc half Coefficient of the ( fourth Term) di^ 
Vidcd by s 4, the Square of the Lmus RsHunij 

-* i_ 4- i is iuftead of i ? in 

16 or ' 4/f 

Cirtefius^i Conftrudioh, ftora whence the Cen-t 
tfer K is dcterrtiin d. Then drawing a Paral- 
lel to the Axis, at the diftance to the left 
fide (becaufe of t AT V i^j whofe InteiTedi- . 
on WitH the Parabola, let be O ^ a Circle de^ 
ftribed on theCenter E with the Radius EO, 
will cut or toiich the Parabola in as many 
Faints as the Equation has true Roots, which 
R£K>ts,or T,are the Perpendiculars let fall from 
thofe Points lipon the Parallel to the Axis, 
the Affirniative ones to the Right fide, and 
the NegatiTfes to the Left. If the third or 
fourth TeMriior Both^ Be wanting in the Equa^ 
tion, there's no difference at all f of the Me- 
thod of iaveftigating the Central Rule) to be 
obferv'd. But the Quantity j& or ^ being want- 
ing, thofe parts of the Lines CD and DE (in 
fome manner deduced from that Qiiantity) 
will be wanting too, and we are to proceed 
with the other Coefficients of the third and 
fourth Term 1.1 the new Equation, accordin^g 
. to the way prefcrib'd in the foregoing Exam- 
ples. 

Hitherto we have confider'd Mr.. Bakerh 

General Method, thnn which none more E ilie 
and Expeditious is to be expected, ufing either 
a Parabola^ or aAy other Curve for a Conftru- 
dion, t;/?. when the Equation rifes to the Bi- 
' quadratick Power. For while I am writing . 
of this, 'tis my good Luck to hit upon a cer- 
tain GeometrkkEffeaion of the central Rule, 
which is Expeditious beyond Hope,' and will 

abun- 

♦ * 
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abandantly fatisfy thole that are curious in 
thefe Matters; 

( Fig, TO.) Having dcfcril/d the Parabola 
NAM, whofc Vertex is Axis ABC, and Fa- 
hineter d * let the Equation* be reduced to this 
Form^ t"^. i^'. apz*. aaufz. ^*r. = 0-^ or 
if it be only a Cubical onc^ to this, hi,i. 
kfz. aacj. = 0. Then at the diltance BD^i^^, 
let D H be drawn parallel to the Axis (to the 
Left Hand if it bc--^, and to tlic Right, if 
it be-htj rhming the Parabdla in the point 
from whence let fall B D perpendicular 
to the Axis. In the Line A B continued to^ 
wards make BK=,'^, and draw the Line 
D K interminate on cither lide. Farther, 
take KC=2AB, always in the Axis produ- 
ced beyond if 5 and if the quantity p has 
fhe Sign take towards the fcinie parts, 
C E=i but towards the contrary part, if 
it be Yf. Then at the point E (but at the 
point C if the quantity be 'wanting) erefit 
EF perpendicular to the Axis, mceiing (if 
need be) the Line DK produced, in tiie. 
point which point is the Center of the 
Circle required, if the quantity cj be want- 
ing; But if f be in the Eciti-ition, then we 
muft take in the Line F R (it need be) pro- 
duced the length of FG=s|^, which place 
to the Left Hand if il be "h^, but to the 
Right if it be and then the point 6 
will be the Center of the Circle required for 
the Conftrudion^ ind the Radius of it^ Will 
be the Line G D, if the quantity r be want- 
ing, that is, if the Ecjuation be only a Cubi- 
tal one ; the Square of which fame Line (in 
Sicj^ddrauck Equations) is to be encreafed 

H by 
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by the addition of the Rectangle under r 
and the Latus Redum^ if it be ^-^ or to 
be diminifhcd by the fame Reflanglc if it be 
+ r. The Circle thus defciib'd, and Perpen- 
diculars let fall from its Interfedions with 
the Parabola, to the Line DH, thofe that 
arc at the Left Hand as K O will always be 
the Negative Roots of the Ecjuation, and 
thofe at the Right, the Aifirmativc. 

Cubick Equations ^re otherwife (and fome- 
thing more fimply) coaftruded according to 
Schootenh Rule, in which alfo the Roots rc- 
ipeft the Axis. But becaufe the Inventor 
himfelf does neither explain the luveftiga- j 
tion nor Demonftration, it will not be amifs 
to fiiew the Foundation of it here, and at 
the lame time render the Geometrick Con- ^ 
Itrudioii more Elegant, and rid it of thofe , 
Cautions in which 'tis involved* 

This Rule is derived from hence, that 
every Cubick Equation may be reduced to 
a Biquadratick one, in which the fecond 
Term is wanting. Wluch is done, by mul- 
tiplying the Equation propofed into ;c * cs^, 
if it be i"/? in the Equation, or into z,-\4f^o^ 
if it be ^ ; and the new Equation thus 
form'd will have the lame Roots with th« 
Cubical one, and moreover another Equal to 
if it hc^b iSi the Equation, or. con- 
tra ri wife. 

l^t the Equation x? b Ar^f^ 
be propofed to be conftrufted ; multiply this 
ixito z.'\'b^ and it maices 

Here now the fccoxid Term is v^antiiig, and 

th? 
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Ui€ Co«fficient of the third Term'-** j-^r/, 
gives -« — + ;/>, m the room of i ^ or C D 

in Cartefmi\ Gooftrudioa; and from half 
the Coeffidejit *rf the fourth Term made 

i q -j- ioftead of 1 9 or D E, and ib the 

Center of the Circle fought is cictcrmiii'd, 
Alfo becaufe one of the Roois of the new 
Equation, viz.. ± * , is giveo, a poiot in the 
Circamfer^Doe wiU be given too, aad conft- 
qoently the R^ias. Laftly, Having de- 
fcrib'd the Circle, Perpendiculars let fall 
from its laterfeftions with the Parabola^ to 
the Axis, will gi\re the Rciots of the Equa- 
tion, both Affirmative and Negative, in the 
fame manner before. 

Kow the Center of the Circlfe is found by 
a moft eaiy ConftruAion, and which is to be 
preferrd to all others, in Cubick Equati- 
ons. 

Fig. 1 1 . Let be the Vertex, aild AF the 
Axis of the xleicrxb'd Parabola AMD ; at a 

difta nee equal to b let DK 6e drawn parallel 
to the Axis, to the Right Hand if it h^-\-b 
in the Equation, and to the Left, if it be 
-^h ; which Line fuppofe to meet the Para- 
bola in the point D. Upon the Centers D 
and and with equal Radij, defcribe on 
both fidc^ two occult Arches, interfering 
bne ai^ther, and thro' thofe points of Iii- 
teriedibn draw the interminate Line B C 
Which cutl the imaginary Line A O in the 
ihiddle im it tight Angles, and meets the 

H t Axis 
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in E. From F fet off EF r=: \ p, down- 
wards^ if it be ^ in the ii^quatiou, but up* 
wards towards ^ if it be -t^ p % thea at the 
point JF(or £, if p be wanting) ereft the Per- 
pendicular F meeting the Line B C in 
and in G F produced take G H :=2 ^ 9, to the 
Right Hand, if it be 9 in the Equation^ 
but to the Left, if-|-^. Then will the poiat 
/i be the Center^ and HD the Radius of the 
Circle fought, which (lettiog fall Perpendi* 
culars to the Axis from its Interfedions with 
the Parabola) will flicw all the Roots (as 
L M) of the Jiquation* And how this Con- 
ftru&ion follows from what weot before, is 
evident enough of it fclf, fo that there is no 
need of ialilling any farther upon Uie De- 
monltratioA of it. 
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^ ^tfcourje concerning the Munu 
her of Roots^ in Solid and Bi* 
quadrat ical £,quationsy as alfo of 
the Limits of them. 

5jE.Halley. 

HAving in the precedent Difcourfe fhtwa 
a Method, by which iplid Problems 

however afFefted, might be conftrnded after 
a moll flmple and cafy manner, by the help 
of one given Parabola and a Circle ^ towards 
the latter end a certain pleafant Speculation 
oficr'd it felf, namely, that from thefe Con- 
ftru^lioiis, the Number of Roots in any E- 
quation, with their Umits and Slnes^ would 
-eafily follow and be determin'd. Upon which 
account, 1 promised that I would quickly 
write a {hort Diflertation concerning this 
SubjeA, in which I was perlwaded I (hould 
perform fomething not unprofitable nor un- 
grateful (if not to the Geometers of the 
^rii:, yet at kaft) to thofe of the fecond 
Rank- 
But coming to look nearer into the Buli* 
nefs, I found I was imprudently fallen in 
among fome of the profound Difficulties of 
Gepfnetry^ and deftin'd^ ta handle the lame 
Things, thit fuimerly employed the Pains 
of ' two lllultiious xVXcn, Hamot and Cm^s ; 
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in which they cither of them (by a like Fat^ 

tho' in a different way) coinmitted a fara- 
logifm, perhaps the only one in all their 
Geometrical Writings ; as (hall be after ward| 
proY d. Wherefore being fenfible, as well ot 
the Difficulty, as the Excellency of the Sub- I 
jeft, I refolv'd to apply to it ftrennonfly, 
that I might not lie thought unable to per- 
form my Promifes, and that fo 'noble part ot 
Geometry, and fo little cultivated, might 
not lie any longer wrapt up in Darknefs, but 
bfe rcnderM plain and intelligible by thefc 
few Lucubrations of mine* But firft the 
Reader muft take notice, that while he fets 
to th? Reading of this, he ought to have 
the foremention'd Diflertation ( N^. 1 880 at 
hand by him, and to iindcrRand the Con- 
ftruftions there delivered very well ^ becaufe 
thofc things that follow do chiefly, depend 
upon them, neither arc they to be here re- 
peated again. 

It is plain from CMrtefmf^ and what was 
there faid^. that both in CwWc^and JSifw^- ' 
^/r,ir/Vi^ Equations, the Roots may be expoun- i 
dcd by Perpendiculars let fall, upon the Axis 
or given Diameter of tlie given Parabola, 
from the Interfedions of that Curve with a 
Circle. And whereas when a Circle inter- 
fefts a Parabola^ it muft neceflarily do fo, 
either in four or in two points ^ it's manifefl:,^ 
that in BicjiiaJlrMicks there muft always be, 
cither two or fom* true Roots, Affirmative or 
jtsf^ative ^ as alfo if the Circle happens to; 
touch it, in which cafe the eqiality of twd 
Roots of the fame Sig?r^ is' concluded i ' But 
ia Cul^ick, Equations, "becaufe one of the In- 



Digitized by Google 




log 



terfedions is required to the ConftrnftioQ^ 
therefore cither but one, or the three re- 
maining Roots, do denote one or three j as 
in the cafe of CoiDtad \ whence its plain, 
that there are found two equal Roots, and 
that the Problem from whence the Equauoa 
refilts, is really Plain. 

Therefore all Cubick.Eqnztion% however af- 
fected, are explicable by one, or by tlivcc 
Roots, which are always fojfible^ that is, if 
we admit NegMive Roots forirwe ones. So 
Biquadraticks whofe laft Term r is affefted 
with the Sign ^, are explicable by two or 
four J but if it be r in the Equation, and 

it be lb great that Vgd <j^ar (See Ftg. loj 
be lefi than that the Circle defcrib'd with 

that Radius and on the Center 6, can touch 
the Para bole in any point *, tlxe given Equa* 
tion is altogether impoflible, nor is it expli- 
cable by any Affirmative or Negative Root; 
but more of this in the following Pages. 

Kow lince there rs fo great a difierence be- 
tween the Cafes of Cubick and Biqnadratick 
Equations, that they cannot be comprehend- 
ed together, we will firft of all handle the 
CttbkkSy and then the others* The Cubicks 
are conftrufted by an infinite Number of 
Circles in a given Parabola ; but the Biqua- 
draticks by one alone (at Uafi by jtbtfi 
Methods) and that becanfe, pttting w (or 
any Indeterminate) equal to notbins, the 
Cubick Equation is reduced to a Biqudratick 
having the iame Roots with the Cubick^ and 
befides that, another Root equal to # ; whence 
it, conies to pafs that the.Cubifk Equation 
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may be cpnftrudcd by as many difiercnt Cir- 
cles, as you can imaging Qsi^ntities that 
is, an infiiiltc Number. But amoog all tbefe^ 
ilut which I gave before^ is the eaficft. Yet 
there is another not much inferior to this, 
which feems better accommodated to the de- 
iigns of determining the Number of the 
Roots, and their Limits*^ and which arifes 
from the taking away of the fecond Term, 
by putting after the common way xz^z. 
^-or ~ of the Coefficient of the fecond 
Term. Kow this way is thus : The Parabola 
ABY (Ftg. 12.; being givw^ whofe Verux is 
its Axis AE, and Latus ReBum let thp 
Equation be reduced to the ufual Form, viz.. 

. hJ. dpx.. aaq. =i o. Then at the diftance 
of I b let there be drawn B K (parallel to 
the Axis, to tlic Kic,ht Hand if it other- 
wife to the Left) which meets the Parabola 
in B i and let the Line DP intcrminate o^ 
both fides^ be erefted perpendicular to the 
liippos'd Line AB, meeting the Axis in the 
•point G. From the point 5, let fell the 
. Perpendicular BC, and kt GE be always made 
equal to AC, and he fet off towards t^c 
lower parts. From E fee off EH 5=5 t up- 
wards if it be 4- p in the Equation, but 
downwards if ^ and from the point li^ 
(or if the quantity f be wanting) let the 
Perpendicular Hd be drawn out, meeting 
the . interminate Line DP in O. Laftly, in 
the intcrminate line HQl, make OR 4 ^ft 
from O to the Right Hand, if it be - ^, but 
to the Left, if-Wf- Then a Circle defcnb d 
on the Center R with the Radius RAi will 
cut the Parabola in as many points, as the 
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Equation proposed has Roots, and they will 
be the Peq}endiculars 2Y, let fall fiom the 

Intel feet ions r, to the Line BK parallel to 
the Axis ^ of which thofc that arc to tlic 
fighi Hand of the Line BK, arc the ^JJirr 
miuiv€ one$| ai^d thofe to the Left^ the Nfr 

gative. 

The coavciiiency of this Conftruction, lic^ 
in this, that 'tis performed by a Circle paf- 
(ing thro^ the Vertex, in the iame manner as 
if the fecond Tci m had been wanting. And 
therefore to determine the Number of the 
Roots, 'tis fufiicient to' know the Properties 
of the Place^ or that Curve Line which di^ 
ftinguifJies the Spaces, ia which if the Cen- 
ter of the Circle (that pilFes thro' the Ver- 
tex of the Parabola} be placed, the Circum* 
ference of it Aall inter/eft the Parabola ei- 
ther in one or in three other points : That is, 
to define the Nature of th^t Curve, in which, 
fall the Centers of all the Circles pafling 
thro' the Vertex, and then touching the Pa- 
rabola. Now this Locus^ is that very Vara^ 
i^phidj v^hich the celebrated Dr. lVa//is calls 
the S$mi€ubicd^ in which the Cubes of the 
Oidinatcs are as the Squares of the corre- 
fpondent Abfcilles. The Latus Retium of 
which, is * j of t\\Q Latus ReHum of the gi- 
ven Parabola, and its Vertex the ]K>int U 
( tjg. 1 2.j the Line AU being half the Latus 
^tlum of the fame Parabola. That 1$^ if 
we put unity for the Ldtus Kc&um of the gi- 
fven Parabola, then If of the Cube of the 
ordinate a])plicatc, will the Square of the 
intercepted Diameter ; or the Cube of f 
VH ^ the Square of AR, vi^, if ^ b« the 

Center 
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Center of the Circle that palFes thro* the 
Vertex of the Parabola, and touches the fame 
afterwards. 

This is that Curve which our Country- 
man Mr. Neil (the firft of all Mortals) de- 
iiionftrated to be equal lo a given right Line, 
and by that means obtained a Reputation 
among the piincipal Geometricians. Its pro- 
perties have been curioufly enquired into, by 
Dr. WauiJ^ (at the end of his Book of the 
Ciffoid) and Hugtmm (Prof. 8 & p. of his 
Trad of the Evolution of Curw Lines) and 

Others, whofe Writings the Reader may con- - 

fult. This Cuive defcrib'd on either fide of 
the Axis of the Parabola (viz.. VNL, VPX) 
comprehends a Space, in which if the Cen- 
ter of the Circle (which pafTes thro^ the Ver- 
tex ^) be placed, it will cut the Parabofa in 
three other points. But the Spaces more re- 
mote from the Axis, do afibrd Centers for 
Circles that' will cut the ParaboU but in oac 
point bciides the Vertex. 

Theie things weil underltood, we are nov«r 
prepar'd to determine the Number of the 
Roots. And firft of all, let the lecond Term 
be wanting, and let the Latus ReElum ps i, or 
AV » \. In the Conftr uAion VH is s=a 4 ^, HR 
c3 J ^ and fince if it be the Ec|oation, 
T f is to be fet off fiom V to wards the upper 
parts !, the Center of the Circle is always 
fotftid without the Space LVX, and therelbre 
is explicable by one Root only, which is Af- 
firmative if it be — cj^ Negative if c\ \ and 
thefe Roots may be inveitigated by CardM^^ 
Eules. But if it be ^ py then UH « i , is 
&t OiF lovvards the lower parts j and it is 

poiUblci 
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polfible that HR may fall between the Axis and 
the Carve UX or UL, viz.. if the Cube of % 

' UHor of/?, be greater than the dquai c of i ^ 5 
that is^ if ir/^ be greater than i^cj -^ in which 
cafe there arc three Roots^ two Negative, if 
it be — « and one AfRrmative equal to the 
film of the others \ but if it be <7, then 
there arc. two Affirmative ones, and one 
Negative. Bat if Ij be lefs than ; 9*, 
then there Is bat one Root, AfTii nia:Ive if it 
he ^ Negative, if q. All which things 
are taught by thofe that have handled this 
Jpart of Geometry. 

'■ Now let all the Terms be in, and firfl: let 
. there be propofed, as an Example, this Equa- 
tion^ ^ z^. b'Yx.f^-^q :=io^ to which i5f,i2. 
ferves. In the Conftru^lrion of this, we have 
BC ^ I UG :=! 4 AC ^ i h% UE 
UH^^^^^ .jp, GH;=i orl^- 
ih"". Hence HO« rr^'* or i^p^ 
^7 h\ and HR (that is the dillance of the Gen* 
ter of the Circle R from the Axis) is ever the 
diilerence between i hf md ii i^M- 1 ^, which 
^ fexpreffions if they are ^ual, then the Center 
falls in the Axis : If \ hp be greater than ij 
i^'i then it falls- to the Left Hand of the 
Axis, if lefs. then to the Right. If therefore 
the fquare FToot of the Cube of f UH (that it 
of 9 3 or putting \ ^ \ p clj 
if s/ddd) be greater than HR^ that is the 
diffisrence between at fc* i ^ and J hp ; the 
Center R will he found within the Space- 
NPU circumfcrib'd by the Paraboloids Upx, 
UNL) and the intermtaate right UneDNP; 
dnd fo the Circle wilt cut the Parabola in 

thfee points Y, Y, politcd to the Right 
' • ' ' • i Hand 

I 
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Hand of the Line BK,and fo the Equation will 
have three Roots. But the Center being with- 

mt this Space NTJP, it is explicable but by 
one Allinjiativc Root. Here it may be noted 
by the by, that the Right Line DP may touch 
the Faiaboloid UPX in the point EP be- 
ing 2*7 \ h^it: will cut the other Paraboloid 
UNLm the point iV, fo that letting fallNF 
perpendicular ta the Axis, UF is \ E\J, or 
^\ t%-and Nl/ [ b\ But UW (which be- 
ing perpendicularly applied to the Axis at 
the point picet? PP in is « ' b^^ or 

Hence we may faf^^iy conclude, that if in 
the Equation either f be greater than j 
4yr cj greater than /t ^> that there will b€ 

foui.vl but one Root, and. that an Affirmative 
one. Oirtt\ Rule therefore {P^t^^ 70. Edit. 

jlmfierd. 1659.) is not true, in which he de- 
termines that there are always as many trut 

Roots, as there arc changes of the Sines 
and ill the Equation : Schooun in his Com- 
iTientarics vainly endeavouring the defence 
- of this Miftake« Alio Prop. 5. Sed. 5. of 

our Cloimtry-man Harrior'^s Ars j4ndlytice (as 
alio Fvob. I ii. of f^ieta's Numer. Pore/. RetoL^ 

is hardly (bund ; iince from the Umitations 

which they have there fet down, that muft 
ag!Te to the whole Parallelogram PIUW, 
which we have prov'd does agree only to 
the $pace NUP ; that is to afford a Center 
to the Circle interfefting the Parabola in 
tijrec- other points belides the Vertex. 

3ut the quantity .9 or the laft Term (A 
^ad. p being given> fo that f be lefs tbaa 

: , « - 
.1 KK 
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ji*) is exactly liinitted from the foregoing 

Equation ^/Jdd « i> P ^'i^o^i hf ; w.- 
when the Circle touches the Parabola, i licrc- 
fore i cj ought to be lefs than hp ^ ^'^ -If 
^ but if p be greater thaa ii'N alfo ^ f 
ought to be bigger than ^ -» s/d^^ 

that the Center may not tall in the little 
bpace NUVV. And with thefe Conditions 
the Equatioa wiH always be explicable by 
fcbree Roots; otherwife but by one« Bat 
whether thei c be three or one, they arc al- 
ways Affirmative ones^ becaufe of the por- 
tion of the Center R to the Right Haod of 
th^Line DP. 

And this is the moft difficult Cafe , fo that 
thofe that well underftand what has gone be* - 
fore^ will withont any trouUe take what 
comes after. Now let the Equation z.^ 
^ 'v pz^ 'Vcj^o^ be given. Here (that tltcre 
may be three Roots had) the Center of the 
Circle ought to be found ibmewhere withig 
the Space PNa, determined by the right 
Lines PN^ P.^, and the Curve of the Para- 
bola Naj wherefore fince EF \s:=i^bbyf 
Ought to 1>e lefs than i hh. Now for the de- 
termination of the quantity d being « 4 

— i p as before, ^d^ + 27 P ihp ouj Ir 
always io be greater than i 9, that fo the 
Center of the Circle may be pofited in the 
fovcmcationed Space PN^ ; which when 'tis 
fo, fuch an Equation has two Affirmative 
Roots, and one Negative. But if f be greater 
than t bb^ or i f greater than a? 
\hp it is exi^licablc but by ouc (and that 
Negative) Roofc- 

Lefc 
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Let the Equation z.^ hz.^: — pz. i=; e?^ be 
proposed in the next place. That this Equati* 
on may have three Roots, the Center of the 
Circle mull be found iomcwhet e in the inde- 
finite Space between the right Line D P D 
and the Curve of the Paraboloid FX. . The 
quantity p is not here liable to liiiiitdtions $ 
but i ^ ought always to be lefs than \^d^^ ^ 
ir b\ ^ i hpj fuppoling ^ to be t - -^W i p. 
By this means, there are wo Negative 
Roots afforded, and one Affirmative ; but 
otherwife, if 4 ^ be greater than .S. 

\ bp^ the Equation is explicable by one 
only (Affirmative) Root* < 

Fourthly, Let the Equation ^bz. ^pt 
+'qfi=;^7^ be propofed^ which has two Affir- 
iiiative Roots,* and one Negative, if the Cen- 
ter of the Circle be found in tbt indefi- 
iiite Space between the right Lines Pa, PD, 
and the Curve of the Paraboloid aL ; that 
is, (putting ^bi^-'i p) be left 

than \/d^ -{^ ^ hp\ but if i be great^ 

er than this quantity, there is but one (Ne- 
gative) Root. 

But the four remaining Equations in Ivhich 
■We have '1- do not dilicr from thofc that 
have been mentioned ah*eady, as to the Linw 
tation of the Number of the Koots^ if the Siga 

of the laft Term lie changed, keeping the 
Sign of the third Term. But then them that 
were the Affirmative Roots in the former, 
ivill be the Negative ones bere, and coatxa* 
riwile. 

Thus in the Equation ^ h<J "Vpz^ ^ ^ 
:=3 the Affirmative Roots were either oaiJ 
or three} but in this j&iuatioAJ^' 't^i^xi^ 
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+ f there is either one or three Nega- 
tive Roots, uader the very fan c Coaditionsj 
but no Affirmative Root at all. So alfo in 

the Equation \ hz.^ ^ :=ic^ ti^Li c 
are two Negatives and one Artirmative, if p 
be lefs than j bb^ and i f lefs thaa + 
ibpj even as in the Equation — 
•^h^^^-^i^o, there were two Afiirmativcs 
and one Negative ; But the quantities p and 
^ exceeding tbofe prefcribM Mtafures, there 
is here only one Affirmative Root, which rWir 
was a Negative one. In like manner, in the 
E^iuation -V bz^ — . p2;,i g there are 
either two Aifirmatives and one Negative^ of 
one Negative only 

La Illy, For the fame reafons in the Equa- 
tion z.^ "t" y^.^ ^ pz.^ q^o^ there are two 
Negatives and one Affirmative, or one Af- 
firmative only, for which, in the Equation 
z} ^ bt!^ — fz. ? — there were two 
Affirouitives and one Negative, or one Ne^ 
gative alone ^ viz. as \ q is either greater 
or kfs tUn^d^-Y ^;h^ '\-^hp. 

If the third Term (or fz^) be wanting, the 
Center R always falls in the Line \?E^^ 
wherefore if it be ^ bz^. tf ox z} ^ 

hz^. ^. "I"" (j^ there can be but one Roof, 
Affirmative if it be '-^ Negative, if i^- 
But if it be^^ ^ Az. . ^. ^- ^ or z,^^ 4- 
^. ^, there may be two Ailirmatives and 
one Negative in the former, or one Affiir- 
mative and two Negatives in the latter, the 
Center falling in the Line Pa between P and 
A, that is if 4 be lefs than * ' ; for if 
it be greater, there can, be but one Negative 

ia the former, or ojoie AiTirmative in the lat- 
XHXi Hitherto 
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Hitherto we have obtainM the Number of 
the Roots in.eubick Equations, it remains 
that we add fbmewhat concerning the quan- 
tity of the Roots. And here it is firft of all 
to be noted, that every Equation havinc; three 
Roots, may be expeditioufly enough refolvM 
by the help of the Table of Sines, that i§ by 
the Trifectioa of an Angle, by putting 

V J f f or \/^d ^ the Radius bf the Cir- 
de, if it be f in iht Eqadtibii^ bt 

V I + f p, if P ; and the Angle to be 
TnTefted, that which has its bine (in the 
Table of Sines) aS i i This 



Angle being found, the Sine of its third 
|)art, as alio the i>ine of the third part of 
Its Complement to a Semi-circle, and their 

Sum, vyill be given from the Tiiblc of Sines. 
Kow tbefe Sines are to be multiplied intci 

the Radius V J ^'f + f p, and thus Will.be o})* 
tain'd the quaatities (y&: y& iii the Rg.) the 
Sum or DiHcrence of which and j as the 
cafe requires, will give the true Roots of 
the Equation* All thefe things are deduced 
from Cartesh Diilov cries. But that I may 
comprehend all the Cafes, with as much Bre- 
vity as is poflible 1 fay, that the Center i?,- 
in the firft Formula of Equations, falling in 
the Space UGP, the two Intcrfeftions T, r, 
fell between ^ and Ji^ and confcquently ci- 
ther of the lelTer Roots is lefs than i 
tut the third and greater always eirceeds \ h 

iittt iii exceeded By b. But if the Centei^ 

fails 
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fells in the fpacc GNU, there are two 
greater than | but lefs than f but the 
third is b ~ the two others, and confecjueut- 
]y lefs than ib^ bat ufing the Limitation of 

the Qtiantity the Roots are included in 
narrower Bounds. For the greatcft Root is 

. J 1..^ 

lefs than V f — i f t ^, but greater 
than \f lb2—p-\' i l but when i bb is kfi 
thanp, tiiat Lii^ji^'fcecomes V 9 b^-^-^p '\~ J ^. 
Jbe m^aff Root is always kfs than V 4 p 

-fi*, bot greater tJian i A — V^i^^ — j 
but the leait Root never exceeds this Limit^ 
but vaniflies with the Quantity ^. 

In the fecond Formula^ according; to the 
prefcrib'd Laws, there arc two Affirmative 
and one Negative Root; and the Center fill* 
ling in the Space G P one of the Affirma* 
lives is greater, and the other lefs than f b^ 
but the greater exceeds mi b/^ but the >Ie- 

gative cannot be greater than 

and it is the difference of b and the Sum of 

the Affirmative Roots. But the Center be- 
ing pofited in the 5pace £ N G either of 
the Affirmatives is greater than j by but ki$ 

than V 7 bb -V | b j but the Negative is ever 
ieis than \ b, Bat the nearer Limits (frdm 

the Quantity f given) are Vt 
of the greatefl: Affirmative Root; than 
which it is always lefs,. a^ alTo greater 

I than 
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than W-lp -\- \ b h yet the other Af- 
lirmativc Root (which is diminilh d with the 
Qpantity 4) is lefs thaa this Limit. But 
the Negative Root is always Icfe thaa 

\/]bb-Vf^—\y, and the Quantity q bc- 
iog wautmgt vanifhes. 

In the third FormnUi there are two Kc- 
gatives and one Affirmative. In this, as la 
the fourth, the Roots are not 
the Qvumtity b. But the Affirmative Root is 

ever lefs' than '/fbH- f P + 3 S"*' 

ter than Vp ^-i + 1 i and the greateft 
of the Negatives is always grea ter tha a 

Virr+Tp— 5 K but lefs than V f 4- 4 
-lb. But the lefs of the Negatives is al- 
ways telTea'd with the ieOeu'd Q^uty f . 

In the fourth Formula^ the Center falling 
within the Space L a P D ; if there be two 
Affirmative aiid one Negative Root, the 
grcatcit of the Affirmative Roots cannot be 

greater than V /» ; -\- i ^, nor lefs Uua 

yll^-ff But the le£ Negative 

is lefs than, ^ / - , - ^ . 

V I f f — 3 ^, and greater 

than V p '1- 4 bb — I b. But 'tis to be noted 
here, that the Negative Roots are every 
whm mark'd with the AfSsvM&te Sine, be- 

caufe Tliefe are the Affirmative RootS of thow 

four £.quauoas, ia which is fowid -\- K and f 

■ u 
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is afieded with the contrary Sine i u I ior 
timated above. 

The Demon (Iratioii of all thefe things fol- 
lows from hence, that whcre-ever the Cen- 
ter of the Circle R falls upon the Curre 
tiues U P X or U A L, the CircQinfereiice 
of it touches the Paiabola Iii a Point whoic 
diftance from the Axis is V | V H, and cuts 
it on the other fide the Axis at the diftance 
of 2 i/ 3 U H ; but when the Center feUs on 
the Line D P D, one of the Roots is = 0^ 
and confequently the Cubick Equation is re- 
duced to a Quadratlck one, or to xJ^ — yz. 

^ -2 0^ the Roots of which give the Limit t 
when the Qii^ntity 7 vanifhes; and by how 
much the lefs ^ becomes^ by fo much the 
nearer do the Roots appro^ich to thefe Li« 
mits. The Equation is alfb Quadra ticjl, 
when th^ Center falls in the Axis ^ that is, 
wAen i f 555 d i^p — 27 in the firft Formula^ 
w l^=:lyh'^'^ bpj in the fecond j in the 
third 'tis impoffible ^ but in the fourth, when 
} = l^i » J in which cafe the iels of 
the Affirmative Roots is 3 and the greatei: 

V 3 W +/> -1- 'j ^, but the Kegative V 1 10 

— J l». In the firft Formula^ the Roots 

are 5 and J *± V I M--p. But in the 

fecond, the AfErmatives are ] and V \ bb 

-j- \ ^,but the Negative V 3 bb — p ^ ? b. 
And thefe things may ieem to fuiSce in Cu« 
Wka ^ . but becanfe of the exceflent nfe of the 

Method, by which, by the hcip of the TahU 

I Z of 
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of Simfy the Roots of thefe . Equations arc 
round ; I thought convenient to add an Ex- 
ample or two, by which the Comfe?idntm of 
that Pradile may be rendred mauitefl:. Let 
the Bquation ^ ^9^^ + 479^ — 1 88i =fe 
be proposed \ and the Roots are fought. 

Here ^bb-\f 9\v=^^J d , whofe 

double V 371 is the Radius of the Circle 9 
alio i7fe'l~i7-"6^p = i^97 I 940i--3ii3i> 



V^3 piVpj 

24 

br — — — is the T nhuldr &im of the Angje j 

that is, making a Divifion by the help of 
the Logarithms, Log. 9*9251560, to which 
iprrefponds an Angle of 57**. 19, 1 1 1". The . 
third part of this is 19°. 6\ 24". and of the 
Coraplenient, is 40"". 53. 36", The Sines 
give the Logs, 9-514983 and 9.81 dot 

' which multiplied into the Radius ilh^ 
produce Yfc and Y&, Log. 0.301030 = 2, 
and Log* 0.601059=^4, but the third Y& 
is equal to the Sum of them, or 6. And 
therefore the Roots are 13-^4=9; i3"*i 
= 11, 13^^6 = 19^ of which feveral ones 
the forementionM Equation is cdmposU 
Where 'tis to be noted that the two leficr 
Roots, do not exceed f ^ or 13, becaufe the 
Center R in the Conftrudion feUs on the 
right hand of the Axis ^ that is, I bf m k& 
.than;7^^3l-i^. 

For 
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For another Example, let us enquire out 
the Roots of the Equation — 1 5^;^ — ixgx 

Here V t W + ff = V ioii = 

V and the Radius of the Circle =2 V405 ' . 

Alfo i7>3 'I- i i'/ -I- i 5 = 1 2$ -h 572 i i- 262 i 



the Tabular Sine of an Arch, who/e JLo^- 
p. 97 36426, and the Arch it fclf 70^. 14. 22'- 
The third part of it, is 23** . 24 . 47 tt 

and 

of the Complemejqt, is 36"". 3%'. 12 whofe 

Lo^. 5injes are P.5PP183, and p.775275, to 

which adding the Log. ^405^, we have the 
Log. o.po3o8p=8, and Log. 1.07^181=129 
the Sum of which is equal to 20. Hence we 
jconclude that 20 f t or 25, is equal to 
the Aifirmative Root, and 8 and ,12 i^, 
th4t is l and 7 equal to the Negative Roots. 
But if the flquation had beeji A^3^^ i^x^^ 
229^;— 5 25=^?, then 8 & 7 had been the Affir- 
Utative Roots, and 25 the Negative. As for 
the other Cubicks which are explicable by 
one only Root, they arc to be refolv'd by 
Cardari^ Rules, after the fecond Term is 
paken away \ neither do I fee how the bttli« 
joels caq be iont with lefs Calculation. 

Put if this Root be defir'd to be exprefled 
a> the Terms of the Quantities I 
lay that in tiie firft FormvU it is, 7 h -Y or — 
the Sum or f)ifFerence of the Cubick Roots 

_ T , 

±t, t.» ^ + » >7 h -f- i 9 be- 

I , .• ' I 3 greater 
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greater than I bpy otherwife — ) the Sum, 
when i bh is greater than pj the difference 
when lefs* And in the other Formula^ the 
Root is always composed of the &me pirts, 
only the Sines and — ' being varied^ as 
they will eafily perceive that are willing to 
make the Tryals. 

But thefe Root^ are readily enough found 
by the help of the Log. Table of verfed Sms\ 
viz. if the Coefficients are furd or *r^» 
Kumbers, and the Roots not to be cxprefled 
in Numbers, as moft commoaly it happens. 

Now this is the Rule. In the lirft and fe* 

cond For mid if 3 bb be lefs than let \ f 
— '^bbz=:dy and putting the difference ht^ 
tween i bf^ and U bzA-'i^ (that is H R) in 
the firft Formula^ and the difference bctwceft 
V? i 9 ^nd bi (in the fecoad FormuU) 
Hadinsy let the Angle, whofe Taagent is 

be found. Then, as the O-^f of this 

Angle, to the verfed Sine of the lame, fo 
the Difference made RAdius^ to a fourth Quan- 
tity^ the .Cube Root of which will be had by 
. taking the \ of its Log. Then dividing 3 ^-^ 
i bb by this Cube Root, let the Pivilbr be 
ifubftrafted from the Quotient, the Remainder 
m\\ be the Quantity Y& at Fig. i • The Sum of 
this Remainder aixl f b will be the Root 
fought, if the Center f^ls on the Right 
Hand of the Axis ; odietwi^ their Dijjfh^ 
will be the Root. But if | ^ be greater 

than ipaking H R Radius, let (or 
the diftance of the Parabdeid from the 
Axi»>.l»c th^ Siae of fome Arch j let the 
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verfed Sine of this be moltii^ied into Radios 

Hr •< ^f — iT*3rHi^, and taking ^ of the 
Log. of the ProdiH^, its Cubick Root will be 
obtained, by which kt ghh — ^pbc divided. 
I lay, that the Sum of the Quotient and Di- 
Tifor, after the fame manner added to or 
taken from ] will give tlie Root fought. 
And the like for the third and fourth l%r- 
mitM, unlcfs that i7 ^3 -f i l>j>±i<] is to be 



taken for Radius^ and ^ tb | / injto VJkf 

-I- VP* or d\/d^ fox th« Sine. But thefc 
Roles wili be perhaps better uiulerftood by 

Examples. 

Suppofe the Cubick Equation jc3 ~ i jzJ^ -Ir 
54^ ^ 35b« and let the Root z, be 

fought. Here f ^ is is greater than but 
^/ is bigger than the Gobe of 7 and there- 
fore 'ti& explicable by one Afirmatiye Root 

lonly. Now -.f^ is d, and '^^^ V-^l^ is 
to be taken for the Sine, ro the Radius ^r*- 
'^Im7/J ~ i53^ that ; and the Arch 

agreeing thereto h 1 5** . • 30'. 49 The Log. 
verfed Siuc of this 8.5362376, added to the 
Log. of the Radius ^- 3^^959^37 inak^s 
0.84578899 the jd pakvX 9$ Wiiich 0-281^*7*^ 
is 'the Log. of tbe/Ckibe'lloot i^iaP4> by 
which, as a Divilor, dividing -9^ or the 
iQucment is 7'37;^Sit . iThc of the Qyfl- 

ocBt^and :E^Mi<br :))iiflr^l^'j^^ ttffiM<3^Pm 
of 1 1', iSutibe RoDt fought, ft^f;^:. 14,9534, 5ca 

' Having tbas dirpa&(f(i^<;hi^cl^^Equat^^ 
tet us proceed to Biquadratical ones. Thefc 
liate alv^ays either none^ cCHF ^-^cr 4 true 

i 4 Roots, 



Digitized by Google 



Roots, the determination of which depends 
pirtly on the CoefficUnts^ partly on the Si^ 
and Magnituif of the abfoiute Munjber, 
^iven. A general Conftruftion for all thcfe 
<and that e^fy I conceive enough) I have de- 
♦Uvwd at N"* 1 88, which 1 fuppof9 the Rea- 
dear to be acquainted with \ but yet th^ 
ii^igure relating to that Matter, I think 
proper to bring hither, In the Coi^- 

ftrudion of the Equation %A — hzJ\ \ pz.2 — qz. 
.^.rt^o, let BD=^i^,AB«|-6 W,BK=*t 
pr i the Parameter^ KG = 2 AB = t fcf', KE 

AE-ix-t6 ^}^r^-h^^r 

Which done, a Circle on the Center G with 



the Radiua Vg r, intcrfcd the Pa- 
rabola, either in none, or 2 on 4. Point), 

from whence Perpendiculars let fall on DH, 
.will give all the Roots z.. But that there 
may be 4, 'tis evident that the Center of the 
'Circle ought to be found fomewherc withm 
a fpace from any Point of which, three Per- 
•pendicnlars may be let fall upon the Curve 
.of tht' Parabola ; and alfo that the Radius 
is lefs than the greafeft of thofe Perpendi- 
•culars, and greater than the middle one. 
. Biit that- if the Geniteri be pofited without 
tbis fp^te^ fo^diat «tllcM>cdii be bot oar 
Perpendicular let fall upon the Parabola, and 
-^iit Radius greater than it, or if it be lefe 
qak&ihe^ddkioite^lfi&liie 9 Perbendicuian, 
but greater than cl6r ftaft of tneih i then 
.tljerAMAib^ latf) t?vq;ft<?Qt^ o;jjy, ^at tfrerc 

•i»«oR99t ^ ^ #9ftit% 
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is lefs than the lea ft of the or than the 
one as often as there is but one. Now il 
remains for us to inquire of what kind tbi^ 
Space is, by what Limits 'tis diHIaguifhcd, 
and under what Condiuoas the Radius of 
the Circle is lefs or greater than the fore? 
mentionM Perpcndicolars. And firft of all^ 
we mull flicw how a Perpendicular is to he 
let fall upon the Parabola. Let ( fig* 3.) 
^BG be a ParaboU, AE its Axis, AV 5 
the Parameter, G the point from whence 
the Perpendicular is to be kt fall. Let GE 
be drawn perpendicular to the Axis, and 
Vfi be bifeded in F,* and ereftiog the Per- 
pcndicular FH on the fame* fide of the Axis, 
let FH = :|GEi I fay that a Circle dcr 
fcrib'd on the Center H, with the Radius 
*HA, win interftft the Parabola in three 
points, or one^ the "right Lines G 2 drawn 
to which, will be perpendicular to the Curve 
of the Parabola. Bat now that there may be 
3 fuch Interleftions, the Center H ought to 
be fo pofited, as that it may be within the . 
ipace ia^^ude^ by the Paraboloids (in A^. i.) 

that is, that FH may be lefs tliaaVir FV% 
or FH^ lefs than the Cube of f VFj and 

foGE:^4^H wilLbeleftthan ^V^^ VF% ' - 
thatis^ the Iquare of GE vyill be lefs than 
W Limits coincide 

.mm tW9^wa^^^j45*of{jhQ iame kind -with 
thofe winch vsfcre uled in Cubical Equati- 
ons, |)ut whofe Parameter is twice left, viz^ 
^ oith^ Parameter of the Parabola, that. is 
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Curve Line, by the Evolution of which the 
Parabola is deicrib'd (as Hugenim has demon- 

ftrated) and which, the Line DF (Fig. 2 J 
which is perpendicular to the Parabola in 
the point D, is always a Tangent to. But 
the point P (that is, that in which the right 
Line DF touches the Paraboloid) is the Cen- 
ter of a Circle, which (being defciib'd with 
the Radius DP) coincides with tlie Parabola 
in the point D, or has the f^mc Cwrv^ftutf 
with it, is inanifeft. 

' Saving therefore defciib'd fuch Parabo- 
loids UXP, VNa (Fig. 1.) on either fide 
the Axis, 'tis clear, that unlefs the Centef 
of the Circle be placed within thefe Limits, 
it cannot interfed the Parabola in more than 
Vfio points. From whence wc may deter- 
mine, tinder what conditic^s^ the CoeiHci* 
ents of the intermediate Terms are reftrain^ 
cd, in Biquadratick Equations, that fo there 
3Tiay be four Roots. And at iirft light 'tis 
.plain that cannot be greater than ^ 
(viz. in thqfe Forms where 'tis ^"pj^ ^ 
than b^' But in General, \^ %fh -y 
/j^f, that is EG the d^ihnce of the Center 
n'om the Axis^ ought to be lefs than £ Hp 

'^sllj V£% ,that is (bccaufe VE^ J, 

i f) than ; bb^lp Vf 5 + or -if,, the 
Siiies; ^ ,4nd being left doubtful, 1^^ 
Wiey may be varied According* to the haturt 
of any Equation \ as was fliewn above in 
Ciibiefe. Neither wocdd I be offttifively t^- 
;tltbQVte( the Leamtd t)u: tjhe >tie fian<i|v'iw 
^depdvr luCarncrs oa the ' dther, of the Ex- 
'-"^^^ ' ercife 
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erciie and Pleafare, of fen^ng oot theft 

tilings by tlicmfelves. As for the I.imita- 
tion of the lead 1 crm it cannot be found 
with the fame eafioefs, and that iiecmie, ta 
let fall a Peq)endiailar upon the? Cutvd of 

a Parabola, is a folid ProhUme^ and whidi 
cannot be refolv'd without the folution of a 
Cubick Equation. Therefore firft of all kt 
the fecond Term be wanting, or if there, 
let it be taken away, fo that the Equation 
may have this Form z,4. if. fz.^. <f^. 
And if it be ^ r, it is always explicable by 
two or four Roots ; but that tbcre may be 
four, the Center of the Circle oupht to he 
|)olited within the foremention'd Paraboloids, 
ct that it may be — and may be left 
than or the Cube of j p. Then let the 
Roots of this Equation yl. a. i fy. Xi=^^^ 
be gotten, the Quantities p and ^ having the 
fame Sines as in the Biquadratick, And 
thefe Roots are found expcditioully enough 
by the help of the Table of bines* But 
having found thofe three y (which are ordi* 
Irately applied to the Axis of the Parabola 
from the points, where the Perpendiculars 
to the Curve of it do fall, viz,. Y Z in fsg. i^} 
than pyy — 3y^x>f the lefery will denote the 

greateft Qiiantity ot r, it it be — r, than 
which if r be lefs, the Equation will have 
four Roots., otherwife but two* Bat if H; 
be 'i" r, it ought ' to be left than iy\- pyy 
of the middle y^ for if it be greater, it can 
have but two Roots ; at lealt, if r be left 
than 5X* — pyy of the gremp /. But if 
it be greater than this, the E^juation 

H ftot explicable by aay true Root at alU 
' J ' Theft 



* 

Digitized by Google 



1 24* Mifcellanea Curio fa. 

Thefe fame Litmts^ are otherwife expfelied 

by the Quantity viz. \ — in the fii ft 
cafe, y4 — i cjy in the fecond, and v4 i 'jy 
in the third. But it may be, that the two 
l^flcr Quantiesjr may not be far different from 
one another, whence it comes to pafs that 
both of the Perpendiculars are greater than 
the right Line G A, viz.. whea is greatey 
than ^% p\ but Icfs than A p • ; the Center 
fklling within the fpace contained between 
the Paraboloids of ivf. i. and 2. In this 
cafe^ if it be there can be l^ut two 
floots, ^4 h t qy of the great cfi y beinjg grea- 
ter than r ^ othcrwife none. But if \ y^ 
of the kafi y be greater than r mark'd witlj 
the Sine — 5 but r be greater than \ qy —yi 

of the meany^ then there will be four Roots; 
but two only, if r be found greater than tlie 
former, or lefs than the latter. But if in 
the Equation it be or if it be — p and 
ej^ be greater than ^ p% the Equation ^. 
i py. i q. is exj)Ucable by only ong Root y ; 
that iS) there can be but one PerpendicuUif 
only let fell from the Center of the Circle. 
Whence it may be certainly concluded that 
there can be but two Roots only in th^ 
given Equation, the Sum of which, if it bQ 
— is increased with the Quantity r but 
if it be the Quantity y being obtain'd, 
that Quantity r ought to be lefs than j'4'i7 i 
^y^ for if tit be grater ^ the Eqi^tiptt pro*? 

posM is abfurcl and impolTible. ' - ': : 
' ' 'Twould be both tedious and needlefi to 
tim over all Equations of this kind, iince 'tis 
evident (from what has been already &id) 
m tho^ thHM9 atten^ye, wJbich are ISIe- 
••iwili ^ * gativc 
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pti\'e and which Affirmative, and that the 
Limits of thefe Roots are deriv'd from the 
found Quantities y. But for an E:<;^mple 
( which any one may imitate in the reft of 
of the Cafes) let it be proposed to diicover 
the Limits or Canditims^ under which, there 
' may be four Aiiumativc Roots in a Biqua- 
dratical Equation. Kow this will be as of- 
ten as the Center of the Circle O is pofited 
ID 'the fpace UPK (Fig. 2.) aud alfo i^r or 
the Radius of the Circle is lefs than GD. 
Whence Vis plain^ that the Equation hei*e 
concerned is of this Form, x,^ — bsLj pjca 
ifz -j- ri=:i 0 and that p cannot be greater 
than 1 nor i pb (in this cafe) than i\ h 
^k" 4 f i again, 'tis neccfiary that ibb~^f 

in 6 p Aoold be greater than h 

2 ? — 4 h 2nd from thefe Limits^ il will 
t>e manifen: that the Center is contained 
within the Ipace UPK. fiut in order to 
the determination of the Quantity this 
Cubi ck E quation mu ft be firfl; ioWd^ y^^i^^- 
^hif^-Apy^hy^^^i^ pb \ aiid lb 
will be ubtaiivd the Points upon which fall 
the Perpendiculars from the Center to the 
* Curve of the Parabola. Now having found 
the three Values of « this the Qmntity r 
ought to be lefs than aj^ ^^4 1 \b€j — bhp 
"V iy^ — ^ b'ly^ fyy of the middie y^ but 
greater than si 6 b^ % bq — 16 bbp ^l- 3^14 
^b2y%A^fyy of the hajt y. But if r exceed 
thefe Limits, there can be but two Roots 
obtained . Laftly, if af^ i4 -V %hp — bbp V 
^y* — i bby +• pyy of the greatefi y^ be gre^ 
ler {haa-^i theft- the Equation proposU is 
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rmpofTiblc. It happens alfo that there are 
four Affirmative Roots, whea the Center G 
is pofited in the little fpace UTS, viz.^ 
drawing RTS perpendicular upon the mid- 
dle of the fuppofed Liue AD. But this 
comes to pafs when f is greater than kb^ 



and \ yy — f f y hhb — ^ f greater than | 
f ^ X » • ^'S — i ^# In which cafe always two, 
fometimes three of the Roots are greater 
thant/'. 

But 'tis to be noted here that that Limit 
produced iiom the U^ifi is fometimes Ke« 
gadve, or lefs than nothing ; mz^ as often 
as the grcateft of the three Perpendiculars is 
greater than GD (Fig. i.) If this happens, 
the Quantity h r may be diminifti'd to no* 
thing frotn the Limit preferib'd, by tl» 
middle y. But the defeft of a Limit from the 
ieafi y^' fhcvis how great r may be in the 
Equation, if there^ three Affirmative Roots 
and one Negative one ; which if it exceeds, 
there can be but two, one Affirmatsve and 
the other Negative. And ail tbefe things 
are demonftrated from hence, that fm^ 

tnentim^d Limits of the Quantity are the dif^ 
feremes of the Squares of the Line G And the 
Perpendiculars to the CvTve of the Parabola* 

. But becaufe of the perplex ing Cantions ari- 
sing from the diverfity of Sines with thefe E- 
quations, 'tis better always to take away the 
fecond Term, and then to inquire out the 
number of Roots and the Sines, according to 
the Rules already dciiver'd ; efpecially if thofc 
Quantities y are not much diiierent Irom one 
another. But of theie four Affinn^ttri^iUiota, 

* ♦ 
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two are always lefs than \ hj and two grea- 
ter, viz., if DG be kfs than AG, or :| fb thaa* 
h f • But three are always lefs than i K 

as often as the mean Perpendicular (or that 
found from the mean y) is greater than AG^ 
-^\hhy greater than iyi—}yy of the iaaie 

The fourth and greateft Root is 
greater than the greateft y ^ and 'tis 
equal to the difference of h and the Sum of 
the other three Roots, and therefore is kfi 

tlian h. 

But 'tis now time to have done with this 
Matter. Perhaps thofe that moix perfedly 
underftaad the Nature of the Parabola, may 
be able to do all thcfe things after a more 
compendious manner. But there is feme 
caufe. to doubt, whether all thefe Quandtiet 
h. q. r. can be rightly determin'd without 
the Refolution of a Cubick Equation, or no. 
For whatfoever is done iu Plaia fiquatioas ia 
this Matter, exhibits, not the trm$ Limits^ 
but fome Approximations only. 
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Same tUuJiriom Specimens of the 
^oSrine of Fluxions ^ or 
amfles by "which is clearly 
Jheison the Ufe and Excellency 

: if that Method in folving Qeo^ 
metrical Problems. 

By Ab. De Moivre- 

■ 

YO 17 have here alio the Method whicll 
Ipromis'd^ concerning the Qiiadratui es 
of Curvilincal I»igures, the Dimcnlioxi of 
the Solids generated by the Relation of a 
Plane (and of the Surfaces) the Rcftificatioa 
of Curve Lines, and the Calculation of the 
Center of Gravity. I know thefe Points 
have been already handled by feveral very 
learned Men ■ But I hope this At* 

tempt of miile will neverthelels not alto- 
gether difpleafe^ if (elpecially) I have had 
the gdod Luck to find a fliorter and more 
expeditious way to thefe things, than what 
is commonly known* 

But before I proceed &rther, I would 
have it obferv'd, that I make ufe here^ of 
what the celebrated Mr. Newton has de-^* 
monftrated, Page 251^ 252, 253. Frinc^ PkU. 
concerning the Momntaneom Increments er 
J)icremms^ of Quantities that Jncreafe or JDr* 

mreafm 
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tredfe by 4 continuM Rux\ Eipecially, that 

n 

the Momentane of any Power, a^^"* is 
^ ^ jl^ • Farther ; the Fluxioii — 

being given, the flowing Qiiantity 

n 

jl^ may be founds Firll, By itrikiog 4 

out of the Fluxion \ Secondly, By encrcafing 
the btdtx of the Fluxion by Unity \ -Third- 
ly, By dividing the Fluxion by tlic Index 
thus increafed by Unity. In the following 
Difcourfe, we ihail exprefs jtbfcijpf of any 

Curve bf its Fluxion by Xy the ^rdirnue 

• 

by and its Fluxion by y. Thefe things 
iuppos'd i that we may come to the Quadra^ 
turt of Curves^ Firft, Take the value of the 
ordinate applicate, by the help of the Equa- 
tion exprelTing the Nature of the Curve. 
Secondly, Let this Value be multiplied by 
the Fluxion of the AbfcifTe; for the Fro- 
dud ariiing is the Fluxion of the u4rea. 
Thirdly^ Having the Fluxion of the Area, 
let the flowing Quantity be found, and ib 
we fhatt have the Area fought* £x. gr. l.et 

the Equation x —y be proposed, which ex- 
preiles the Nature of all forts of Paraboloids. 

The V^iue of ^ is ^ wi^ich multiplied, by 

K ^> 
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— • 

A, gives a' ^' a- for the Fluxioa of the Area, 

n 

and confequently the Area fought is 

rn-\-n 

• , or (fubftituting y inftead iC^^ 
n 

— Ar>. 

Again^ fuppofe a Cnrve, whofe Equation 

is .V** aaxx :=:.yy (which is the firft of the 
£xceUeat Mr. Graig\ Examples) putting;'^ 

X \lxx -^44^ the Fluxion of the Area will be 

xx^ xx-^ ail. Which ExprcflTio a invol ving 

a fwrd Quantity, let us fuppofe %/ xxA'^^ty 
then will XX aa s=5 z^^ and confequendy 

xx^zli fubftituting zjl and for xx 

andV XX + aay the Fluxion thus freed from 
Surds, will bez.^)^ ; whic h reduc ed to its Ori* 

ginal t a nd putt ing y/xxf-aa for ^ we have 

J xjrVaa \/ xx + aa for the Area fought. 

But to fliew more effedually how eafily 
thefe Quadratures arc performed, I ihall add 

one Example more. Let the Equation of the 

Curve be — « >% therefore y :=s » 

and therefore ■ ■ is the Fluxion of the 

V Area* 
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Area. Put Vx-Va ss * , hence a- a «, 

> 

and A* a Therefore — ts iz.^z. ^ laz^ 

and conftqucutly | 24;^, or 5 $ ji 

VArlr^f will be the Area loughs 

But it often happens that we meet with 
/bme Curves (fuch a& the Circle and Hyper- 
bola) which are of fuch a Nature, that 'tis 
ill vain to attempt the freeing the Fluxions 
of them from Sttrds. And then reducing 
the Value of the ordinate into an infi- 
mte Series, aiid multiplying the Icvcral 
Terms of the Series into the Fluxion of 
the Ahfcifle (as before) let the Fluent of 
each of thoie Terms be found, and fo there 
will arife a new Series, which will exhibit 
the Quadrature of the Curve. 

This Method is with the Jlime cafe appli- 
ed to the Afenfurativn of the Solids generated 

by the Rotation o: a Plane-, viz,, taking for 
their Fluxions, the Produft of the Fluxtoa 

of the Abfcifle into the circular Bafis. Let 
the Proportion of a Square to the infaib'd 
n 

Circle be^:-- Tlie Equation exprcfling the 
Natur e of a Circ le is yy dx j there- 
hx^xdxx AT* A- is the Fluxioa of a Portion 

u » . . , . 

K 2 *f 
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of the Sp here, a nd confequently the Portion 
it feif is 4 i dx"^ ^i^^^ and the circumfcrib'd 



n 



Cylinder is 4 x^. Therefore the Por- 

r 

n 

tion of the Sphere is to the circumfcrib'd Cy- 
linder, is as t ^< •-^ i AT to d^x. 

The ReRification of Curve Lines will be ob- 
tain'd, if we confider the Fluxion of the 
Curve as a Hypothenule of a Redangular 
Triangle, whofe fides are the Fluxions of 
the Ordinate and Abfcifle. But in the Ex* 
prefTioa of this Hypothenufe, care muft be \ 
tajken that only one of the Fluxions be re- 
Wd^tmg^ as alfo only one of the indetermi- 
TiNP#e M5u5fl|ltities, viz.. that whofe Fluxion is 
Ifetain'd. Some Examples will render this 
clear. 

(Fig, I.) The right Sine CB being given, 
to find the Arch AC Let Ah^x. CB=2y. 
OA^r. CE the Fluxion of the Abfcifle, 
ED the Fluxion of the Ordinate, ^CD the 
Eiuxioji of the Arch CA- From the Pro- 
J petty of the Circle xrx^xx^yy^ whence 

• * • • • • 

. %rx XXX ^ xyy^ and therefore x yy. But 




1 , - ^ 



y^yy rryy i therefore CO 
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g'' ^ - X ryeiy X rr^yy • Aad 



a 



conieqnently if rr ^yy be thrown into an in- 
finite Series, and the feveral Members of it 

• 

be multiplied into ry, and then the flowing 
Quantity of each be taken, we lhall have the 
length of the Arch A C» After the ftme 

manner, giving the vciTcd Sine, the fame 

Arch may be found. For refuming the E- 

• • • 
quatioa found above zrx ^ ixx ^ zyy ^ vi^ 

have jrar**- ,**, but CD^a^s^+jy » 

yy 

• ■ 

rrxx ^ irxxx ^ x^xx 



• • • • 



XX -V 



yy 



rrxx f^.irxxx^" x^xx 

' ■ : — y that is, (reduciag aU 

irx ^ XX 

to the fame Denominator, and expunging 

rrxx 

contradidory Terms) ' 'i whence 

, 2rx,H- XX 

CP ?=3 , , and confequently the 




2rx ^ XX 

the Arch A C may be ealUy found 
at is faid filr^y- 

. . K 3 ^ The 
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The fluxion of the Curve Line is fomc- 
times more eafily found by comparing the 
two fimilar Triangles CED, CBO, for this 

Piopoition arifes, CB : CO:; CD, that is 

for the Circle *\J zrx ^ 



XX WA'i rx 



The Curve of the Cycloid may be deter- 
mined by the fame Method too. Let 
ALK be a Semicycloid^ whofe generating 
Circle is ADL. Having any point as B in 
the Diameter AL, draw BI parallel to the 
Bafe LK meeting the Periphens of the Cir- 
cle in the point D compleat the Redangle 
AEIB, and draw FH parallel to EI and infi- 
nitely near to it^ as alio BI cutting FH in 

Gi. and the Curve AK in H. Put AL!=i^. 

• 

AB EI ) rs^. GHtii x. It is known that 
the right Line BG is every where equal to 
the Sum of the Arch AD and the right Sine 
BD C whence 'tis manifeft, that the Fhixioa 
IG is alfo the Aggregate of the Fluxions of 
the Arch AD and the right Sine BD. But 
the Fluxion of the Arch AD was found 

i dx and the Fluxion of thp right 



Ci^ t-m* XXy • • 

$iae will be found to ht.dx^xxx 



SB,cr«finv IG a dx**xx and therdbrc 



XX, 
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lHf(s IGf b GHi ) snUxx-*Jxxxi ieom 

dx XX 

wkncc IH « ■ ■ i S3 WW ss: i< 4r, 

Vat 

aod confcqnently AIts id x ^ iVdxcsiAD* 

This Concluiioii may alio very cafily be de- 
duced from the known Property of the Tan- 
gent. jFor liiice the little part of it, as IH^ 
IS always parallel to the Chord AD, the 
Triangles IGH, ABD arc fimilar, whence 

AB: AD;; GH: IH, that is, x.Wdx:: x: 
av^/a-, therefore lH^xydx dx x. Cy 

.X X 

the help of the Fluxion IH alfo, we may 
ioveftigate the Area of the Cycloid, The 
Fluxion of the Area A£I, is the Redangle 

x^/dx XX. But the 



^Jdx^xx 

Fluxion of the Portion ABD is the lamej 
tterefore the Area ABl and the correlpon- 
dent Portion (of the Circle) AfiD> are al^ 
ways e<iual. 

K4 ^ 
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Let AB (tig, 3. J be the Curve of the Pa- 
rabola, whofe Axis is AF, Parameter a ; let 

AE 3 AT, EB=2;', AB=z., BDt=i:»r, DC=;j, 

BC^=:5L. The Equation exprefllng the Na^ 
tare of the Parabola, being ax^^yy^ we have 

AX S3 lyy^ whence x^zyy^ but BC* :^ BDl 

.. A^^yy 

X CDi, that is =x ATAT -^^jy ^ ^ ^-^^j^ s=3 

aa 



^^^^^ therefore ^ t=s^ ^y^ ^ 



4^ 



Vy* -V^ 4 If now -by this Expref- 



fion y + :i be thrown into an mfiaite 



Scries, the Curve AB will eafily be known. 
It appears farther, that giving an Hyfcrb^U- 
cdl Space^ this Curve is alfo gtven, and vice 

verfa. For i az. ^y + \ 44, and confe- 

quently \ az. is the Space whofe Fluxion is 

y V>* 4 aa. But fuch a Space is no other 
than the Exterionr (Equilateral) Hyperbola 
ABEG, whofe Scmiaxis AB:=:f^, its Ab* 
ftifl'^ AE aftd its Ordinate iLG;;=ix. 

« 

For 



4 
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For the Menfuration ot a fwrfacc defend A 
by the Convtrfim a Curve revnd its Axis ; 
vve are to alTume for the Fluxion of it^ a Cy- 
iindrick Superficies, whofc Altitude is thq 
Fluxion of the Curve, and whofe diftance 
from the Axis is the Ordinate Applicate cor* 
refponding to that Fluxion. Ex. gr. Let AG 
l)e the Arch of a Circle, which turning round 
the Axis AD^ generates a fphericallSuperficies, 
which we would mcafure. Now DC the 
iUuxion of the Arch is already fouiid to. be 

rx 

rs r , which if we multipiy by the 

* w 

s/ irx-^xx 

Periphery belonging to the Radius BC, that 

is, by y^/zrx^xx (putting -y the Ratio of 

the Circumference to the Radius) we ihall 
• 

have cx for the Fluxion of the fpherical Su- 

})erEcies9 and conlequently that Superficies it 
elf, is ex. \ 

As for Centers of Gravity*^ having gotten 
the Fluxion of the Solid or Surface, and 
multiplied the ftme into its diftance from 
the rertex^ the flowing Qiaantity muft be 
found, which divided by th^ Solid or Surface 
it felf, the Quotient will Ihew the diftance of 
the Center of Gravity from the Vertex. Thus 
to find the Center of Gravity of all the Pa- 

' oraboloids^ their Fluxion is thus generally 

• exprefled 

4 
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«preffed x^ which multiplied by makes 

»^^x ^ the flowing Quantity of whicfa« 
if — 

« AT* divided hy the Area of 

the Paraboloid ^ — , gives ■ . i 

the dillance of the Center of Gravity from 
the Vertex. 

The Center of Gravity of a Portion of a 
Sphere, is found after the fame mannen For 

its Fluxion 4 dxx — x^x multiplied into 



makes ^ dx^x — x^Xj whofe flowing Qiiaa* 



n 



tity 4idx'-ix\ divided by the folid 



n 



Content of the Portion, viz,. 4 i dxx-^i 

n 

^d^ix 4.4 ~ 3^ 

gives jr, or > x^ the di- 

idr-^x 6d ^ ^ 

fiance of the Center of Gr,avity from the 
Vertex* 

My 
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My defiga here was not to be large, and 
purfae all the Difficulties that may oc« 
cur* 'Tis iufficient to hare made a be- 
ginning, aad led the Way to thofe greater 
Things. 



^ Me- 
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j4 Method of Sqmring fome forts 
of Curves^ fir Reducing them 
to more fimfle Curves. 

By A. De Moiviej R.S,S. 

m 

LE T v4 be the Area of a Curve, whofe 
Abfcifle is and Ordinate AppUcatc 

x \ldx - XX. l.et B be the Area of a Curve, 
whofe AbfciUe is the fame with the former, 

and its Ordinate x ydx ^x. Pat 

ydx^xx^y- Then will A = <iB into 

^ into — r- into into r — ' occ.=P 



into — into r^-rz into -;i;r- 

^^-^y 5 — &C. 

Where we are to Note, i . That n is fup- 
pos'd to be an Integer and Affirmative 

dumber. 2. That the Quantity ^/"B, in the 

Series 
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Series ex'prelfed by P, is to be multiplied in- 
to as many Terms as there are Unities in ^* 
3 . That as many of the following Series ex* 
prefl'ed by ^Q.,— •R,-^S,'— T, &c. are to be 
taken, as there are Unities in rr. Which^to il- 
luftrate by an Example or two : Ifn^ t^ the 

I fay that Ass J»B into '^:tf ^ ^^x^^'y » ; 
and if » 53 2^ then Assi^B into into 

M— I Wt— I , ^ ■ ^ 2m+t 

— — — X - ■ into iZTir; 



.V V^ 4.Thatif^'beput-Vi::^^ 
then A will kQ,^ R + S-^T» &c. t 



COROL. L 

If m be put A to any Term of the follow- 
ing Series — 1, i-^ &:c. then the 
Quadrature ot the Curve wiiofe Ordinate is 

V^a; — xjf, or A? Mdx-^xx^ will be ex- 
preiTed in finite Terms, and be found by 

our Series. To. illuftrate which by an Ex- 
ample or two ; Let it be required to 
find the Area of a Curve whofe Ordinate is 

^ xx. Let us imagine this Curve 
to be compared with another Curve whof? 

Ordinate is x '■^xx. Kow becaufe in 
this cafe therefore will As^fi into 

aw^H ■ y > but thci-e- 

• fore 
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,fore 2i» + iA^9 and therefore As=i 

It is here to be oblerv'd, that the Area 
thus found, is fbmctimes deficient from the 
true Area, by a given Quantity, or exceeds 
it by that fame given Quantity. And in or- 
der to find that DefeU: or Excefs^ let the 
Area found be fuppos'd to be encreas'd or 
diminiih'd, by a given Quantity 9, and thea 
patting xv:^Oy let the Area inafeas'd or di- 
ininilhM, be fuppos'd 0. Thus in the prc- 
fent cafe, we ihall find and con- 

ftquently Aca f di/d ^ zy^ 



C 0 It 0 1^ IL " 

A 

If i» be put equal to any Term of the 

following Series, 3, 4, 5, 6, 7, (Sec. then the 
Quadrature of the Curve whole Ordinate is 

^XX^ OT X xx^ is expr<^i 

fed in finite Terms, and is found by our Se- 
ries. 

Let the Area of the Curve be to be 

found, whofc Ordinate is x \l cfx xx. 
buppofe it to be compared with the Area of 
a Circle, which call A. Then will m&o^ 
3, and lb A t=2 P ^ Q^-- R — S. But 
fmcc, in the Denoininator of the third Term 
by which d/'h is multiplied, thert is found 
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imj a Quantity infinitely fmall, or rather 

nothing ^ the Quantity cxprefs'd by P is In- 
finite^ and for the fame rc^\fon the Quan- 
tity exprefs'd by -^S is Infinite, and fo the 
Qiiantities A, Q.^ — do vanifh. Thcre- 

' fore P=sS, and dividing the liquation by 

^^^^^ we have d'^b into — 

»lf-|-4 ailH|-2 2wi 

= — ^ / % or into c:4^A- '[i' ' J 

and putting o and 3 ^ov m and there will 
be into ^ i = » ^ J'yL: 



COROL. IIL 

If fli be put equal to any Term of the foi* 
lowing Series, •^i, i, 1, 2, 3^ 4^ 5^ &c. 

the Quadrature of the Curve, whole Ordi- 
nate is X y/dx xx^ depends upon the Qua- 
drature of the Circle. But the Area of the 

Curve, whofe Ordinate is x \J dx^xx^ de- 
pends upon the Quadrature of the Hyper- 
bola and the relation of that Curve to the 
Circle of the Hyperbola, is exhibited by our 
Series in iuiite Terms. 



COROL. 
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- COROU IV. 

tf Iff be expounded by iny other Terii], 

different from theiii already mention'd ; the 

m I 

Curve whofe Ordinate is ^ S dx^xx^ or 

xx^ is neitker exadly iquar'd, nor 

does it depend upon the Circle or Hyper* 
bola^ but is reduced to a more iimple Curve 
by our Series. 

THEOR. It. 

Let A be the Area of a Curve whofe Ab* 



icille is x^ and Ordinate XX • Let B 

be the Area of a Curve whofe Abfciflfe is 
the fame with the former, but the Ordinate 

^ XX. Let '^xxzzy. Then will 



As 
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As^i^^B into -t: — into —— into into 



I 7» 1 

— — .into- — -X >s«iHK« 
into into X 



m~2 2m 2m — 2 



lato — i into ^ 



*— ♦ N ■ into 
m — 3 am 

The Obfemfions to the fir/l Vjeorem^ take 
place here alib^ as in wiiat toiiows* 

COROL. L 

If m be put equal to any Term of the 

following Series, ly U ot? the Qua- 
drature of the Curve whole Ordinate is 

m m 

X X 

■ ^ or — is expreiTed in 



vdx^^xx \l dx At XX 

fiaitc Terms, 4ud exhibited by this Series*. 



COROk 
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COROL. II. 

If If be put equal to any Term of the fol- 
lowing Series, i, 2, 3, 4, 5, 5, 7, &c. Every 

— n 

X 

Curve whofe Ordinate is — ot 



XX 



is.iquared by this Series in. fioiu 



Terms. 

COROL. lU. 

If w be expounded by any Term of the 
following Series, o, i, 2^^ 3, 4, 5, 6, 7, &c. 

m 

the Curve wAofe Ordinate is ■ ' ^ de- 
pends upon the Quadrature of the Ciide* 

X 

But the Curve whoft- Ordinate is — ^ > 

^/dx^xx 

depends upon the Quadrature of the Hy-r 
perbola. 

For if on the Center C, C%-2o.j the Diamc* 
terABssii, the Circle AEB be dcfcribed, and 

AD be taken a;, alfo erecting the Perpendi- 
cular Dfi, the Uiie CJ£ be drawn. Then the 

Se- 
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Scdor AEC divided by I rtJ is cqnni to the 
Area of the Curve whoie Ordiaate is 

After the fame manner, if on 

V dx — .XX 

the Center Q and the nTranrverfc Axis 

AB=d^ the Equilateral Hyperbola AE be 

defcribed, and taking AD^a-, and erecting 

D£ at right Angles, and joining CE, the 

Sedor ACE divided by i dd is equal to the 

Area of the Curve whofc Ordinate is 
o * 

COROL. IV. 

if mht equal to any Term, that does not 

fall into the foregoing Limitations, then the 

Curve whofe Ordinate is ^ is nei- 

tHer exadiy fqnar'd^ n6r does it depend np- 
00 the Circle or Hyperbola, but is reduced 
to r more fimple Curve. 



L a THEO- 
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THE OR. III. 

■ 

Let A be the Area of a Cotve whofe 

Abfcifie is a-, and its Ordinate AppUcate 

X yrr^ — XX y let B be the Area of a Curve 
whofe Abfcifle is alfo . and its Ordinate 

X yrr — xx. 



Let \/rr^xx=y. Then will A^r^^^b ia- 

*o si; ^^^^ ^Jito into — . 



— into mta — i at S. 

I 

4 

COROL. L" 

If m be expounded by any Term of the 
following Series, i, 3i 5* 7^ 9t &c. the Qua- 
drature of the Curve whoft Ordinate is 

m I Hf 

AT \jrr—xx^ or .V V>*H is had infinite 
Terms, and that by the help of this Theo- 
vem* * 



COROL 
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C O R O L. 11. 

If « be expounded by any Term of the 
following Series, 2, 3,4, 5, &:c. then the 

Curve whofc Ordinate is x yrr^^^x^ or 

X y/rr^-xxy is exadly ^uar'd by thi* 

Theorem. 



COROL. IIL 

It m be expounded by any Term of the 
following Series, — 2, o, 2, 4, 6, 8, &c.' then 
the Quadrature of the Carve wboft Ordinate 

m , 

is A \rr> — »xx^ depends upon the Circle, but 
the Quadrature of the Curve whofe Ordinate 

is X Slrr-Yxx^ depends upon the Hyper- 
bola. 



COROL. IV. 

■ 

If m be expounded by any Term differ- 
ent from thofe already tak$a . notice of ^ 

then the Curve whole Ordinate is x V rr^-^x^ 

or X y rrA^ xx^ depends neither upon the 
Circle nor the Hyperbola^ but is reduced ta 

a vote fiipple^ Carve. 

,1 



L3 THEO- 
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Let A be the Area of a Curve wl^pfc Ali- 

m 

X 



fcifle is *, aad whole Ordinate is -. ■ i 

let B be tne Area of a Curve whofc Abfciffe 



i^^lfo and its Oidiiiaic 



X 

diiiatc m ■ Thca 



XX 



iato 



1 W— I 

> = — Qi 



mto X / = ^ R. 



— . into —i- into —-^ AT > = — 
into mto — ^ mto — ; x y 



« - 

« « - • • • 
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If m be expounded by any Tcrni of the 
following Scries, i, 3, 9i &c. the Qna* 
4rature of tlie Cuive, whofe Ordinate is 



m 

X 



— , is obtained in finite Terms by this 



Theorem. 



COHOL. II. 



If n be exj^unded by any Term of the 
following Series, i, 2, 3, 4, s,, 6, &e, ihe 



— 2/i 
X 



Curve, wliofe Ordinate is - n ' or 



X 



rem* 



is iqnarM exadly by this Theo- 



eoROL- m. * 

If be expounded by any Term df thp 
following Series, o, 4, ^, 8, 10, &c. the 

(iliadrature of tlie Curve, vvliofg Ordinate 

L 4 



Di 



X 

is ■ I y depends upon tbe Quadratuie 

^rr^^^x 

of the Circle. For if on the Center C, and 
the Radius CA-=t, the Circle AEG be de- 
fi:nb'd, and t^kiog CD=;if, DE be ereftcd 
peipeiidicalar to CD^ and CB be drawn ; 
then the Seftor CAE divided by i rr^ is 
equal to the Area oi the Curve, whofe Or- 

9 

X 

dmate is ^ > In like manner, 
vrn— X'jif 

if on the Center C, and the Semitranrvcrfe 
AxisC A^r, the Equilateral Hyperbola E AM 
be dcfcrib'd, then drawing CF perpendicu- 
lar to CA, equal to x^ FE parallel to tbe 
Axis till it mccls the Hyperbola in E, an4 
join CE \ then the Hyperbolical Sedor ACfi 
divided by jrr^ is equal to the Area of the 

0 

X' 

Conre, whofp Ohlinate is — . 




COROL. IV, 

If be expounded by any Term diffe- 
rent from thje foregoing, then the Curve) 

■ * 

whofe Ordiaate is ■ ■ ^ peithfr e?- 
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fiftly lquafd> nor does it depend upon the 
Circle or the Upperbola, but is reduced to 
a more fimple Ctfrve. 



THEOR. V. 

Let A be the Area of a Curve, whofe Ab* 
fcifle is Xj and its Ordiaate i Jet B be 

J X 

the Area of a CurYe, whofe Abfulle alfo is 



AT, and its Ordinate — . Then will A= 



JLet the Ordinate be ^9 and then the 
Area A wiU = j— — 4— — &c# :i 

C O R O L. 
If m be expounded by any Term of the 

following Series, i, 2, 3, 4, 5, 5, &c. the 
Quadrature ot the Curve, wiiofe Ordinate 

— or depends upon the Quadra- 
d^x d'^'X 

tuie 
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tmc of the Hypct oola. For (See Hj. iz.) 
drawiftg DE, BF at right Angles, take EG 
znJ^ and draw GH at right Angles to BF, 
and equal ro it. Witl in the Afynipiotes 
DE^ EF, let aa Hyperbola be defcrib'd, 
paffing through the point H ; which donev 
take GK—x^ towards E in the firft Cafe, and 
towards F in the c6rid ; and draw the Or- 
dinate KL. Then the Area HGKL divided 
by dd^ is equal to the Area of the Conre^ 

x' 

whofe Ordiaate is — or — ^. Hence the 

Solid generated by a Portion of the Cijfoid^ 
while it turns about the Diameter of thp 
Generating Circle, is exhibited in finite 
Terms, fuppofing the Quadrature pf the Hy-- 

THEOR. VL 

Let A be the Are« of a Curve, whole Ab- 
fciSk is and OrdiMte - ; let B be 

rr- \-xx 

the Area of a Curve, whofe Abfciffe is alio 

and Ordinate ■ Then will the 

rr-^-^xx 

Area A = * 1- > ■ ■ &c. 

m^i Ph^i - 

COROL. 

« 
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C O R O L. 

If m be expDBfided by any Term of the 

following Series, o, 2, 4, 6, 8, &c. the Qua- 
diature of the Curve^ whofe Ordioate is 

y depends upon the Redificatioa of 

die Arch of a Circle. For delcribifig the 

Circle AEG on the Center C, with the Ra- 
dius CA— r, draw the Tangent AK^at, dud 
join CK meeting the Periphery in E ^ thea 
the Arch AE divided by rr is equal to the 

x' 

Area of the Curve, whole Ordinate is - 
GM^r4/ Corollaries to thefe Theorems. 

EVery Mechanick Curve (whole Quadra- 
ture depends upon any one of that Jn- 
fiittte iSaniLbet Carves, whole Ordinates 

have the following Forms, 

• , *» 

y J'f yrrt^Xy X vrr±xxj 

Vdx ^ XX 

■ i J may be fquar'd by theie Series. It 

may {\^Qf to iUuItrate tbb- by an Exam- 
ple • • * ' 

Sup- 
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Sappoiing the Gijbe of the Arch of a Cir- 
cle (correfponding to the verfcd Sine) to be 

the Ordinate of a Curve, whofe Abfcillc is 
the fame verfed Sine ; let it be required to 
find the Area of this Curve. 
Let the AbfciiTe be the Circular Arch 

m 

v i then the Fluxion of the Area hv^x. Let 

the Area be v'x^q. Therefore v^x-^-^v^ 
« , • • • • 

vx^q-rzv^Xy whence q—%v^vx. But tt = 

dx . ^dv^xx 
- 'y therefore 5 = — — , But 



Z^/dx XX zSj dx^'-rXX 

XX dx ^ 

(by Theor. 2O ■ = ■ »■ 



dx- — XX z\fdx — XX 
• • • • • 

y^v^y J and confequentiy q = idv^.v^i 
• • - 

dv^y^ therefore tf=\dv^^s:dv^y. There- 
fore now we are come to this, that the 

« 

Fluent, of the ExpreiFion idv^y^ is to-be 
found* 

Let this Fluent be i^dv^y^ 



Therefore idv'^y-Y^dvvy^r^^ldv^-y. ' 

• • • 

And confequentiy r—idvvy^^^ddvx. 
Let r=iddvx^f. 

• • • • 

Therefore iddvx:=zlddvx-\'lddxv^s. 

And 
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And confequently s=iddxv— ^ 

zTz^d^v — (by Theor* 2.) Tlierelbrc now 
j=zld^v^id^y. And coafequcntly the Area 
Ibught, h^v^x^idv^A idv^y^ddvxA-'^d^ 

Since the Solids and Surfaces generated by 
the Rotations of Curve Lines, as alio the 
Lengths of Curves, and the Centers of Gra- 
vity of all thefe, do depend upon the Qoa- 
dratures of Curves 'tis plain, that thcfc 
are eafily obtain'd too, if they depend upon 
the foreniention'd Curves. 

After I had composed tbeie Theorems, 
and fhewn them to the Celebrated Mr. AVw- 
ton^ (as the fupream Judge in all Matters of 
this Nature) he was pleas'd to give me a 
fight of Ibme Papers or his, by which I find 
that he has a long time been MaRcr of a 
Method, by which any Triaomial Equation 
(exprefling the Nature of a Curve) bqng 
given, that Curve is either iquar'd, or re« 
duced to a more llmple one, 

And 'twere to be wi(h'd, that he thought 
fit to communicate to the fublick^ not only 
thoie Things which he has relating to theie 
Matters, but others alfo of his Noble In- 
ventions, which arc not a fmall Number 
neither. And I believe this is not my Wifh 
alone, but that of the whole Learned World 
be fides. 

I make no queftion but thofe Learned Per- 
ib4S (whofc Writings in the jiila Eruditorum 

and 
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and otherwhere, have tended fo much to the 
Advancement of Matliematicks) have Me- 
thods not unlike to this of mine ^ and there- 
fore I afcribe no more to my fclf in this 
Matter, than only that I found out thefe 
Theorems, not knqwing whether any Body 
elfc h^d done fo before or no; and reduced 
them into fo eafie a Form, that the whole 
Calculus relating to them, might be taken 
in, as it were, at one View. 

But befoie I make an end of Writing, 
I think it improper, if (having not had an 
Opportunity fooner) I make fome little re- 
ply to the Famous Mr. Leihmu's Animad- 
verfions upon my Series for finding the Roor 
of an Infinite Equation. 

That Excellent Pcrfon thinks fthis Series 
not to be General enough, as not reaching 
the Cafes where and y are multiplied in- 
to one another v upon which account he 
- fubftitutes anotha' Scries in the room of it, 
which he alTcrts is infinitely more General. 
But that which led him into this fmall Mi- 
ftakc, I guefs to be this, that he took the 
Quantities /r, r, ^, ficc. for pven Qpaati- 
ties, whereas they were tb be us'd indiffe- 
rently, either for^ive/i or indetermtrjatc ones. 

But I (hall add one Example to ftiew 
my Series ^ends to all Cafes. 
Equation b 
In our T 




1 let a-nny^ 

Jier let g=yy 





A 
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Tisuo Trollems ; viz. co;u mmg 
the Solid of Leajl R^eJilLmc?^ 
and the Curve of S'wifteft De^ 
fcmt. 

Sulvd hy J. Craig, 
LEMMA. 

fT^O find tlic Propoi tion between the Re-;, 
\ liftance made to tlie Redanguhr Tri- 
angle AIG, and that made to the drcttm*- 
icrib^l' Redangle AIGg, while each moves in 
a Fluid, in the diiedioa of the Line lA, 
fix>m I towards X. 

From any point B let there he drawn fiC 
perpendicular to AG, Bb parallel to AI, and 
BM perpendicular to AI. Then in bB take 
hVL w CM" and bE c= liC i and thro' the 

BC 

points H and draw the Lines HA, EA^ 
which being produced cut Gg in K and 
I fay the Refinance oft the Triangle AIG. 
IS to the Refiftance of the Reftangle AIGg, 
as the Area of the Triangle AKG, to 
the Area of the T^iai^ie AFg. And: 
alib9 that the Refinance uik>a any part 
of the Line AG, to the Rcliilancc 

upon the correfpoAdent pau of the Line 

Ag 
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Ag (^x.gr. upon AB and Ab) as the 
Area AHB to the Area AEB. The Demon* 

ftration of which depends upon a General 
Theorem, which I deduced very eafily from 
Frof. 35» Newt. f. 324. 

COROL. L 

Let BG, bg, be infinitely fmall, parts of 
the Lines AG, Ag, and let bB be produced 
to I fay, that the Refiftance upon EG 
(which call is to the Rciiftance upon bg 
(which call E) as GL* : GB^ 

For e : E: : KHgb : FEgb ; that is, t : E: : 
bg X bH : bg X bE (by the foregoing Lemma) 
therefore e : E : : bH : bE ; that is, e : E : : 
CM^ : BG : : CM* i BC^ But CM* ; BC* : : 

"bcT 

GL* : GB' (bccanfe of the fimilar Trian- 
gles BMC, GLB.) Therefore e : E : : GL*j 
GB». Q.: E : D. 

COROL. li. 

The Refiftance upon the infinitely fmall 
part GB, is = GL'. For It all the infinite- 

GB*' 

!y fmall parts in the Line Ag (as bg) be fup- 

pos'd equal, then the RcUllance upon bg, 
may be exprcfs'd by bg, that is E=±bg, and 
fo BtsGL. Therefore (by Cor. i .) e : CL : : 
GL* : GB% whence c= GL^ Q^-. E ; D. 

GB* 

COROL 
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COROL. IIL 

Let r be the Radius, and c the Ciicu in- 
ference of anv Circle. I fay, that the Re- 
liftance upon the '^^)iiick Surface generated 
by the Rotation of the Lincola GB aboaC 
AI, is equal to the Product of caBAI uilq 

r 

GJL^ For the Refinance upon that Gonick 

Surface, is equal to all the RefilUnces upon 
the lineola GB, that is, to all the e that 

13, equal to the Circumference of the Cir- 
cle (whofe Radius is iiM) multiplied into e\ 
that is, the Refiitance upoa that Cooick 

cxBM 

Surface, is er^ual to ■ x c, and confe- 

r 

c X BM GL^ 

quently (by CorpL 2.) equal to ■ x # 

r GB* 

Qj E • D. 

P R O B. 1. 

To iini d Curve Lintj bj the Romiorn 

of which A Kouni Solid fjjall be gene^ 
rdtedj thdty while ^tis moved m a kiuti 
Medium^ in the DireSiion of its Axis^ 
Jkfall meet with the leaji Rejijiattce. 

(Fig. 24. j 

Let OG^ GB, hp two infinitely finaU Par- 
ticles in the Curve fought, which rcmld a- 
bout its Axis, will produce the Solid of 
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leaft Refiftaacc. Draw BM, GP, perpendi- 
cular to Ad, alfo BL, GN, parallel to AQ,, 
and ON, parallel to BM. 

j^ow — ^ is the Refiltance up* 

rxGB* 

on the Surface generated by the Rotation of 

, , cxGPxON^ 

the Lineola GB about AQ^, arid 

r X GOV 

Is tte R^fiftaace tipou the Siirface generstted 
OG, in like manner ( by Car. 3. ) And 

the Sum of both thefe Refinances mult be 
a Minimum^ viz. ^ 

cxBMxGlJ cxGPxON^ 

^ _ — a Mim' 

rxGB' rxOG* 

And confequently in the Line RS (fo pa- 
rallel to AO. that ON =GL) the point G 
is to be fought^ fuch, that this may happen^ 
which, fuppofiiip the points O and B to be 
fixM, will be eafily found by the common 
Method, de Maximis &^J\/!immis. And pro- 

ieCtttiifig the Caltalus, we &aU come at laft 

BiVI X BL GP X NG 

to this Equation^ » — ; 

BG* OG* 

BM X BL 

whence 'tis plain that -: — = « a con- 

BG* 

ftant Qiiantity. So that if the Abfciffe 
AM .V, and the Ordinate BMsa k thca 
WiU^BL^Va;, LG dy (which I have fop- 

pos'd 
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pos'd conftant every where in this CalcuJas) 
and conftqueatly BG* t:idx^ J^dy^^ whence 

ydx 

' ~ = a conftant Quafltity. Let s 

be aay conftaat Quantity, and confequent* 
ly (to obfenre the Law of Homogeaeals) we 

ydx a 
have 8 — ^ 3s has been found 

dxdx-^-dydy* dy^ 

by the llluitrious V HojfitaU^ and the cele- 
brated Ja. HerffouBu. 



PROB. IL 

To fi$d the Line of Smftejl Defcem. 

(Fig. 1^0 

Let BC, CD, be two infinitely ffaiall Par- 
ticles in the Curve fought. Now this Curve 
ought to be of fuch a Nature, that, fuppo- 
fing a Body to have fallen from the Hori-^ 
20ntal Line AQ, it may pafs from B to 1} 
in the jhortefi Time. Therefore we are to 
fiad out the Point C (in the Line RS drawa 
in fuch a manner parallel to AQ., that the 
differerices of the Ordinates GC, DE, may 
be equal) fuch that this may come to 
pais. 

Now the Velocity in C is v^LC, and that 

. BC 

ia D h vQP k therefore — is the Time 

VLC • ' 

2 of 
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CD 

of Defccnt thio' BC, is the Time of 

VQP 

Dcfcent thro' CD (by Prop. 54. pag. 158. 
Nem.) Therefore the point C ought to be 

BC CD . 

fuch that \ may be a Minimum* 

Suppoiing the points B and D to be fix'd, 
let the conftant Quantities GC = DE = w, 
LC = QD »p J the Indeurminate Qyantitics 
BG^ff, C£i=3x; whence 

nimwn* Therefore 

L : — ■ ' = o» 

Bat du^^dz. (becaufe v is conftant) 
therefore 



i whence 'tis 



manifelt - that a a conftant 

Qsantity. Now let the Abfcifle ALa*, 
the Ordinate LC»y, aad to BG -'^^ > 

GC 
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GCf dy^ BC=Vdx* '\ (if ^ and let ^ 
be any conitaat Qitanticy. Tbeu iball 

dx I 

— — — — ss — » whence JxVit^Xi/j » 

But now in all Curves, 'tU 

dx::%/dx^irdy* :: as thc Sabtaogent, to 

the Tangent. Therefore the Nature of thc 
Curve foug,ht is fuch, thdt its Subtangent, is 
to the Tangent, as ^/a : Vv, which that it is 
a Property of the Cy^Ui/j is known to all, 
that know that the Tangent of the Cycloid, 
|s parallel to the Chord of the Contermiiial 
Arch, in the Generating Circle, whole Dia* 
meter is 4, and whof^ Vertex is downwards* 
And with the like eafe, 1 can find the 
Curve of the Swiftefi Defcsntj in any other 
^ypotbells .of Gravity. 



' M 3 Tbi 
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The ^adrature of the Logmtb^ 
mical Curve. 

By J. Craig. 

(Fl£. 16.) 

LE T ONF be the Logarith mical Curve, 
whofe Afymptote is AR, in which let 
fuch a point A be taken, as that the fitft 
Ordinate AO may be equal to the Subtan* 

gent or Unity. *Tis required to find the 
Area of the Curvilincal Space AONM com* 
prehcnded under the two Ordinates AO, 
MN, the Abfcifle AM, and the Curve ON. 
From O chaw OIL paraiki to AM and cat- 
ting MN in E ; 1 fay, ^ that the Reftangle 
under the Segments ME, EN, is equal to 
the Space ibught* I>emanftration. Let the 
Ordiiiare IVIIs^Z, bubrangcnt AO or ME 
r=:s-, and to the Axis AK let another Curve 
HGE be conftrudcd, whofe Equation ftall 
ht asJLSAT*, its Ordinate GM being csx I 
fay, that this Curve is t\\^ Quadrat Ix of the 
Logarithmical Curve (according to the Prin- 
ciples of my Method) viz^ jts Subnormal is 
refpeftively equal to the Ordinate of this, 
as is plain from the Calculus of that Me- 
thod* ^ 1 herefore (according to what 1 have 
ibewn 'in another place) if to the point G 
we draw GC perpendicular and equal to GM, 
alfo HD parallel to GC, and meeting 

t J)e. Lines GM, CM, ia 5 and P j then will 
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tlieTrape^inmGBDCaAOKM. ButGBDG 
s=J CMC BMD = i * — t BIVH =2 S Z - 
a HA^^ but HA r2 v^2 AO^ from the Nature 
of the C urve HC g^ therefore GB DG ea S2 
— AO^g AOxMN^- ^ AO^ n= A Ox MK - AO 

=3 ME X MM -mME eME % EN. There- 
fere alio AOKM « ME x EN. Q. E D. 

When I applied my Method to thcTe fort 
of Figures^ I found that a Miftakc had 
fome way or other crept iato M. ArmuAH 
Calculus. For in his moft excellent Trad 

of the PrincifUs of the DiferemUl C\iUuUs^ 

be aHigns to the figure whofe li^uatioa is 
^ t^y^j this for its Quadrature, viz.. — • 

la, 

^yyfy^yy 

whereas the Area of thgt Figure is — — j 

where y denotes the Abfdfle and the Or- 
dinate. 



* t - . 

: .M4 '■■^.Tbeof- 

-fil .A .1-. I-jI Jj LjI^i.j jdj '. ... 
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^ T^heorem foncermng the ^rofer-^ 
tion of the T^ime that a heavy. 
Body fiends hi defc ending thro^ 
a right Line pining tzm given 
TointSy to the (Ihorteft) Time^ 
in "which tt faffes from the 
t€ the other of thefe Toints^ by 
the ^rch of a Cycloid. 

THEOREM., 

(i^'ig- 1-].) 

IN the Cycloid AVD, whofe Bafis AD i? 
parallel to the Horizon, and the Vertex 

V turn'd downwards, if from A be drawn 
the right Line AB meeting the Cycloid in 
any point as B, from whence is drawn BC 
perpendicular to the Curve of the Cycloid 
m B, and AC be let fall perpendicular to 
BC from the point A : Then the Time that 
a Body at relt in A, fpeiids in defcending 
thro AB (by the force of its Gravity) is to 
the Time that it fpends in falling thro' the 
Curve AVE, as AB to AC. 

u ^5*^°.' ? "^"^ parallel to the Axis of 
thcCjici9id VE, and BK parallel to the Ba- 
*« AD, meeting tihe Axis in G, and the* 
^•rcle (whofe Diameter is EV) in F and H, 
afld the Cycloid it felf ja K* Draw the 

right 
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right Line which from the Katurc of 
the Cycloid is parallel to BC ; whence BM 
is « EF, and EM BF =a the Arch VF 
from the Nature of the Cycloid ; and coa« 
fequently AM is the Arch EHVT. 

By Propofrion 25. Part II. Horolog. Ofcillati 
Hugen. the Time in which a Body at reft 
in A defcribes the Cycloidal Arch AV, W 
to the Time of Defcent thro' EV, as the 
half Circumference to the Diameter. 

And (by the laft Profofition of the fore- 
mentiouM Part) the Time of Deicent thro* 
-VB, after the Defcent thro' AV (which is 
equal to the Time of Defcent thro' KV, 
after the Defcent thro' AK) is to the Time 
of Defcent thro* AV^ as the Arch VF, to 
the Semicircn inference ; and confcquently to 
the 1 ime of Defcent thro' EV, as the Arch 
FV% to the Diameter. Wherefore the Time 
of defcribing the Cutve AVB, is to the 
Time of Defcent thro' E\\ as the Arch 
jiHVF, to the Diameter EV. But the Time 
of Defcent tJiro' EV, is to the Time of 
Defcent thro* LB or EG, as EV to EF. 
Therefore ( by Equality ) the Time of de- 
fcribing; AVB, is to the Time of Defcent 
thro* LB, as the Arch EHVF, to the Sub- 
tenfe EF, that is, as A'M to MB. Again, 
the Time of Defcent thro' LB, is to the 
Tffime of Defcent thro' AB, as LB to AB. 
Therefore the , Time of defcribing AVB, 
is to the Time of Defcent thro* AB, in the 
Ratio compounded of AM to BM, and LB 
to BA, and confcquently is equal to tlie' 
Ratio of AM x liB to MB x BA. 

But 
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But AM X US P3 MB X AC ; and there- 
feK the Time in which a Body at reft in 

A, fliall defcribc the Cycloid a 1 Arch A VB, 
is to the Time of defcribing the right 
line AB, as MB x AC to MB x BA % thgt 
is, as AC to AB. Q.: B / 0« 

And the Demonftration will proceed in 
like mannery if the point B be betweea A 



An 
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jhi_Extraa of a Letter frtm the 

Richard Waller, SecreLry 
to the Royal Society, coHcernini 
the Sfacesm the Cycloid, wbicl 
are ferfecHly ^dralle, 

Oxford, Jugu/ 22. 169^, 

S J 

I Find it is thought by moft, that ther* ic 

(adjacent to the Curve) that iTcanab f S 
being G.eomctricaUy Squicd/but Se& ^rSf 

^ rl^xj'^f'?} u^^'^y (Pi£- 28.; taking 

Sir ar././,A,r Jrr,«, and after him Hurl 
and others) aad.it is z=,is7^R* 



niHs 
4/3 



the Parallel dDC, paffing thVSthe^S 
ter c,; which is = /» ^ "rouga the Gpa- 

Si pS^^' f Cyd'uU, and that, Motu i 
Jh? Fignres of which latter I retain hSe 
?5 thsy concern this Ocafoi i) S 

beiijg 
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being other Portions of it, equally capable 

oi QuadiJlurc 

In order to whicli, 1 there flicw (De Motu^ 
Cap. 5. tro^. 20. A. p. 8 02, 80 5,804.) that not 
only the CycUid is Triple to the Circle Ge- 
iicrant, (which was known before) but that 
the refj>eFtive Parts of that are Triple to thofe 
of this : Which is the Foundation on which 
I bttiid nay whole Procefs concerning the cy^ 
ehU in both Treaties, (and which is not pre- 
tended, that I know of, to have been obferv'd 
or known by any Body before me :) That is, 
hfii^ji (Fig. 28.) Triple to the Sedor B^ji 
(taking parallel to JJ*) where-evcri in 
the Curve v4t, we t^kt the point b» 

I then fhcw, that the Cycloid is a Figure 
compounded of thefe two ; the Semicircle 
AD di^ and the Trilinear AD Ath Ay lying 
between the two Curves A Da, and Ad-r^ 
(and therefore, to Square any part of the(e, 
is rbc fame as to Square the rjipedivc part 
of the Cycloid. ' 

I Ihevv farther (Ibidemy pa g. 804.) that this 
Trilinear is but a diftorted Figure (by rea- 
Ibn of the Semicircle thruft iu between it 
and its Axis) which being reftored to its due 
Pofition (by taking out the Semicircle into 
a different Figure^ (as r(^. 29O and thrufting 
the Lines h B home to the Axis, fo as that 
Sf^ he the fanie point) is the fimc with 
Ata^ (Pig' 30 J (the Parallelograms h ^aB 
being fet upright, which in the Cycloid Hand 

(lopifl^^ and the Circular Arches h ^t(Bg. z80 
becommg ftreight Lines (in Fig. 30,) and the 
Lines being, in both, equal to the refpe-^ 
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ftivc Arches i? every where which there- 
fore I call ^fi Uifitum Refiitutum (the Trilincar 
reitored to its due Pofition, which Figure 1 
do not find that any before xne has conC- 
der'd : ) So that to Square any part of this, 
is the fame as to Square the refpeftive part 
of the Cycloidy (or of the Triliaear ia the 
Cycloid : ) That which in the Cycloid lies be- 
tween two Aiches of the Circle Generant 
in different Politions, anfwcring to that 
which, in tlie reftored Figure, lies between 
the rcfpedive (treight Lines. 
And therefore AdD A^r^^rd 

— Ad V u4 -^rds^Tj (fig^ ^o,) — R^. And 
uihkdyl, rbki'Ty (Fig. 28.; —AbkdA^ 
rbk^r^ (Pig-io) z=:sR. And (Kg^l^O 
T=z bk,dy ( Fig. 30J = Jp» ^sR^ Ibid. Csf. 17. 
B. pag. 755. Where, if i be taken above 
dkDCy (pairing through the Center Cj thefe 
Figures are within the Cycloid^ and within 
the reftored Figure but without them, if 
h be taken below that Line, and adjacent to 
the Curve Ah in both Cafes. 

By I underftand the Radius of the Cir- 
cle Generant and by the Right Sine of 
the Arch B A^ whole vcifcd bine is V A. 

And, v^ere-ever in my whole Difcourfe 
of the Cycloid , or the reftored Trilinear 
(which is a Figure of Arches^ and a Figure 
of verfed Sines) the Arch is no Ingredient 
in the defignatioa ; i'uch part or portion of 
them is. capable of being Geometrically 
Iquared. But when I exclude I do there- 
in exclude P (for thdt is an Arch alfo) and 

f — a^l-Sy and « = 4 — » J, becaufe a is there- 
in includedv 

Mr. 
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Mc. Cafwill^ (not being aware tbat I had . 

Iquared thcfe Figures) had done the fame by 
a Method of his own, (which he fliewed me 
lately) wl^ich I would have inierted here^ 

^ but that he thought k riot necelTary ; and 
inllead thereof, hath given me the Quadra- 

. ture of a Portion of the Efkydoid (which 
vou will receive with this) and| I think, it 
IS purely new. 



The 
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The ^adrature of a Tortion of 
the Epcycloid. 

By Mr. CafwelL 

SUppofe. D P F to be half of an exterior 
\ Epicycloid, rjJ its Axis, r the Vertex, 
VLB half of the Generaat Circle, £ its 
Center , jD the Bale, C its Center : Bi- 
fed the Arc of the Semicircle K £ in Lj and , 
on the Center C through L draw a Circle 
cutting the Epicycloid 114 P Then I lay the 
Curvilinear Triangle f^LP will hQ=^BEq 
C £ 

in -i— ; that is, the Square of the Semidia- 

meter of the Generant Circle will be to the 
Curvilinear Triangle VLT^ as CB the Se- 
midiameter of the Bafe, to C£} which CE 
in the exterior Epicycloid is th^ Sum of the 
' Semidiameters of the Bafe and Generant, 
but in the interior Epicycloid I>fu^ 'tis the 
difference of the faid Semidiameters* 

COROLLARY, 

In the interior Epicycloid, if CE is i C J?, 
the Epicycloid then degenerating into a right 
Line, the Quadrature of the Triangle lu^ 
will be in e&d the fame with the Qiiadrature 
of HiPVotrms<:him* 

COROL- 
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If the Semidiameter of the Bafe is fuppofcd 
iafinite, the Epicycloid then being the com- 
mon Cycloid, the Area of the faid Triangle 
will be equ^l to the Square of the Radius of 
the Generant, and fo it falls in with that 
Theorem which Lalovera fouud, and calls 

Though 1 do not think the abovefaid Qiia- 
drature can eafily be deduced from what has 

been yet puhliflicd of the Epicycloid, 1 have 
not added the Demonftration ; but think it 
enough to name a general Propofition from 
whence I deduced it, viz^ The Segments of 
the Generant Circle are to the Correfpondent 
Segments of the Epicycloid, as C i>' to 2 C E 
\CB. For Example^ fuppofe ^mQ the 
Pofition of part of the Generant when the 
point F of the exterior Cycloid was defign'd, 
then tlie Segment Vm G n is to the Segment 

£>FnG : : as CB tO 2 CE'\-CB. 

And confequently the whole Epicycloid to 
the whole Generant in the fame Proportion : 

Which is the only Caic JemonHratcd by 

- Moufieur De la Hire. 

It follows alio that in the Vulgar Cycloid^ 
its Segments are triple of the Correfpon- 
dent Seftors of the Generant, which was 
firlt flicwa by DuWMIis. 



A General 
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AQencrdl Tropofition Jh^ J^^m^ ih^ 
l^imenfion of the Areas tn all 
tbofe kinds of Curves "wbicb are 
'defcriU'd hy the E^jmUe Kc^ 
volution of a Circle ufon an^ 
Bajis^ either a B.e(Hilineal or a 
Circular one. 

By Edm. Halley. 

♦ 

^T^IS known , that the Trimary Cyclrii^ 

X as alfo the Prolate^ and the Cornratled 
one (which they call Trochoids) have been 
largely handled by the Cetebrated Dr^tVal-- 
lis and others, and theur Properties are noir 
common enough j fo that there's Icarce any 
thing new left to be difcover'd concerning 
them. But the famous M. i>« Lattire in 9 
late Treatife, having Ihewn Ibmc of the Pro- 
perties of the Primary Epicycloid^ the moft 
Ingenious Mr. Cafwell did upon that occafion 
not only demonftrate that the Menfuratioa 
of the whole Bpicycioidal Space, obtained al« 
b in the parts of the fame, but alfo gave 
a perfect Quadrature of the Curvilineal Space 
UPL. But while 1 was enquiring after the 
Demooftration of this Quadrature, which n 
notvcry obvious, nor as yet given by the In* 
vtacour, I iigiit upoA the fojlgwing general 

^ N Pro- 
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PropolttioO) by the help of which all forts of 
Carvilincal Spaces, as well of the Cycloldal 
as Epicycloidal kind, as well the whole 
Spaces as the parts, are meafui'd. And fur- 
theft not oaly the Spaces VPL, but alio ia- 
Attmertble others, QTP and VQTL, are de- 
mon ftra ted to be capable of an exact Qua- 
drature; and this not only in the Pnmary 
Epicycloids, but but alfo in the Prolaie and 
contrafted ones* 

The Prc^pofition is as follom. 

The Area of any Cycloid or Epicycloid, 
cither Primary, Prolate, or Contracted, is 
to the Area of the Generating Circle, and 
alio the Areas of the generated parts in 
thofe Curves, are to the Areas of the Ana- 
logous Segments of tlic Circle ^ as the Sum 
of twice the Velocity of the Center, and 
the Velocity of the Circular Motion, to^be - 
Velocity of the Circular Motionv 

Demo/jjlralioff. 

Let YPQRSUB be any Epicycloid defcrib'd 
by the Revolution of the Circle ULB, up- 
on the Circular Bafis YMMB. Let the Cen- 
ter of the Generating Circle be in and 
drawing cMK, let the Circle ftand upon the 
Bafis in the point M, and let the defcribing 
point be S. Now diftinguifhing the Motions, 
let the point S firit of all be earned by the 
Circular Motion into Jl, -/o ths^t the Arch' 

SM 
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SM is increafed by the indivilible Particle 
RS. Next fjppofe the Center c to be traaf- 
fcrr^d to 65- by which Motion the Segment 
RSM being brought into the Pofition Ql^N, 
the point Q. will touch the Curve. 'Tis 
phin that the Triangle RSM is 4ie Mo- 
mentum or Fluxion of the Segment of the 
Circle, and that the Trapezium QSMN is 
the Fluxion of the Curvilineal Space gene- 
rated in the lame time. And lince SM, 
RM, QM> are fuppos'd to differ but by a 
folnt fiom one another^ let the little Area 
QSMN be conceived to confifl of the three 
Sedors RMS, RMQ., MQN ; and fo the 
little Area RMS to be to the little Area 
QSMN, as the Angle R*SM to the Sum of the 
three Angles RMS+RMQrj-MQ^J. But the 
Angles RMQrl-MQN, are equal to the Angles 
MCN -1- MKN, or to the Angle cMC ^ be- 
caufe of the Lines RM, QN, inclined to one 
another in an Angle equal to MKN, and 
bccaufe of the Angle MQN equal to i MCN 
(by EvcU 3. 20.) confequently the Angle 
RMS is to the Angles RMS + cMC, that 
IS (by the laifte Profofition mentioiiM) the 
Arch i RS to the two Arches Cc + i RS, w 
RS t0 2Cci-RS, as the little Area RSM, 
to tfee little Area QSMiSI, 0}: ?s the Mo- 
mentum of the Cirpilar Segment QJN, to 
the Momentum of the Epicycloidal Segnicfnt . 
(^YMN generated in the fame time. And 
fi^ce thefe. Momenta^ are ever in that fame 
titiOy wher^-et^ the point be ukeh, ^tis 
raahifeft that' the Areas QJN, QpMYN 
tlcnjfelves, generated from thefe Mvmenta, 
luTe the &At conftant Ratio, viz.. of 
' N 2 the 



1 So MtfceUmea Curiofa. 

the Velocity of the Circular Motion RS, to 
double the Velocity of the Center, adding 
the Circular Motion, or iCc "l^f^ • As at 
fo the Area UBZ to the Area-i^JBN, and 
confeqnently the Semicircle ULB to tbeCur- 
vilineM^pace UQXKB.- Wherefore the 
Prpfofimn is manifeft. 

And there is no other difference in the 
manner of demouftrating, if the generating 
Circle moves upon the Concave fide of the 
Arch, except only that the Angle cMC, in 
this cafe, is the difference of the Angles 
MCN, MKN. But if the Bafis were a right 
Line, then MKN vanifliing, and RM, QN, 
being parallel, the ConftroAion will be ea<* 
fier. I forbear drawiiig Corollaries from tliis 
PropofiLion, fince they arc obvious. But 
now in all theft Curves, the Portions that 
arc Analogous to' thbfe Portions which Do- 
ctor IVallls has found capable of a perfeft 
Qiiadrature in the Primary Cycloid, are here 
^Ifp equally fquarable ^ which eafily follows 
frbm what has been feid* 

Upon the Center K, thro' tlic point Q., 
draw the Circular Arch Q_2, and draw ZB 
cutting oft^the Segment 2LB= the Segment 
QTi5. Thefi bifeft the Semicircle UB in L, 
and thro' the point L ai d ou the Center 
defcribc the Arch PI, cutting the Epicycloid 
in P, the generating Circle in T, and the 
Chords aN, ia v and X. , Let the A|4b 
VZ — a. Its -Sine s,. the Radius of the 
^ generating Circle t='r; the Radius of the 
Bafe = R, and the ^Arch Cfi or the Motioa 
of the Center St: It Is plaift that the 
Seabt;;cfi^-{s^t;o^ t^^^^^ Sp^ce XyJSIJS, ^sthe 
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Square of KE^^ to the difference of the 
Squares of KL and KB, or as KK'V 2Rr"^r^^ 
to iRr'hirr, that is, as R^ r, to iv, or 
K£r Lo B "(3And confequently the Rcftan- 
gle BE K CE or rnt is eqoal to jrfie bpace 
XyNB. But the Space VZB'^s e(j^%;to the 
Rectangle i ar+-i sr, and fo accoiding to 
our Propojipion it will be as ^ to 'fe t ar 

i sr, to ^ ™^ equal to the Curvilineal 

Space aUZLBNQ. From hence fubftrad 
the Space XyNB = rm, and there remains 

the Space Q3Ur2Xy=— • And fince the 

- 'a 

Spaces 2XL, CLyT, are equal, the Space 
QULTd fliall alio be equal to There- 
fore when a to or the Circtilar Motion 

is to the Progreflive Motion of the Center, 
in a given Ratio, there will be a perfeQ: 
Quadrature of the Curvilineal Spaces 
QULTa And the whole Space UPl., will 
be to the Square of the Radius BE, in the 
fame Ratio (m to a) of the Motions, that 
is in every Primary Epicycloid, ki the Pro- 
portion of the Radii, KE, KB, which is 
Mr. CajwcWs Propolition. 

But the leffer Spaces QJJLTQ. will be to 

one another, as the Sines of the Arches U2; 
and the Triangular Spaces QTP, by the fame 
Argument, will be as the verfed Sines of the 
Arches QJ or ZL, and confequently are aU 
fo fquar'd. After the fame manner it will 
be prov'd, that the Spaces pat, pLu, p^r, 
are ever to the Square of the Radius BE 

K 3 Oa 
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(in all thefe Figures) in the afbreiaid Ratio 
of 772 to <^ ; and their Portions pqt, as the 
vcrfcd Sines of the iutercepted Arches qt; 
but the rcfnaining Segments as qdlgr, qtXA, &c 
will be as the right Sines of the Compli- 
ments of the fame Arches qt. 

But^lle Ratio of the Velocities, m to is 
mmcted of the Ratio of the Radii KB. 
BE, and the Ratio of the Angles CKE, 
VEZ, equably defcrib'd together ; and (con- 
lequently giving that Ratio of the Angles, 
all the fbremention'd Epicycloidal Spaces 

will be fquar'd alfo. 

I can eafily draw Tangents to all thefe 
Curves, as alio I feem to *my felf to have 
gotten their Reftiftoitions, from fbme Areas 
Analoc;ous to them ; which may give occa- 
fion to a more particular handling of this 
JFamily of Curves another time. 
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A Method of R.aifing an infinite 
MuLtinomial to any given Tfi i^er^ 
or Rxtra^ing any given Rout of 
the fame. 

By Mr. A. De Moivre. 

>riplS about two Yean lince, that confi. 

X deriflg Mr. Niwton'^ Theorem for 
Railing a Binomial to any given Power, or 

ExtraSiiig any Root of the fame; I enquird, 
whether whit he had done for a Binomiil, 
could not be done for an infinite Multino- 
mial I foon found the thing was poffible^ 
and effecled it, as you may fee in the follow- 
ing Paper ; I defien in a little time to ilicw 
theUfes it may be applied to: In the mean 
while, thofe that are already vcrsM in the 
Dodrine of Infinite Series, and have ften 
what Applications Mr. Neman has made of 
his Theorem, may of themfelves derive fe- 
vcral Ufes from this- , . 

I fuppofc t hat the Infinite Number Multi- 
nomial is az. 'V hz.z cz} 'V dz.^ 'r m 
is the Index of the Power, to which this 
Multinomial ought to be Raised, or if you 
will. Vis the Index of the Root which is to 
be Extraded : I fay that this Power or Root 
of the Multinomial, is- fuch a Series as 1 
have expreft; ^ 
- N 4 
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For the uaderftanding of it, it is only ne-^ 
ccflary to confidcr all the Terms by which 
the fame Power of z. is multiplied in or- 
der thereto I diilinguifh two things in each 
of thefe Terin<; Firft^ The Produd of cer- 
tain Poiicrs or the Quantities, &c. 
Secondly, The VncU (as Ou^ed calls 'em) 
prefixt to thcfe Produfts. To find all the 
Produfts beloiMiing to the fame Power of ^, 
to that Produit, tor inllance^ whoie Index is 
lw^-r (where r may denote any integer Num- 
ber) I divide thefe Produfts into feveral Cl4' 
fes'^ thofe which immediately after fome 
certain Power of a (by which all thefe Pro- 
^ dHfts begin) have by I call Pradutij ot the 
firn- Clalfis ; For Example^ /^"^^ b'ehd Pro- 
dud of the firit CUJJisj becaufe b imtnediate- 
ly follows M^^'y thofe which immediately 
aficr feme Power of a have c, I call Products 

of the fecond CUf/Is^ fo a'^'^^ ccd h ^ Produft 
of the fecond Claffts thofe which immedi- 
ately after ibme Power of a have 1 call 
Produds of the third CUfJis^ and fo of the 
Ircft- 

This being done, I multiply all the Produ<3:s 
belonging to z.^ i^^'^^ (which precedes imme- 
diately by h and divide 'em all by 
Secondly, I multiply by c and divide by 

all the Produfts belonging to zJ^'^'^^ ex- 
cept thofe of the firft Clajjfis j Thirdly, I 
multiply by d and divide, by a all the Pro- 
duds belonging to except thofe of 
the firft and fecond Clajfis j Fourthly, I mul- 
tiply by e and divide by a all thp Terms be- 

Tonging 
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longing to zJ^'^'''^^, except thoic of the RrO:^ 
fecond, and third Claf/is^ and fo on^ till I 

iiie'.t twice with the lame Term. Lalllv, I 

add to all thefe Terms the Proda^ of 
" into the Letter wbofe Exponent is r^i . 

"Here I muH tike notice that by the Ex- 
ponent of a l etter., I mean the Knmbcr 
which exprefies what Place the Letter has in 
the jilphahetj fo three is the Exponent of 
the Letter c bccaufe the Letter c is the 
third in the Alfhabet. 

It is evident that by this Rule, you may 
cafily find all the Produfts belonging to the 
ieveral Powers of x., if yon have but the Piro- 

duct belonging to zl*^^ viz.. 
' To find the VncU which ought to be pre* 
fixt to every Produft, I confider the Sum of 
Units contained in the Indices of the Let- 
ters which compofe it (the Index of a, ex- 
cepted) I write as many Terms of the Series 
m^i^m^xxm^i^ &€• as there arc 
Vijus in the Sum of thefe Indices^ this Series 
is to be the Numerator of a Fradion, whofe 
iDenominator is the Frodud of the feveral Sc- 
ries IX2X3X4X S, &C. I X 2X 4X 5CC- 

X 2 X 3 X 4 X 5 X &c. the firft of which 
contains as many Terms as there arc Vrnts in 
the Index of ^, the fecond as many as there 
are Vnits in the Index of Cj the third as ma* 
hy as there are Vttits in the Index of the 
fourth as many as there are Vnits in the Index 

of &«• ; ' ' 
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Dimonjlration. 

To raife the Series az.'\-bz,z.-\'czj + ^;c%&c. 
to any Power whatfoever, write fo many Se- 
ries equai to it as there are Vnits in the In- 
dex of the Power demanded. Now it is evi- 
dent that when thefe Series are fo multipli-^ 
cd, there are feveral Products in which there 
is the iame Power of z., thus if the Series 
az.'V bi.^'\^ cz^^ -Y d:^^^ &c. is rais'd to its 
Cube, you have the Products b^z.^^ akax^j 
Mdz.^^ in which you find the iame Power z.^ 
Therefore let us confider what is the Condi- 
tion thnt cm make fome Produfts to contain 
the fame Fpwer of the firft thing that will 
appear in relation to it, is that in any Pro- 
duft whatfoever, the Index of is the Sum 
of the particular Indices of z. in the multi- 
plying Terms (this follows from the Nature 
of Indices) thus b^z.^ is the Produft of bz.^^ 
bz.^j hzr^ and the Sum of the Indices in the 
multiplying Terms, is 2 h 2 "1" 2 5 ^ abcz.^ 
in the Produft of az^ bz.z^ czj^ and the Sum 
of them Indices of z. in the multiplying 

Terms is 1 -1- 2 3 5 aad^^ is the Produft 
of az.^ az.^ dz^y and the Sum of the Indices 
of in the multiplying Terms is 1+1+4=3 
the next thing that appears is^ that the In- 
dex of z, in the multiplying Terms is the 
fame with the Exponent of the Letter to 
to which z. is join'd, from which two Confi- 
derations it follows, that. To have mB the Pre^ 

didis belonging to a certain Power of Z, you mujl 
find all the £rodiUls where the Sum of the £x^ 

fonnets 
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forients of the Letters which cemfe/i \m JhoM 

alw^iys be the. fame with the Index of thjt Power. 

Now this is the Method I ufe to find eafily 
all the Produds belonging to the lame Pow«^ 
' er of 2:, Let w-j-r be the Index of that 
Power^ I confider that the Sum of the Ex- 
ponents of the Letters which compofe thefe 
FrodoAs moft exceed by one thofe which be* 

long to now becaufe the Excefs of 

the Exponent of the Letter t above the fir«* 

ponent of the Letter is one, it follows 
that if each of the Produ&s belonging to 
^m-fr^i multiplied by and dirided by 4, 

you will have Produfts the Sum of whofe Ex'-- 
ponents will be r • Likewife the Sum of 
the £xpoaeats of the Letters which com-> 

Eofe the Produfts belonging to z.^^ exceeds 
y two the Sum of the Exponents of the 
Letters which compofe the ProduAs belong* 

ing to j^M'''""* • Kow becaufe the Exponent 
OT the Letter a is lefs by^ two than the Ex- 
ponent of the Letter it follows, that if 

. each Froduft belonging to 2 multir 

plied by c and divided by you will have 
other Products, the Sum of whofe Exponents 
is Itili m-V-r; Now if all the Products be- 
longing to xJ^\r^'^^ were multiplied by r and 
divided by ^z, you would have fomeProdnfts 
that would be the lame as fome of thofe 
found before, therefore you mnft excq>t out 
of 'em thofe that I have call'd Produds of 
the firft Claffis ^ what I have faid Ihows why 

aH the Produfts belonging to z.^^ 3^ ex- 
cept thofe of the firit and fecond Cla/Jij muft 

be 
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be multiplied by d and divided by 4 .* La Illy 
yoQ lee tne Region why to all thefe Frodu^s 

is added the Produft of a^^^ by the Let- 
ter vvhofe Exponent is r-^ i 'Tis becaulp 
ihe Sum of the Exponents is ItiU m r. 

As for what relates to the Vncia obferve 
that when you multiply aL''\ h:i.^ \ ctJ '\' dz.'^ y 
&c. by ai. \ hz.z.'-V cz.^ -\- dz,^^ &c. each Let- • 
ter &c. of the fecond Series is 

multiplied breach of the Letters r, 
&c. of the firft Series Thus the Letter a of 
the fecoad Series is multiplied by the Letter 
b of the firft, and the Letter b of the fe-» 
cond Series is maltiplied by the Letter m of 
the firft j therefore you have the two Planes^ 
nb^ ab or xab ^ for the fame reafon you have 
znc^ lad^ &c. Therefore you muft prefix to 
each Plane of thofe that compofe the Square 
of the infinite Series 4l«,^-i«.^^f^z.% &c. 
the Number which expreffes how many ways 
the Letters of each Plane may be changed j 
likewife if you multiply the Produd of the 
two prcceeding Series by ai.'\^ hz,z,''V cz.^ ^ &c. 
each Letter / ^ of the third Series is 
multiplied by each of the Planes form'd by 
the Prodod of the firft and fecond Series j 
Thus the Letter a is multiplied by the Planes 
be aad cb ^ the Letter b is multiplied by ac 
and ca ; the Letter c is multiplied by ab and 
ba ^ therefore you have the lix Solids^ ahc^ 
acb^ bdc^ bca^ cab^ cba^ OT 64bc ; Therefore 
you mufl: prcdx to each Solid whereof the 
Cube of the infinite Scries is composed, the 
Number which ex pre lies how many ways the 
Letters of each Solid may be changed. And 

gene- 
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generally, Ton mufi prefix to any Prodtiil where^ 
ofdfiy Power of the infinite Series az'bbzz^^ 

CZ^,&C. ii composed the N^ufnber ivLuh exprefl. 
fes how many ways the Letters of each Frodu^ 
may he changei. 

Now to find how many ways the Letters 

of any Produd, for inftances d^^h^o^ ^ 
may be clianged \ this is the Rule which is 

commonly given : Write as many Terms of 
the Series 1x2x3x4x5, 5rc. as there are 
Units in the Sum of the Indices, viz.. m^n 
^Vh\^^r^ let this Series be the Mamera-* 
tor of a Fradion whofe Denominator fliall 
be the Produft of the ^>cries 1x2x3x4x5, 

&C. I)C2X3X4X 5, &C. IX2X3X4X5K<^, 

&c. 1x2x3x4x5, &c. whereof the, firit is 

to contain as many Terms, as there are 
Units in the firft Index m^n\ the fecond 
as inany as there are Units in the fecond Ia« 
dex h ; the third as many as there are Units 
ill the third Index p; the fourth as many as 
there are Units in the fourth IndexS r. But 
the Numerator and Denominator of this 
Fradion have a common Diviibr, viz.. the 
Series 1 X2X3X4X5, &c. continued to fo 
many Terms as there are Units in the firft 
Index iw « therefore let both this Nume- 
rator and IDenominator be divided by this 
common Divifor, then this new Numerator 
will begia with — whereas t'other 

beg^n with i, and will contain ib many Terms 
its there are Units in k^p\r^ that is, lb 
many as there are Units in the Sum of all 
the Indices, excepting the firft \ as for the 

nevr JDeaominator^ it will be the Frodud of 

three 
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thi^e Series only, that is, of fo many as their 
Indices, excepting the firll:. But if it hap- 
pens withal^ that n be equal to /i^^f + r as 
It always happens in our Theorem^ then the 
Numerator beginning by m^^n'V i, and be- 
ing continued to fo many Terms as there are 
Units in h 'V p r r or the lafl: Term will be 
m neceflarily, lb if you invert the Series and 
make that the firft Term which was the lalt, 
the Numerator will be m%m>^x%m^x 
X ^ 3, &c. continued to fo many Terms 
as there are Units in the Sam of the Indices 
of each Produft, cxceping the firft fnder.. 
There remains but one thing to demojifh Jte, 
which is, that, what I have faid of Powers 
whole Index is an Integer, may be adapted 
to Roots, or Powers whole Index is a Fra- 
clioii ^ but it appears at firft fight why it 
fhould be lb: For, the fime Reafon whicli 
makes me confider Roots under the Notioa 
of Powers, will make me conclude, that what« 
ever is faid of one may be faid of t'other; 
however, I think fometime tO give a more 
formal DemonHration of it. 
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^ Meth&d of Extrading the Ko9t 
of an Infinite Rquation, 

By A. De iMoivre, 

THEORE AT 

'l-'!y>''l"0''-H>*'t~()'' &c. ^hea will 
X, 1)6 es«^y^ y* 

-h 

-1 •■ — ' = y* 

a 

i^ibBC^zbAD^icABB-'icAAC^A^B 

+ y 

a 

m — ibBD — irCC-..2M£-.-.£:J5' 6c ABC 
— lcAAD^6AAABB — ^A^C^^^A'^B 

^ y ^^ &C. 

For the underftanding of this Series^ and 

ia order to continue it as far as we pleafe ; 

It is to be oUery'd^ u That every Capital 

)Letcer is eqo^ to the Coeffictenc of each 

pre- 
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preceding Term ^ thus the Letter £ is equal to 
the Coefficient bzbd^. z. That the Dc- 

a 

aominator of each CoeiEdent is always 
3. That the firft Member of each Numera- 
tor, is always a Coefficient of the Series 
^-^-hyy-^y-iy^ ^ &c. the firft Kumcrator 

DegiAS with tlie firft Coefficient^, the fecond 
Kumerator with the fecond Coefficient 
and lb on. 4. That in every Member after 
the firft, the Sum of the Exponents of the 
Capital Letters, is always equal to the 
Index of the Power to which this Member 
belongs : Thus confidcring the CoelEcient 

k^BM^iUC-icA ^^^^ 

n 

longs to the Power y^^ we fhall fee that in 
every Member bBB^ zbAC^ ^CAAB^ dA^^ 
the Sum of the Exponents of the Capital 
Letters is 4, (where I muft take notice, that 
by the Exponent of a letter, I mean the 
14)101 ber whiph expreHes vyhat Place it has in - 
the Alphabet ; thus 4 is the Exponent of the 
Letter i)> hence I derive this Rule for find- 
ing the Capital Letters of all the Members 
that belong to - any Power ^ Combine the Cafi* 
t^l l(e$tirs^4S fiften 4i ymxan tmJ^ the S$m of 
their Exponents ecjual to the Index of the Fewer to 

which they hclo^j^. 5, That the Exponents of 
the Imall Letters, which are written before 
the Capitals, exprcfs how many Capitals 

there is in each Member. 6. That the Nu- 
merical Figures or Viids that Qpcuj- in thefe 

I^jBber^, eajprels ^ujubgr of fnmtfr: 
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tlow which the Capital LetUrs of crcry 

Member are capable of. 

For the Demonftration of this ; llippoft 
si^AyA-Byy-\-Cy'^^\-I)y'^, &:c. Sobftitute thfs 
Series iu the room of z.^ and the Powers of 
this Scries, in the room of the Powers of z. ; 
there will arife a new Series then take the 
Coefficients which belong to the feveral 
Powers of ill this new Scries, aad nuke 
them equal to the cor refpon ding Coe/Ticients 
of the Series 1 / >7~l »>%&c. and the Co- 
efficients B, c, i>, &c- will be found fuch 
as I have determin'd them. 

Bat if any one defires to be fatisfied, that 
the Law by which the Coefficients arc form'd^ 

will always hold, I'll deflre 'em to have re- 
couric to the Theorem I have given for rai- 
fiflg an infinite Series to any Power, or cx- 
trading any Root of ^he feme ^ for if they 

make ufc of II, for taking fuLCcfllvely the 
Powers of ^v-i i?>j-l &c. they will fee * 

that It mufl of neceflity be fo. I might have 
made the Theorem I give here, much more 

GeHeral than it is ^ for I might have fuppos'd, 

&c* then all the Powers of the Series Ay-]-- 
-\-Cy\j&:c. dcfipn'd by the aniverfallndices, 
mod have been taken fucccfllvely ; but thofe 
who willpleafe to try this, may ealily do iti 
by means of the Theorem far rsifw^ sn infinitt 
Series ra any Power^ &c. 

This Theorem may be applied to what is 
called the Reverfion of Series, fuch as find* 

iflg the Number from its Logarithm given ; 
tha iiae from the Arc ; the Ordinate of an 

O fiUipfe 
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ElUpfe from an Area givea to be cat from 

any Point in the Axis : But to make a par- 
ticular Application of it, Fll fuppofe we have 
this Problem to ibivc ; viz>. The Chord of 
an Arc being given, to find the Chord of 
another Arc, that (hall be to the firft 4s 
» to I. Let ^ be the Chord given^ z. the 
Chord required , now the Arc belonging to 

the Chord > is, ^ -1- ^ ^- 4. 

&c^ and the Arc belonging to the Chord ^ 

+ + &c. tbcfirftof 

thcfe Arcs is to the fecond as i to n\ 
therefore multiplying the Extreams and 
Means together^ we fhall.have this £^ua* 
tion : 

* 40^* * 1 1 id^ 

Compare thcfc two Series with the two 
^Series of the The^rem^ and you will find 

&c '= 555, *=o, . /= 

jBEirzo, &c. hence will be —fy -|- f 

&c. or «y + - ^ 3^^ >M &f • Spppofiflg >i 

to 
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td denote the whole preceding Term, which 

will be the fame 5ciici Mi. Nenion has . 
firft found. 

By the lame Method, this geaeral Pro- 
blem may be fblrd; the AbfciOe correlpond- 

ing to a certain Area in any Curve being gi^ 
yen, to find the Abfciire, whofc correfpond- 
ing Area ihall be to the firit in a givea Ka^ 
tio. 

The Logaritfamick Series might alfo be 
fouad without boiTowiog aijy other Idea, 
than that Logarithms are the Indices of 
Powers : Let the Kumber^ whofe Logarithm 
We inquire, be i+z-, fuppofc its Log. to be 
az.-\-hz^-\'Cz.\ dec. Lli there be another 
Number i -\ y thereof its l ogarithm will 
be ^+^J9' + 9'S it i+x» = 

I -1-^* , it follows, that az. bxjL czJ^ , &c. 

byy cy^ ^ &c. :: tJ, i. that is, 
hzjL-^-cjsJ^ &c. = nay -\- nbyy ncy^^ &c. 

Therefore we mav find a Value of x es:preft 
by the Powers 01 y\ again, fincc i 4"* = 

theretore z.=: i-l-^*''— I, that is, 

}'^ &:c Therefore ^ is doubly expreft by 
tiie Powers of> Compare tiiefe two Values 
together, and the Coefficients r, &c* 
will be determined, except die firft 4 which 
may be taken at pleafure, and gives accord- 
iagly, all the difiereat Species of JUo^i(tia»« 

P4 
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VV ri^-if. 33O ABCD, and cut one end of 
it CD perpeiKlicular to the Axis ax^ the 
other end AB enclin'd to it at an Angle of 

about 27°. 3p'. and therefore the Perpendi- ] 
cular to this enclining plain, pc, and the Axis | 
of the Cylinder ax comprehended an Angle | 
fca of about 6io. 30^, Theft fiids were | 
groun'd very true upon a Glafs-Grindcr's 
Brafs-Tool, and each of them was compaft 
about with a narrow Ferule of thin Brafs Mt. 
Into the upper fide of the Cylinder at E was 
foider'd the Brafs-Pipc EF^ and into the un* j 
der fide at 6 the other Brafb-Pipe GH the j 
former of thefe Pipes being about 3 Inches 
long, and the Jatter 6 Inches. Upon the 
Plate ddd were fixt to two other Plates LL 
perpendicular to it and parallel to each other. 
Each of thefe two Plates had an Arch of a 
Circle ( equal to the Circurafisrence of the 
.Cylinder) cut out of its upper Edge, fo that 
when the Pipe GH was let through a hole 
near the middle of the Pia-te ddd^ the Cy- 
linder fell into the Arches; and beina.fe- 
ftetfd there with Soder, the Axis ax laid pa- 
•rjllel to the i lateW^W and about aa Inch and 




half 
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half above it. The perpendicular KiiJ of 
the Cylinder DC was clos d with an Object 
Glafs of a fpveoty fixth Foot Telefcope 00 ; 
and the other end AB, with a well polilh^d 
flat Glafs //"^ which was cavcfu;iv Lhofcii to 
tranfinit the Objed diliiiiLl enough notwjth- 
Handing its Obliquity to the Vifual Rays. 
The Ferules were well fiird with Ceincnt 
ronnd about the Edges of the Glafs, and they 
laid flat and every where touch d the fmooih 
Ends of the Cylinder, that they might firm- 
ly refift the preflTure oi the excluded Air. 

Inftead of a Cittern (as in the Torricellian 
Experiment) we made ufe of the luvcrtcd 
Siphon of Brafs fi-'/f . 34O MNO, (bder'd to 
the Plate gg^. One of the fides MN ftood 
perpendicular to the Plate, and the other 
lidc NO encliifd to it, and was fupportcd 
near the upper end O with a little prop kX: 

We then plac'd the Cylinder (as in Fi^.ssO 
npon.a Table which was well iaften'd to a 
firm Floor;, the Pipe GH was let Lnrou^^Ji a 
hole, and the Axis laid almoft p>arallcl to rlie 
fides of the Table, and the Plate ddd was 
naird- down to it. The Tube ojf the Tele- 
fcope//, with the Eye-glafs, was apply'd to 
the Objeft Glafs, aial a Hair fixM wiifiin 
it at the common Focus of both Glafles in the 
Axis of the Cylinder continued, x. Upon the 
Floor (under the Cylinder) we naird the 
Plate ggg with the Inverted Siphon upon it, 
and joined M to H by the Infc'f^ion of the 
Glafs Tube T. The Joints were very care- 
fully clos'd with Cement: And then they 
were cover'd over Vvith pieces 01 a UlaJJcr 
aad wrapt hard witl) ftrong Thread. Tlicre 

O 3 ' was 
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Mras alio a Bladder ty'd below each Joint at 
and when it was filFd with Water it was 
tyM a!)ovc it at n fo that no Air could 
come to the Cement, or inlinuate it felf 
through its Pores or Siflures if any happened 
to be left unclos'd. 

It is not (I think) an unneceflary trouble, 
that in this account of the Apparatus I have 
mentioned fo many niiimte Circumftances, 
for we found it difficult enougli to exclude 
the Air, and alnioft impolTible to difco- 
ver the very little holes through which fo 
fubtil a Fluid would freely enter and poffefs 
the Spaces deferted by tTie fubfiding Mer- 
cun^ But with all this Precaution the Ex- 
periment fuccceded at laft, as 1 wiiud, af- 
ter this manner. 

We placed the Objeft a (which was a black 
Thread Hiding in a little Frame over a piece 
of white Paper) in the Axis of the Cylinder 
ex continuM to it, we filled the Pipes and Cy- 
linder with Mercury * and having ftopt tht up- 
permoft Pipe at F with the little Iron-ftopple 
K and clos'd it at the other Joiiits, we let tlie 
Mercury run out gently at O into the Blad- 
der till it remain'd fofpended at the ufual 
height (as in the Barometre) leaving the 
Ipace above it between the GlalTes oo and /] 
void of Air. We then found the Objed, 
which before appeared in the Axis at x, rais'd 
confiderably above it and we reduc'd it to 
appear at by removing it from a to .v. 
The Axis therefore, of the vifiial Ray xa^ 
(which was alfb the Axis of the Cylinder) 
iViiling perpendicularly on the void fpace iH 
the Cylinder p4ft through it without any Rc- 
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fradion : But emerging obliqaely iato the 
Air, it was refira^ed towards the Perpendi- 
cular fc, and there received a new Direction 
to A . Aud therefore the ipace ax liibftcnd- 
ed the Angle of Refraction dtcx* which we 
meaihrM and found as follows. 

Tlie height of the Objeit-^ Inches Depths 
above the Axis of vi-(^ 
lual-Ray ax the unrc-^ \ ^ 
fracled ~ ^ — - — 

The Diflaace of the Ob- 

jeft from the Refraft-u 
ing Plain, &c. about r 

5 1 Feet or — 

Therefore the Angle of? . 

Refraftion aex was — . X ' 

-The Ajoglc of Emerfion-^ 
pea (by the Conflrudi-/ ^ 
on of the Cylinder) C 
was . — ~ — * — ^ 

Therefore the Angle ofl 

Incidence pcx= X^^fca 61. 27. 37, 
-1- acx' ~ — — «J 

And therefore univerfally (according to 
the icnown Laws of Refradion) 

The Sines of the Angles! 

of Incidence being — 3 
The Sines of the Angles! ^^^^^ 

Emeriion are — — J 
And the Refraftive Pow- 1 - 

er of the Denfe Air ~ J ^ 

By the Refraaive Power of a pellucid Bo- 

dy, I mean that property in it whereby the 
Oblique Rays of Light are diverted from 
their direft Courfe ) and which is meafur'd 

O 4 by 
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by the proportional Differences always, ob- 
ferv'd betweea the Sines of the Angles of In- 
cidence and Emerfion. 

» This Piopertv is not always propor- 
tional to the Diality (at Icalt not to the 
Gravity) of the Rcfrafting Medium; For 
the Refraftive Power or Glafs to that 
of Water, is as 55 to 34, whereas its Gra- 
vity, is as 87 to 34^ that is, the Squares pt 
their Refraclive Powers are (very near) as 
their refpedive Gravities. And there are 
fome Fluids which though lipjiter than Wa- 
ter yet have a greater power of Refraftion *, 
thus the Refraftive Power of Spirit of Wine 
(according to Dr. Hookas Experiments, iWi- 
cro^n p. 220.) is to that of Water, as 36 to 
33f and its Gravity reciprocally, as 33 to 
35, or 3tfi. But the Refraftive Powers of 
Air and Water feem to obftrve the fimplc 
Proportion of their Gravities, diredly as I 
have compar'd them in the following Table. 
The Numbers there exprelTing the Refra* 
dion of Water are taken from the Mean, of 
* Nine Obfervations at fo many feveral An- 
gles of Incidence, made Jan. 25. itf4»* by 
Mr* Gafcoigne the ingeniuos Firft Inventor of 
the Micrometer, and the ways of meafuring 
, Angles by Telefcopes, and thofe of Air are 

producUby the Bxperimcnt above related. 

~ ' 

* I am indebted for them to Mr. Flamfteed, rcho kxi 
covered them with his Obfirvatior?!, avd fiver j:J P.^ifages 
reUting to tkm, from his Lctteys to Mr» Crabtrce, wbicb 
xoere happily prefirv l in the Itme of our Civil IFir 
^/r Jonas Moor, and Mr. Chriltopher Towneley; atii 
are now in thi Hands of Mr. Richard Towneley 

Towaeicy u Macalhirc, hfvfhn tbgfVKre mf^nti tf 
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The (alTumM) Sines of 1 Watfr. Air. , 

the Angles of Inci-Hooooo; looooo 
dence through — — J 
The Sines of the corre-1 
fpondent Angles of !m 34400. 10003^ 

Emcrlion ont of ~ | 

The KcfraSive Power 7 ^ 

J 344^0 35 

The Specifick Gravity 1 

(if as 9ZZ to I at the ) 



time of the Expeii- i> 34400 •••• f* 38 
850 to i) of— >— J 



ment) of or (if 



From hence it feems very probable that 
their Refpedive Deniities and RefrafUvc 
Powers are in a juft Simple Proportion : And 
if this Ihould be confirmed by fucceedin^^ Ex - 
periments, made at different Angles of Inci- 
dence, and with Cylindeis continuing ex- 
haufted through feveral Changes of the Air^ 
it would be more than probable that the Re*- 
fraftive Powers of the Atmofpheve are every 
where, at all heights above the iiarth, in pro- 
portion to its Deniities and Expanfions* And 
here it would be no difficult matter to trace 
the Light through it, thereby to termiiuUc 
the bliadow of the Earth and (together with 
proper Expedients for mca Turing the Quantity 
of Light illuminating an Opaque Body) to ex- 
amine at what diftances tlic Moon nuifi: he 
from the Earth to fufFer Eclipfcs of the ob- 
ferv'd Duration. This Limitation is confide'* 
table enough in Aftronomy, abundantly to 
rccompenfe the Trouble of profccutiiig fuch 
g new Experiment. 
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'J)ifcourfe concerning a Method 
of ^Dif covering the true Moment 
of the Suns hgrefs into the Tt'o^ 
fical Sines. 

By E. Halley. 

a 

IT may perhaps pafs for a Paradox, if not 
feem extravagant, if I (hoald aflert that 

it is an ealier matter to be afllir'd of the 
Moments of the Tropicks, or of. the Times 
of the Sunh Entrance into Cancer and Cafri- 
tprii^ than it is to obferve the true Times 
of the Equinoftials or Ingrefs into Aries and 
Libra. I know the Opinion both of Ancient 
and Modern Aftronomers to the contrary 

Ptolemy feys cxpixll?, Tfl?< r^-nm rn^ynr&ic 
tPvrJ'/cf.KejTis^ 7^'cfu\ And Rtcclolns begins his * 
Chapter of the oolftitial Obfervations with 
thefe words', Merito Snellius, in notis 4^ oh^ 

Jervatiorjes Haffiacas, fronuncidvit^ Herculei ejfe 
Uhoris vitare in Solftitiis obfcrvandis errorem 

quadrantis diei^ and this becaufe of tb^ ex- 
ceeding flownefs of the change of the Sun's 

Dccliuatioa on the clay of the Ti opick, be- 
ing not a quarter of a Minute in twenty 
four Hours* This indejed would make it vcr 
ry difficult, nor would any Inlhruments foffice 
to do it, were tlic Moment of the Tropidc 
to be clccermin'd from one lingle Obferva-- 
Uon* Bai; by three fabfequent Obfervations 

made 
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jnade near the Tropick, at proper Intervals 
of Time, 1 hereby delign to ftiew a Method 
to fifld the Momeot of tbe Tropicks capable 

of all the Exadnefs the moft Accurate caa 
defire and that wichouL any confideration 
of th€ Parallax of the Sun, of the Refra^ 
ons of the Air, of the greateft Obliquity of 
the Ecliptick, or Latitude of the Place: All 
which are required to afcertaia the Times of 
the Equinodials from Obfervation, and 
which being faaltily afrum'd, hare occafion'd 
an Error of near three Hours in the Times 
of the Equinoaials deduced from the Tables 
of the Noble Tjicho Brake and Kepler^ the 

Vernal being fb much later, and the Au-* 

tumnial fo much earlier thaa by the Cdculm 
of thofe Famous Authors. 

Now before we proceed, it will be necef- 
iary to premife the following LcmnMa^ fer- 
ving to demonftrate this Method, viz^, 

1. That the Motion of the Sun in the 
Ecliptick, about the Time of the Tropicks, 
is fb nearly equable, that the difference 
from Equality is not fenfible, from five days 
before the Tropick, to five days after : And 
the difference arifing from tbe little Incqua.*^ 
jity that there is, never amounts to above 
:^ of a fingle Second in the Declination, and 
this by reafon of the nearnefs of the jifo^ 
g^on of the Sun to the Tropick of CM€fr* 

2. That for five Degrees before and after 
the Tropicks, the differences whereby the Sua 
fciils fhort of the Tropicks;, are as the verfed 
Sines of the &m's diftanct in Longitude from 
the Tropicks, which verfed Sines in Arches 
uadft five Degrees, are beyond the utmoll 

' flicety 
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nicety of Senfe, as the Squares of thofe Arches- 
From thefe two follow a third : 

3» That for five days before and after the 
Tropicks, the Decliaation of the Sua falls 
Ihort of the utmoft Tropical Declination^ by 
Spaces which are in duplicate Proportion, 
or as the Squares of the Times by which 
the Sun is wanting of or palt the Moment 
of the Tropick. 

Hence it is evident that if the Shadows 
of the Sun, either in the Meridian or any 
other Azimuth, be carefully obferv'd about 
the Time of the Tropick s, the Spaces where- 
by the Tropical fhade uils fhort of, or ex- 
ceeds th.ofc at other Times, are always pro- 
portionable to the Squares of the Intervals 
of Time between thofe Obfervations and the 
true Time of the Tropick, and conftquently 
if the Line, on which the Limits of the fhade 
is taken, be made the Axis and the corre- 
fpondent Times from the Tropick expound- 
ed by Lines, be erected on their refpedive 
Points iii the Axis as Ordinatcs, the Extre- 
mities of thofe Lines lhall touch the Curve 
of a Parabola \ as may be feen in the Fi- 
gure: Where a, b, c, e, being fuppofed 
Points obferved, the Lines a B, bC, c A, 
e F, are refpeciively proportional to the 
Times of each Obfervation before or after 
the Tropical Moment in Cdncer. 

This premifcd, we fliall be able to bring 
the Problem of finding the true Time of the 
Tropick by three Obfervations, to this Geo- 
metrical one ; having three Points in a Pa- 
rabola A, B, C, or A, F, C sivcn, together 
with the diredioa of the Axis, to iiad the 

> Di- 
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Diftatice of thofe Points from the Axis. Of 

this there arc two Cafes, the one when the 
Time of the fecond Obfervation B is pre- 
cifeiy in the middle Time between A and C: 
In this Cafe putting t for the whole Time 
between A and C, Ave fhall have A c the In- 
terval of the reiiioteft Obfervation A from 
the Tropick by the following Analogy. 

As 2 a o~b c to 2 a c»i b e : : So is i t 
or A E : to A c the Time of the rcmotelt 
Obfervation A from the Tropick. 

Bnt the other Cafe when the middle Ob- 
ienratioii is not exaAly in the middle be- 
tween the other two Times, as atF, is fome- 
thing more operofe, and the whole Time 
fr^om A to C being put =t, and from A to 
F = c e = c, and b c = b, the Theorem 

1 1 1 — b s s 

will ftand thus > = A c at the Time 

2tc— zbs 

fought. 

To ilhiftrate this Method of Calculation it 
may perhaps be requilite to give an Exam- 
ple or two for the fake of thofe Altrono- 
iricis that are Icfs iuflrudcd iu the Geome- 
trical part of 'their Art. 

Anno 1500. Bernard Wahher^ in the Month 
of Jufte^ at Nwrembur^^y obftrv'd the Chord 
of the diftancc of the Sun from the Zenith 
by a large Parailattick Inftrumcnt of PtoUmj^ 
as follows : 

June 2. 45457. Jtme 8. 4497^. 

June ^. 44934* and June 12. 44883. 
June Id* 44990* . Jm* i6« 44990. 

In 
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In both which Cafes the middle Time ii 
exsL&ly in the middle between the EKtreanis, 

and theiefoi e ia the former three, a 0— 533, 
bc=477 and t, the Time between beinc; 14 
days, by the firft Rule, the Time of the 
Tropkk Win be found by this Proportion, as 
589 to 827 t ! : So i t or 7 days to 9 days 
lo^* 2. whence the Tropick, ^mo 1500, is 
concluded to have failen June iid. 20^ 2'. 
In the latter three, a c is = i 07 , ^nd 

bc:= 15, and the whole Interval of Tinic 
is 8 days= to t; whence as 199 : to 206 j 
i : ib is 4 days to 4^* jh* 3'^', which taken 
from die 16th day at Nooa, leaves ii^* 2ok« 
43'. for the Time of the Tropick, agreeing 
with the former to the third part of an 
hour- ^ 

Again, j4rtno i6^6. Gaffendus at Mm'foHes^ 

dbfci v d the bummer Solftice by a Gnomon of 
55 Foot high, in order to determine the Pro* 
portion of the Gnomon to the Solftitial Aade, 
and he hath left us theft Obfervations, which 
may ferve as an Example for the fe^ond 
Rule. 

June 19. St, N. fhadow 31755 parts, whereof 
the Gmmon was 89428. 

Jme2i. 31751 
June 21. iil%9 

Thefe being divided iuto two Seta of thrc<! 
Obfervatioas cac?h, viz,, the i^tb. jotk- and 

22th. and the T9tb. 21th. and 22^^* we /hall 
haye in the . firft three c= 13 and li = 7t 
t = 3 days, s = and in thefecovt c = M 
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and b = 7, t =r 3 and s r= 2. VVheacc, ac* 
cording to the Role^ the ipth day at Nooa 
. the Sun wanted of the Tropick a Time pro- 
portionate to one day, as ttc — s 5 b to 
2 t c — ' 2 b s, that is, as i lo to 64 in the 
firft Set, or 107 to 6z in the iecood Set i 
that is, I d. 1 7h. 1 5'. in the firft, or 1 7b-a^f'# 
in the fecund Set: So that we may conclude the 
Moment of the Tropick to have been Jum 
lod. 1711. 20'. in the Meridiaa of Mdr/ilbs^ 
Now that theie two Tropical Times thm 

obtained, will he found to cOiifirm each o- 
thers Exaftnefs from their near Agreement, 
appears by the Interval of Time betweea 
them ; i^* ih* 30'. lefs thaA i$6 JvUm . 
Years : whereof id. ih. g'. arifes from the de- 
feft of the length of the Tropical Year from 
the Julian^ and the reit from the ProgreUioa 
of .the Sun's Afogdton in that Time ; 10 tJiat 
no two Obfervations made by the fame Ob- 
ferver in the fame Place/can better anfwer 
each oclier, and that without any the lealt 
Artifice or Force in the management of 
them. 

What were the Methods ufed by the An- 
cients to conclude the hour of the TropickSt 
PtcUmy has^ no where delivered } but it were 
to have been wiflied that they had been a« 
ware of this, that fo we might have been 
more certain of the Moments of the Tro<» 
picks we have received from them, which 
would have been of finguhr ufe to deter- 
mine the Queftion, Whether the Sun's Afo- 
g^on be fixt in the Starry Heaven ^ or if it 
move, .What is the true Motion thereof? 
It is certain, that if we take the Account 
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of Ttphmy^ the Tropick laid to be obfenr'd 

by Enftemon and A^cton^ Jmni i-j, tnarie^ An- 
no 432. ante Chrifium^ can no ways be re- 
concil'd without fuppofing the Oblenratioo 
made the next day, or Jwire 28th in the 
Morning. And Ptolemy\ own Tropick ob- 
fcrvM in the third \ear of Jlntoninm^ jlnne 
Chrifii 140. was certainly on the 23th and 
not the 24th day of June 9 as will appear 
to thofe that fliall duly confider and com- 
pare them with the length of the Year de- 
duced firom the diligent and concordant Ob- 
fervations of thofe two great Aftronomical 
Genii^ Hiffarchus and Alhatdni'^ ellablifliM 

and confirin'd by the Concurrence of all the 
Modern 'Accuracy. For thefe Obfervations 

give the length of the Tropical Year, fuch 
as to anticipate the Jtdian Account only one 
day in 300 Years ; but we are now fecurc 
that the faid Period of , the Sun's Revolu* 
tion docs anticipate very ne:?rlv three days 
in 400 Years *, fo that the Tables of Ptolemy 
founded on that Snppoiition, do err about a 
whole day in the Sun's Place, for every 240 
Years. Which principal Error in fo Funda- 
mental a Point> does vitiate the whole Su- 
perftrufture of the Almagcfl^ and ferves to 
convift its Author of want of Diligence^ or 
Fidelity, or both. 

But to return to our IV^ethod, the great 
Advantage we have hereby, is, that any 
very high Building ferves for an Inftrurrieiit, 
or the Top of any hir^h Tower or Steeple, 
or even any high Wail whatlbcver, that may 
be fufficient to intercept the Sun, and caft a 
true fliadc : Nor is the Pofitioa of the Plane 
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bQ which you take the fliade, or that of the 
Line therein, on which you meafure the Re- 
cefs of the Sun from the Tropick. very ma- 
terial ; bat in what way ibever you difcovcr 
it^ the faid Recefs will be always in the fame 
Proportion, by reafbn of the fmalnefs of the 
Angle, which is not fix Minutes in the firlt 
five days : Nor need you enquire the height 
or diftance of your Building, provided it be 
very great, lb as to make the Spaces you 
meafure large and fair. But it is convenient 
that the Plane on which you take the ihade 
be not far from Perpendicular to the Sun, at 
lea ft not very Oblique, and that the Wall 
which calls the fhadc, be ftraight and finooth 
at Top, and its Direction nearly Ealt and 
Weft, for Reaibns that will be well under- 
flood by a Reader skilful in the Doftrine of 
the Sphere. And it will be requifite to take 
the fixtrcam greatcfb or leaft Deviation of 
the lhadow of the Wall, becauie the ^Ihade 
continues for a good Time at a ftand, with- 
out alteration, which will give the Obierver 
kifure to be afllir'd of what he does, and not 
be furpriz'd by the quick tranlient Motion 
of the fliade of a fingle Point at luch a di- 
ftance. The principal Ohjeftion is, that the 
Peri umbra or Partiie lhade of the Sun, is iu 
its Extreams very difficult to diftinguiih from 
the true fhade, which will render this Ohftr* 
vation hard to determine nicely. But if the 
Sun be tranfmitted through a Tele/cope^ after^ 
the manner Us'd to take his Species in a Sdar 
E^liffe^ and the upper half of the Objedt-* 
glafs be cut off by a Paper pafted thsrcon, 
and the exa<^ upper Limb of the Sua be feen 
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juft Emerging out of, or rather contiflgbg 

the Species of the Wall, (the Pofition of the 
Tele/cove being regulated by a fine Hair ex- 
tended in the Focus of the Eye-glafi) I am 
aflfur'd that the Limit of the (hade may be 
obtained to the utmofl; Exaftnefs : And ^ 
this I defign to give a Specimc?i by an Obfer- 
vation to be made in June next, by the help 
of the high Wall of St. P^nTs Chmch, i>»- 
dc/j^ of which fonic following Tiaiifaftion 
may give an Account, in the mean time 
what I have premised may Tuffice to fet others 
at work, where fuch or higher Buildings are 
to be met with. I (hall only Advertife, that 
the Winter-Tropick by this Method may be 
more certainly obtainM than the Summef^s^ 
by realbn that the fime Gnompn does aSbrd 
a much larger Radius for this manner of 
Obfcrvation- 



A 



Digitized by Googk 



JMljctllajnea, Curiofa. 



211 



O. 1 . 2. 
2.3.4. 

(4.5.5 

6i 
12. 



A Scale o f the Deg ees of 

H E A 

The Signs and ^efcriptions of the 
Jeveral degrees of Heat. 

o. T^HE Warmth of the 117 nter 
X -^i^ when Water begins to 
freeze. This is known accurately 
by placing a Thermometer in Snow 
prcftM dole together at tiic Time 
of a Thaw. 

The Warmths of the Winter Air. 
Tiic Warmths of the Air in 
Spring and Autumn. 

The Heat of the Air in Summer. 
The Heat of the Air at I^aon in 
the Month of July. 

The greateft Heat that a Ther- 
mometer acquires^ by the contact 
of a Humane Body ^ which Is much 

the fame with that of a Bird brood- 
ing upon its ^ggs. 

The nearly grcatefl Heat of a 
Bath^ that a Perfon holding his 
Hand ftcady and immoveable in the 
fame, can endure for Ibme time. 

The greateft Heat of a Bath, 
jthat a Perfon holding his Hand 
ifteady aixd immoveable in the 

P 2 iame^ 
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fame, can endure for fome time 

The Heat of a Bath by whicli 
melted Wax fwimming upon it^ 
begias to grow ftiff, and lofe its 
Trahfparency. 

The Heat of a Baih by which 
Wax fwimming upon it, is melted 
and preferv'd in a State of Fluidi- 
ty, without Ebullntion. 

The 111 id die Degree of Heat, be- 
tween that by which Wax is nick- 
ed, and that which makes Water 
boil- 

The Heat by wJiich Water is 
made to boil vehemently j and a 
Mixture of 2 parts of Lead^ 3 of 
TiV,' and 5 or Btfmuth^ Cooling, 
begins to liardca. 

Water begias to boil with a Heal 
of 33 parts, and by boiling, hard- 
ly conceives a greater Heat than 
that of 34 parts. 

But Iron growing, cool, when it 
has a Heat of 35 or 3d parts, ccafcs 
to make any Ebullition when warm 
Water falls drop by drop upon i:; 
as it does alfo with a Heat of 37 
parts, when cold Water ^Us on it 
in the like manner. 

The leafl Heat, by which a Mix- 
ture of I part of Lead^ 4 of T^h 
and 5 of Bifmtuh is liquefied and 
prefcrv^d in a Scatc of FluiJity* . 

The leaft Heat, by which a Mix- 
ture of equal parts of Tin and 5»f 

mmh is liquefied. This MixO«' 

grow* 
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growiiig cool^ when it has a Heat 
of 47 parts, i<; coagulated. 

Hie Heat, by which a Mixture 
of 2 parts of T'tn and t of Bifmuth 
is liquefied ; as alio of 3 parts -of 
Tin ajid 2 of if But a Mixtare 

of 5 parts of Tin ami z of Bifmuth 
CcooiiiVcr) docs with this Decree of 
Heat become hard : And the fame 
come to pa ft in a Mixture of e- 

qual parts of Lead miA Bifmuth. 

The Icaft Heat by which a Mix- 
ture of I part of Bifmuth and 8 of 
Tin is liquefied. Tin by it felf is 
fus'd vviih a Heat of 72 parts, and 
growing told, iiardens with a Heat 
of 70 parts. 

The Heat by which Sifmvth is 
fus'd, as alio a Mixture of 4 parts 
of Lead and I of Tin. But a Mix- 
ture of 5 parts of Lead and i of 
Tin when fas'd, and growing cold, 
hardens with this Degree of Heai> 

The leaft Heat by. which Lead 
is melted. Le^d melts with a Heat 
of 95 or 97 parts, and growing 
cold, hardens with a Hcai of 5^5 
parts. 

The Heat with which. -K^ry Bo^ 
dies (growing cool) wholly ceafe 
fliining in the Night ; as alfo, that 
Heat with which (growing warm) 
they firfl: begin to fliine in the. 
the Darknefs of the Kight, but 
with a faint and feeble Light, 
fuch a3 can fcarce be difcern'd. 

. P '3 Thi* 
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This Heat liquefies a Mixture of 
equal parts of 7/« and Regulm Mivr* 
tis ; and a Mixture of 7 parts of 
Bijimth and 4 of the iaine Reaulm 
(growing cool) hardens with tLe 
fame Degree of Heat. 

1 he Heat by which Ktry Bodies 
do in the dark Night appear bright 
and fiiiiiiii^, but not in the Twi- 
light. A Mixture of 2 parts of 
R^gulus Mortis and i of Md/muth^ 
as alfo of 5 parts of ReguUts Mor- 
tis and I of Tin^ growing cool, 
will at this Degree of Heat be- 
come hard. The Regulus by it felf, 
hardens with a Heat of 1 46 parts. 

The Heat bv which Fiery Bodies^ 

in the Twilight, a little before the 
Sun's rifing or after his letting, do 
fliine difcernably ; but not at all 
in the clear Day-light, or at leaft 
very oblcurely. 

The Heat of a fm^l Culinary 
Fire made of Sca-Coal, burning 
Veely by it felf without the help 
Bellows* The fame is the Heat 
of Iron, as Red*hot as it can be 
made in fuch a Fire. The Heat of 
fmall Culinary Fire made of 
Wood) is jbme little matter grea* 
tcr, viz.. about 200 or 210 parts* 
And the Heat of a large Fire is 
Hill greater, cfpecially if it be blown 
up by the fiellows. 
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In the firfl: Colimm of ihis Table arc th^' 
leveral Degrees of Heat, goinf on la a^^ 
Arithmetical Frogreliioiiy bcginaiag with 
that Degree of Heat, which there is in the 
Air in Frofty Weather, when Water make* 
the firfi Advances torvards Fretx^ing \ bcginnfng 
the Account from this, as the lowed Degree 
of Heat, or common Terminus of Heat and 
Cold) and fuppofmg the external Heat of 
a Humane Body to be rated ai jz parts. In 
the fecond Column are the Degrees of Heat 
in a Geometrical Proportion, fo that the 
ftcond Degree is doable the firft, the third 
double the iecond, and fo on \ the firft De- 
gree being that external Heat of a Humane 
Body^ proportion'd to the benfe. But now 
'^s manifeft from this Table that the Heat 
of Sailing Water is almoft 3 times greater 
than that of g Humane Body • and that the 
Heat of melted Tin is 6 times, of melted 
Lead 8 times^ of melted Regulus 12 times^ 
and of ordinary Culinary Fire \6 or 17 times 
greater than the foi craention'd Heal of d 
Humane Body. 

This Table was made by the help of a 
Thermometer and Red-hot Iron. By the 
Thermometer I found the Meafure of all 
the Degrees of Heat as far as that by whicli 
Tin is melted i and by the hot Iron 1 ibuad 
the Meafure of the reft* For the Heat 
which hot Iron does communicate to cold 
Bodies contiguous to it in a given time, 
(that is the Heat which the Iron it felf 
lofes) is as the whole Heat of the Iron* And 
Aerefbre if the Times of Refrigeration are 

I? 4 taken 
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takea equal, the Deforces of Heat (hall be 
in a Geometrical Proportion^ and confcqrient- 
ly may eafily be foand by a Table of Loga- 
rithms. Fir ft of all therefore I found by a 
TlicrmonicriT made of Liiifccd Oil, that if 
when the Initrument was placed in melting 
Snow, the Oil occupied a Space of loooo 
parts, the fame Oil rarified by a Heat of the 
firft Deeree (that is by that of a Humane 
Body) would extend to 10256 parts:, aud 
by the Heat of W ncv beginning to boil, to 
10705 parts; and by the Heat of Water 
boiling vehemently, to 1072$ parts; and by 
' the Heat of melted Tin (cooling, and be- 
ginning to be of the Coafiitence of aji Amal- 
^ama) to 11516 parts; and by the Heat of 
the fame Tin wherr 'tis quite hardened, to 
T T405 parts Therefore the Oil was rarified 
in the proportion of 40 to 39^ by the lieat 
of a Humane Body ; and in the proportion 
of T 5 to 14, by the Heat of boiling Water ; 
and iii the proportion of 15 to 13, by the 
Heat of the melted Tin, beginning to come 
to the Gdnfiftenc^ of an Amalgama^ and in 
the proportion of 23 to 20, by the Heat of 
the fair.c Tin quite haidiicd. 

The Rarefaction of Air with an equal De- 
gree of Heat, Was 10 times greater than that 
of Oil ; and the Karefaiftion of Oil nearly 1 5 
times greater than that of Spirit of Wine; 
Now thejfe things thus found, fuppofincr, the 
Degrees of Heat in the Oil to be propor- 
tional to its R^refaAion, and the Hes^t of a 
ttumane Body to be 12 pkrts -, from hence 
iiip Heat o£ Water when it begiii:> to boil^ 
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c6nies to be a pfarts, and w-hen it boils re*^ 

nemently, 34 parts-, and the Heat of melt- 
ed Tin beginning to come to the Confillcnte 
of an Anialgania, 72 parts ^ and the Heat 
of the fame, when in cooling 'tis come to 
downright Hardnefs, 70 parts. And having 
determin'd thefe Things, in order to fiiid 
oat the reft^ I heated a piece of Iron 'till it 
was Red-hot enough, and taking it out of 
the Fire with a pair of Tongs that were 
alfo Red-hot, and I it in a cool place, 
where the Wind blew conftantly. Then 
potting upon it little pieces of Metals and 
various other liquable Bodies, I obfervM the 
times of Refrigeration, 'till all thofc melted 
parts having quite loll their Fluidity, be- 
came haFd and iblid again, and the Heat of 
the Iron was equal to thai of a Humane Bo- 
dy. Then fuppofing the ExcefTes, of the 
Heats of the Iron and the liquefied Parti* 
cles approaching to Induration, above the 
Heat of the Atmofphcie founded by the 
Thermometer, to be in a Geometrick Pro- 
grefllon, when the Times are In an Arith- 
metick one ; by this means all the Degrees 
of Heat were difcoverM. But 'tis to be ob- 
fei'v'd that I plac'd the Iron not in a ferene 
and quiet Air, but in a Wind blowing uni- ' 
formly, lb that the Air which viras heated by 
the Iron might always be carried away by 
- the Wind, and a cold Air with an uniform 
Motion might fucceed in the place of it. 
For thus, equal parts of the Air were heat- 
ed in equal times, and acquired a Heat 
proportional to that of the iron* But the 

Degrees 
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Degrees of Heat found by this Mei 

the fame Proportion among themfelves, that 
thofc had which were found by the Ther- 
mometer ^ and therefore the Aliumptioa, 
that the Rare&dions of the Oil urere pro- 
portional to the Degrees of Heat, was a 
juit and true one* 
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The Properties of the Cate- 

naria. 

By David Gregory, M. D. Savi^ 
lian Trofejfor of Afironomy, and 

F. R. S. 

PROP, I. PROBLEM- 

To find the Relation of the Fluxion of 
the Jxisp to the Fluxion of the Ordt^ 
dinate in the Catenaria. 

LET FAD be a Catena hanging on the 
Extremites F and the k>weft point 

of which (or the Vertex of the Curve) is A, 
the Axis AD perpendicular to the Horizon, 
and the Ordinate BD parallel to the fame? 
We are to find the Relation between Bb or 
IV^ and dcT; fuppofing the point b infinitely 
near to and bd parallel to BD, as alfo 
to BA. 

From the Principles of Mechanicksy *tk 
plain that three Pemrs which are in EquUi^ 
hrio^ are in proportion to one another, as 
three rigiit JUaes parallel to their relpedive 
Direftions (or inclin'd in any given Ande 
to them) and terminated at their mtttualTn* 

\ • ^ ' .AM 
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And confequently if Dd expounds the ab- 
lolute Gravity of the Particle Dd (as it will 
be ia a Catena, equally thick) then d/ win re- 
preftnt that part of the Gravity which ads 
perpendicularly upon DJ, and by which it 
comes to pafs that dD (being by the flexibi- 
lity of the Cbain moveable about ^) endeavours 
to bring it felf into a f^ettical Pofition- And 
therefore if u cl (or the Fluxion of the Ordi- 
nate BD) be Confiant^ the Adion of the Gra- 
vity exerted perpendicularly upon the cor- 
refpondent parts of the Catena Dd^ wiU alfo 
be confiaiit, or every where the fame. Let 
this Adion or Force be expounded by a. 

Farther ; From the above cited Profofition 
in Mechanicks, Dj^ or the Fluxidn or the 
Axis AB, will expound the Force to be ex- 
erted in the diredion dD, which is equiva- 
lent to the former Endeavour of Dd (by which 
it tends to bring it felf into a Vertical Pofiti- 
on) and is fuilkient to Inndcr it. 

But this force arifes from the Lirjea Gra* 
ws DA pulling With the diredion dD, and 
is confequently (all the reft continuing as be- 
foTt) proportional to that I ine DA. There- 
fore <rd, the Fluxion of the Ordinate, is to 
/D, the Fluxion of the Abfciile, as the con- 
ftant right Line to the Curve DA. Q.; 
E:F. . *. 

. C 0 R O L, 

If the right Line DT touches the Catena^ 
ria^ and meets the Axis AB produced in T,. 
tben will DB : BT: : (dJ" : /D: :) a : DA 

Ciiive. 

PROP- 



# 
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PRQP. IL THEOREM. 

(^Fig,34.) If upon the VerfendicuUt AB 
' AS M Axis J a^nd the Vertex A, dn 
quiUteral Hyperbola AH be dejcribU^ 
tvbofe^ SemiAxis AC a ; aljo ufon 
the fame Axis and Vertex^ a Parabola 
AP tphofe Fararneter is quadruple the 
Axis ofjhe HjperboUy and the Ords- 
n^ie of the Hyperbola HB be alwsj^s 
product till HF be e^ual to the Curve 
A?: I fij then J that (making BD and 
BF, ec[ual) the Curve FAD, i^i which 
the Points F, D, are pofitedy is the Ca- 
tenaria. 

« • 
^ Pat AB = A- i then Bb = a:, and BH = 

*s/ 2ax-\-xx whence (from the Method of 
riuxions) the Fluxion of BH, that is vth = 

.. .. Again, fince the Parabola AP 

has for its Parameter 84, BP Ihall = 
Whence the Fluxion of BP, that ^ is »p = 

; ., Wherefore the Fluxion of the Cnrve 

' AP 
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AP C = Pp = V Pa* ) = 



= V utx^-^xx^ i which is e<iual to » 

as appears by multiplying both Numerator 

and Dcnomiaator into '^zaJ^x. And fincc 
HP is every where = AP, the f lusdoa of 

%ax-\'Xx 

HF that is mh-^-sf^ ihail = ' But 



ax-\-xx 

wc have hitherto found mh — ^ - 



Therefore sf (the Fluxion of BF the Ordi- 
nate in the Cat^arU) = ■ ; and 

confequently the Fluxion of the Curve AF 
(that is, Ff = V^^HfTi = V^j:^^- x') 

* 

dx-i-xx 

is = ■ ■ ■ I ' "^ ^ the Flowing Qjiantity of 

^IMX^XX 

which 
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which was ihewQ but now to be \/imx^^x. 

And therefore AF = ^/lax^xx. And 'tis 

piaiii, that the Fluxion of the Ordinate BF, 

ax 

or ^ is to X the Fluxion of the 

AbfciiTe AB, as the conXUnt Quantitjr ^9 to 
the Oatve AF ; which was the Property of 

the Catenaria round above. Therefore the 
points of the Catenaria are rightly determined 
by the foregoing Conitrudion. Q^: £ : D. 

CO ROL. L 

It is manifelb from the Conffcru£tion, that 
BF the Ordinate in Catenaria^ is equal to 

the Par^bollck Curve AP, taking away BPI, 
the corrclpondent Ordinate^ of the conter- 
minal Hyperbola AH. 

COROL. 11. 

• 

'Tis plain from the Demonftration, that 
the Curve of the Cattnaria AF, is equal to 

EH the correfpondent Ordinate of the con- 
terminal Equilateral Hyperbola. For lince 
the Fluxions of thefe Lines are equal, and the 
Lines themfeWes do mife together, it is ma* 

nifeft that they arc always, and every where 
equal. Whence, giving the Catejia^ AC or a 

will be given alfi>9 as being equal to the Se- 

miaxis 
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miaxis of the Equilateral Hyperbola, wboi% 

Vertex is and whofe Ordinate belonging 
the Abfciile AB^ is equal to tlie Catena AD- 

COROL. IIL 

All tbs Catenarid are llmilar to one ano- 
ther ^ as being generated from the jimilar 
Conihrudion of Similar, and fiitilarly poficed 
Figures. From whence it follows^ that two 
right Lines iimilarly inclin'd Lo the Horizon, 
carried thro' the Vertices of the Catenaru^'n'A 
cut offfimilar Figures, and proportional to the 
Liiics cutliiig oiF the Poitioas of the Catt^ 

COROL. IV. ^ 

If t\[t Catena QAD be fufpended on the 

points Q_ and D, which ^re unequally high, 
the pnrr F AD of the Curve remains the fame 
ns IX It were fufpended by tiie points F and 
D, which are equally high. For it is no 
rnatter, whether the point be fix d to the 
Vertical Plane or not. 

COROL. V. 

If the force of the Catena drawing m tW 
Diredion dD, be divided (as is commonly 

known) into the force as dcP ading with al 
Horizontal Direction, and the force as /D 
jvith a perpendicular Diredion ; .Then it tot 

lows, that the force (in the end of the Ck* 
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ma) of approaching dircAIy to the Axis, is 
to the force of dcfirending perpendicalariy 
in the fame (or that part of the fudaining 
force that afts in the diredion BD, is to that 
part that ads in the diredion D/) as the 
Semiaxis of the Conterminal Hyperbola AH, 
to DA the length of the Cateria to the Ver- 
tex". Whence^ the Catena being given, this 
Ratio is alfo given. And in the fame 
tenaj fufpended with different degrees of 
La.xiiy, that Horizontal force, is as the Axis 
of the Conterminal Hyperbola fince DA 
remains the fame^ if the Extremities be 
tqually high. 

COROiL VI. 

The Catena placed in an Inverted Pofition 
in a Vertical Plane, maintains its Figure and 
does not fall down ; and (b makes a fine 
Arch or Fornix. That is^ very fmall hard 
ilippery Spheres, difpos'd in the Inverted 
Catenaria^ will form an Arch, no part of 
which will be thnift ' inwards or outwards by 
the refl, but (the lowell Points continuing un- 
moved) it is preferv'd by vertue of its Fi- 
gure. For fince the Polltion of the Points 
of the Cat€naria^ and the Inclination of the 
parts to the Horl/on, is the fame, whether 
it be in the Pofition FAD, or in an Invert- 
ed Pofition, provided the Curve be in a Plane 
that is perpendicular to the Horizon, it is 
evident that it pveferves its Figure unchang- 
ed, equally in one Pofition as the other. 
And on the other hand, the Cattnuris art 

Q. the 

I 
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the only Genuine Arches or Fornixes. And 

an Arch of any other Figure, is for this 
reafon only, rnffaiii'd, becaufe a Catenana is 
included in the thicknefs of it. For if it 
were very thin^ and confifted of parts that 
were flipper y, it would not be fuftain'd. 
From the foregoing fifth Carol, it may be ga- 
ther'd with what force an Arch thruXks the 
Walls oat^vards, that it ftands upon ^ for 
this is the very fame with that part of the 
force (fuftaining the Catena) which draws 
with the Horizontal diredion. All other 
Matters required in the ftrength and firm- 
rieis of Walls, that have Arches ftt upoa 
them, are Geometrically determia'd from 
this Theory; which are the principal Things 
in Building, 



COROL. VII. 

If inflcad of Gravity, any other force w^re 
fuppos'd acting in like manner upon a tlexi' 
ble Line, the lame Carve would be produced. ' 
Exi gr* Snppofe a Wind blowing equably, 
^nd in direftions parallel to a given right 
Line, the Line thusi inflated by. the Wind^ 
would be the i^me with the Cdttnmria. For 
fince all things that were confidcr'd in Gra- 
vity, obtain in this other force, 'tis plain 
that the fame Curve will be produced. 



P R O P. 
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PROP. nr. THEOREM. 

(J^'g- ?5-) T/!fe HyperhU AH totHMuing 
as before^ tf through A he drawn the 
right Line GAL perfendicultr to tht 
Axis AB, And, the Curve KR he de- 
fcr/Pd of f^ch 4 Nature^ that BK be 
* thtri frofortiond to BH «fid AC^ 
and to the right Lirte AC he afplted the 
Reaangle AV equal to the lutermindte 
Space ABKRLA ; tben jbali the Point 
F C the iloncourj'e of the right Lines 
HB, VG ) he in the Catenaria. 



4* 



For ■ by donliruaion BK = - 
wherefore the f iuxioa ^ the $pfc« 



ABKRLA (=BKkb=BKxBb; = 

Space ABKRLA 

And liflcfe BF = , and AC 

AC 

IS given, the Fluxion of BF jhaU ss 

the Fluxion of the Spac^ ABKRLA 



AC 



s^B MJccUanea Cvriofa. 

■ . But ia the Gonftrudion^of the 



foic^oiiig Frofofuioiiy the Fluxloa of the Or- 



ax 

dinate BF^ was \ Therefore 

this Coiiilruftion amounts to the fame with 
that, and,confe<iuently the pomt E is ia the 
CatettarU. Q.: ^* D* ' 

C O R O L. 



As in the foregoing Profofu$on^ ti 
is de(crib'd from the lensth of 



the CatenM^ 

ris is delcrib'd from the length of the Para- 
bolical Curve given ; lb in tnis, the defcrip- 

tion of it depends upon the Quadrature of 
the ipace ia which x^y^ zna"^*^ iaxy*» For 



BR or^rs 



1 m< 



p a 0 p. 



« 

I* 



« 



litized by Google 



VKO^. IV. THEOREM- 

.(i^ig. j6.) The Sface AGF contained un- 
der the Catenaria AF, Ani $he right 
Lines FG, AG, farAlld to AB, BF, 
is equal to the Rectangle under the Se^ 
miaxis AC, a^d DH the difference of 
the Ordinates in the Hyperbola 4nd Ca-» 
teoaria. 



For DH ( = BH = BD = by Ptcfo^- 

• • • • 

MX'-\-XX dX 

tion II. ■ ~ =:} 

— — ■ . Wherefore the Fluxion of the 



Redaagle ander the given JLiae AC gnd DH 
_ = * * ' ' '-Ax FGX 

= the Fltiieioh of the iSpace ATte: And 
Jince thcfe Figures do ^rzy^ .both together, it 
follows that the Rectangle under AC and 
OH ^ equal; to the:%»C€ AGF. . Q^: £: D* t 
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Henc€ it follows that the Space FAD 

comprehended under the CatenarU and Hori- 
zontal Line FD, is equal to the Reftangle 
under FD and BA, lefs the Redangle ofl*: 
der either Axis of the Hyperbola AH, and 
t)H the excefs of the right Line BH or the 
Carve AD^ above the Ordinate bD. 

PROP. V. THEOREM. 



(Fig. 36.) Jf to the right Lint AL be 4/- 

flieJL the Rectangle LE, eq^uAl to the 
J^jperbo/ical Sp4ce ALH, the^ E mH^ 
he the Center of Gravitj of the Cate- 
maria AFO. \ 

Let the Curve FA be conceiv'd to be li- 
firated upon the Axis GL. Then (from the 
Pofirine of Centers of Gravity) it is manir 

fcft that the Momentum of the ponderating 

Curve FA is expounded by the Si^perficies 

of fn spright . Cylinder ercAed upon FA^ 
and cat off by a Plane, pa(fiog.tiinmgh GL, 

and making an Angle of 45° with the Plane 
of ^e Q^^* AM ti^ 

pf die Space or SH x Hi. j hecaofe 
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And confequently (fince they arife together) 

the faid Superficies of the upright Cylinder 
is equal to the Hyperbolical Space ALH. 
Which thcrefiorc divided by the Pondus it 
felf AF^ or its eqaai the right Line AL, gives 
the right Line AE, for the did nice or the 
Center of Gravity fioni the Axis of Libra- 
tiofl GL. So that the point E is the Cca- 
tcr of Gravity of the Carve FAD, lying e- 
qually on both fides the Axis. Q.: E : D. 

m 

COROL. 1. 

The Spaces ABHL, BAH, and AFG, are 
m AritJimetick Proportion, i or the Fluxion 

of the Space ALH is * ■ ^ 



ax-^-x^ X X 2axr^x^ ^axy^ x 



axx 



X y/iaxA-xx^ ■ ■ ) r= to theFluxion 

• " ' _ 

of the Space BAH lefs the Fluxion of the 
Space AGF, by Propa/ttion IV. And fince 
thefe three Figures do anfe together, it fol- 
lows that BAH — AGF = (ALH =) BL — 
BA9- Whcrcford-aBAII ^ Bfc 'H- AGF, 
r.'^^i.it^ ^ Whence 
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Whence *tis plain that the Spaces BL, BAH, 
»nd AGF,, are in Arithmetical Proportion. 

C O R O L. 11. 

The Center of Grnvity of the Catenarior^ 
is the i>ipe/ of thofe Lines that have 
the fame Termini^ and are of the fame 
length. For a heavy Body will dcfceml as 
far as it can. And lince the Figure it felt 
deftends as much as its Center of Gravity 
delcends ; 'tis manifeft that a flexible heavy 
Line^ will difpofe it fclf in fuch a manner, 
as that its Center of Gravity may. be low- 
er^ thaii if it. alTumM any other ^Figure. 
And firom this one Property of fiich a Line, 
all the reJft may caiily be deduced/ 

COROL. Ill, 

If there be upright Cylinders ereflcJ npon 
any fort of Oirves, that arc,,of the fame 
length, and have the lame Termini D and F, 
with theCatenaria FAD J and t4iefe Cylind- 
ers be cut by a Plane pafTing through DF-, 
then tl'-e greatell of all thefe Superficies Ihall 
be that which Hands upon the Coienaria, 
For tbefe Superficies (if the-A»glc coiitato'd 
under the Planes be half a right one) divi- 
ded by the Curves (which in the prefent 
(^afe^^re 4II qf^tl^e /ame Ifngtb) give the di- 
ftances of the Centers of ^Gravity from die 
right Line DF. And fincc this diHancc is 
greateft in. the CatcnAria (be.caufe of the 

^tS^^fk Peftjent of. th^ Ce^t^^ 
/ . ./ ..J. therefor* 
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therifurc the Cylindrick Superficies fliall 
there alfo be grcateft. Laftly, Bccaufc the 
fame is to be faid of Cyimdrick Superficies 
cut ofF by a Plane that make any Angle with 
the Plane of the Bails, as is whcu the faid 
Angle is half n right one ; the Truth of 
what was alTerted is evident univerialiy. 

LEMMA. 

XFig- ??•) Curve as AFQ^ dejcnr'i 
bj the Evolution of Mother Curve KU, 
if upon any Ordi/jate^ as FB fat right 
Angles to the Axis AB) he let fall pet'- 
fenaieularly UR, from the eorreffondent 
Point U in the Curve K U ; then (the 
, Fluxion of the Axis AB continuing 
the fdme) fjjall the Fluxion of the 
Fluxion of the Ordiriato BF, the - 
Fluxion of the Curve AF, and the right ' 
Line FR he comiaual Frofortionals. ' 

Let the Lineoja Ff Seproduc'd 'till it meets 
the next -Ordinate in * And becaufc by 
the Hypothefis Fs — fw, alfo fhall o f — Ff, 
and confequently Ojp ftiall be the i'luxion of 
f s, that is the Flifxion of the Fluxion of the 
Ordinate. Farther, the Triangles o ^ f, f FR, 
arc Equiangular, bccaufe o^>f=rits Alter- 
nate fFR, and fo?>-^(Ffrrr) FfR, bc; 
caufe their difference Rfr is as nothing in 
refpeft of either of them, iBnce Rr is no- 
thing in refpcct of fr. Ar.d ilKicforeo^: 
fiiv;: fF; FRi but ?/=n:fp^ f^iC€ thay dif- 
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fer hat by the Fluxioa of either. There- 
fore alfoo^ifF:: fF: FR. Q.:E:D. • 

P R O p. VI. PROBLEM. 

^Fig. ^7.) T0 fituL the Curve KV l^/ the 

Evolution of which the Catenat ia is de- 

Let (as before) AB=:*, BF=>. Then by 

MX • 

Tro^pfuion II, > = ' ■ or 2i«y* 4- 
jTjry* = a^x^. Wherefore (by the Nmt onion 

• m 

Method irtiich now geaerally oibuios) ^Mey* 

+4^^»' + ^•^•^>* + ^^yyi— which 

becaufe of at = fiace the coaftant ^ ha* 
so ftinoon, is) = ». 'Therefore / = 



( — : = ) 



putting infteadofjf its Valuer 



(For the Siga brftfre the Qpantity^ de^ 

notes 
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notes only the place of the point R, with 
relpcft to to be oppofite to the place of 
the point F, with rclpeft to B, when the 
Carve AFQ, is concave towards the Axis 

AB.) And F f (by Prof. U-) = . 

^ lax \ XX 

Wherefore (by the foregoiflg Lemma) FR =: 

( jPf^ XX* ^ 24x-{-xx% Vzax-^-xx 
y ~ lax^^ S^^a^ 

the Redangular Triangles F s FRU, ha- 
ving the Angles fFs, UFR, equal to one 
another (becaufe UFs is the Complement of 
either to a right Angle) we have F $ : s f : : 

ax ' a>\~xy.*sj laxA^-xx 
FR:UR,or;r; — ;^ 

\/ laxA^-xx ^ 

\JR, which therefore istr: Therefore 
the Nature of the Curve KU is fuch, that if 

AB = «, Ihall = " '■ ' , and 

yR=fc*-l^Ar. Q.: E; I. 



COROL. 

9 

♦ 
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COROL. I. 

AC : CB ?t BH : BH : FR. For this is 
the Propel ty of the right Line FR, that was 
foimd >uft now. . i .' 

. COROL. II. 

The right T ine CB is = the right LiaQ 
SI or UR* for each is = a-\-x. 

COROL- III. 

The Evoluem Line UF is a third Proper- 
tiooat to AC and CB. For becaufe of the 

fimilar Triangles f F UFR, it is s F : F f 

ax-\-xx 

: ; FR : UF<» or x : 



« — >- MM UP which is therefore 

• . . . .. ' 



^% 



which IS the Radius of the Circle that has 
the fame Gurrature with tlie Catcnaria at the 
point F. ^ 



« % 



COROL. 
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COROL. IV. 



When the*p)int F is iii A9 or when the 
Vertex is defcrib'd by the Evolution, that is 

whcii .V nr 0^ then the Value of the Evoluent. 
Liae (or the Radius of the Curvature) UF 
(which in this Caft coincides with KA) viz^ 



K where the Curve UK meets the Axis, is 
as fnuch above the Vertex of the Catena A, 

as C is below it-* Whence the Diameter of 
a Circle that has the fame Curvaimc with 
the Catena at the Vertex, is e^jual to the 
Axis of the Conterminal Hyperbola AH. 
And coniequently the Cattns AD and the 
Hyperbola AH, have the fame Curvature in 
the Vertex A. For it is kaown that the 
forementiotfd Circle has the fame Curva- 
ture with the Equilateral Hyperbola AH, in 
the Vertex A. But this follows alio from 
the Property of the Catenaria^ demonftratcd 
at Profofstion \l. For the Nafuent FH or (AP. 

= the Nafcent BP => Vs^^ is double the 



NaCc^yit BH or yviax-lxx^ that is, .y.v va- 
nifliing, when x is very fmall) ^/lax. And 
iherefore the lame pomt is as well in the 
Kafcent Hyperhla^ as in the H'^fccnt \Cau^ 
i^iirM ^-that is, the one is coincident wiih ihc 
other at their firft ^rifif^g^ and confeqnently 
thefe Curves have the fame Curvature at the 
Veitex A., . 



aA'X 



, becomes only a. That is, the poiat 




COR or. 



V 
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C O R 0 L. V. 

The Curve KU is a third Proportional to 
the right Line AC, and the Curve AF or the 

right Line AL. For from the Property of 
the Evolution^ KU = CW^A— KA=VF— 

KA = i^a= — ' — . 4 =) 

ii^if?. And therefore, 4 .• V24*-f ; .* 



V XAx-X-xx : KU. But (by Cor. II. Tro^. II.) 

\} ^ax-Yxx zz^ AF. . Wherefiwrc AC AF .• i 
AB KV. • . 

C O R O L. VI. 

The right l ine KI is double of AB. Foi* 
fince BI = (BG -) CA-l-AB, alfo AI flwll 
== CA+iAB. But AK.=AC (by C«r, IV. of 
this Profoptim.) Therefore KI=2AB* 

*• 

COROL. VIL 

The Reftaoglc ACx BR is = to dooMe th* 

Hyperbolical Space BAH* For FRx.AC = 



4dl 

a 



X V^ax^l xx-y a X \flax'\-xx = AB x BH 



Uigitized by Gooc' 
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4-ACxBH=) ABxBH+ACxBD-f ACxDH- 
Wherefore FRk AC— BDx AG (thatis^ BRx 

AC) :rrABxBH-|-ACxDH. But (by Prjfo^ 
fitioa IV.) ACx DH=r Space AGF. Tbei etorc 
BRxAC= (ABHM-AGF= by Cor. L Frcfo^ 
Jiri^VOiBAH. 



PROP. VIL THEOREM. 

(Fig. 37.) If in thf Logarithmicdl Curvi 

LAG (vsfhofc Suhungunt HS, giuen^ is 
equdl to tM Line a, determined as At 
Cor. 11. Prop. IL) be taken the point 
Ay whofe dijiame AC from the Jfjmp- 
tote HP, is equal to the Subtangt/jt 
HS; .And from the fomts and 
(taken at Liberty in the Jffjmptote^ 
and equally dijlant from the point C) 
be erected the Lines HL, PG, Ordi- 
nate s to the LogaYiihmical Cura/e^ the 
half Sum of which ts equal ta HD or 
PF : Then the points D and F, fjall be 
fojited in the Curve of the Caceaaria^ 
correfponding to the right Line AC. 

Let AB be put = A', and confequently CB 
or DH the half Sum of the Ordinates HL, 
PG, will = a-\-x. Let the half difierence of 
them be put —y\ whence HL = A-\^\y^ 
and PG = i^J^x—y. And lince from the Na- 
ture of the Logariihmical Curve, CA is a 
mean Proportional betWeen tfaem^ aa ihall = 
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4$4^i4X'\--xx-^yy^ whence y — *\I xax-\-xx\ 
Confequeutly HL = xax-\-xxy ^nd, 

PG = a '\- k i^*^ TJtx^-^x. Wherefore the 

Fluxion of HL, or Im^ is 

^-\^xx -Yx\l z ax \ X X ^ bccaufe of the 

V 24^-1 XX 

fimilar Triangles Iml^ LHS, ^tis LH.- HS.-.' 

Im: mL i whence //;L or ds the Bluxioa of 

ax 

BD, is = — That is, the Curve 

\/2ax-\-xx 

AD, generated after the foregoing manner, 
from the Logarithmical Curve, is of fach a 
Katurc, that it the Axis be x^ and its 

Fluxion x^ the Fluxion of the Ordinate BD 
« 

is — — But this is the Property of 
*^zaX'\-'Xx 

the Catenaria correfponding to the right Line 

4, as was dcnionfrrateJ at Prop. L There* 
fore .the Curve FAD defcribM as above, is 
this very Caunaria it felf. - QL; £.* D. 



c o- 



^ < f 



Diyiiizeo by Google 



Mifcellanea Cwrtofa* 241 



COROLLARIES. 

1 

• ■ 

COROL. L 

As the Cai^mU is defcrib'd by the help 
of the Logarithms, lb on the other hand, 

by the help of the Catenaria (a Curve pro- 
duced by Nature it feJf ) the Logarithm of 
any given Number ^ or rather of any given 
J?^rr^, may be found. As if, putting CA=t, 
whofe Log.=ro \ the Log. of the Number 
CO., or of the Ratio between CA and C<1, 
were fought. Let CV be a third Proportional 

. CO CQ.and CA, apd CB the half Sum of CQ. 

and CV \ then an Ordinate to the Catnuuim 
from the point B, vhx^. BD, will 1^ the Log. 
fought- 

COROL. IL 

Vkt wrfa^ if giving the Log. CH or CP, 
the correfpondent Namber HL or PG, or 

the Ratio of HL to CA, or PG to CA, be 
fought. From H or D ereft a Perpendicu- 
lar meeting the Catena in D or F, and in the 
Horizontal Line AR, tak^ CR=HD or PF, 
or CB. And then will AR be the half dif- 
ference of the foupjit Lines LH, GP, as HD 
or CR, is (from the above demonftrated Pro- 
perty of the CmtnarU) their half Sum. For 
in three Quantities Geometrically Propor- 
tional, fuch as are HL, CA, PG, the Square of 
the half Sum of tlie £.xcreams kil^n'd by 

a the 



the Square of the middle Term^ is equal to 
the Square of the half difference of the 
treams. And conrequently and 

CR — AR, are the Nuaibus HL or GP, 
agreeing to the given Log. CH or CP. 

COROL.. IIL 

It is plain from the Dethonftfadon, that 

as HD the half Sum of the L:ogarithmicaI 
Ore! mates HL, PG, being applied at right 
Angles to CH, is an Grdiaaie to the Gate- 
naris ; fo alfo the half difference of the iataie 
HL, PG, applied at right Angles to CiA 
in is an Ordinate to the Equilateral Hy- 
perbola, wbofe Center is C, and its Vertex 
A ; and confequently (by Cer. IL Pr^. II.) 

= the Ciui$ia ' AD. For > to Vzaxi- ; 

and fincc it was Ihewn in the foreg^oing Co* 
roL that AR is alfo the half difference of 
HL and PG ^ H:is plain fhat AR is -= the 
Portion of the Catenaria AD- From-whencc 
by the way, vvc may obfci.vc a Method, how, 
from the Catena AD given, to find C the 
Center of the Conterminal Hyperbola, or 
the point in the Afymptote of the Lo^ritbr 
niical Curve GL. For taking AR= the Oh 
tena AD, and joining the points B, R,. from 
the n^iddle pt er.ed a Line peipejadica' 
far t^^ .ij;^ which, will taxct BA? the,, Axis qf 
t\^ Ct^tna producjed, in the point C, fought* 
U hich is evid<?at, fined tlius CR will ^ CB. 

' . coaoL. 
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COROL. IV. 

Hence it foJIaws that if the. Angle 
BDT berqual to ACR, the ri^^ht Line DT 
touches the Catefiaria \\\ D. For then it will 
be (ill the fimilar Triangles DBT, CAR) 
DB : BT ; : CA : AR, or GA : Curve AD 
which is = AR. And conftquently DT 
touches the. Catenaria^ by CoroL Prop. L 

COROL. V. 

It follows alfo that the Space ACHD = 
the Redlangle CAxAtl. For becaufe (by 

/V./;. IV.).AYD==CAx (AD^BD, ==AR— 
AY, by Cor. HI. of this Prof. =) YR ^ the 
thing is manifcft. And fince C A is given^ 
'tis plain that the Space ACHD is as the 
Curve AD, and the Fluxion of the former 
«Hd, as ,the; j^lu^^ion of {he* l^tt^r Dd. • 

COROL. VL 

If through the point K where GR ruts HD, 

we draw KZ parallel to PH, mcctiag AC ia 

2, and taice CE = ^ — j then will E be 

tihe Center of Gravity of t^ie Cflrve FAD. 
Imagine an\jipright Cylindi?ick Superficies 
ereded upon FAD. and to be cut by^^ 
Mane paffling throogh PH,- and making an 
Angle of 45 with the Plane of the Cuive 
JBAD^ This Superfidies, will expound the 



a 4- 4- MtJceUanea Cur to fa. 

Mamnttum of the Carve FAD 4ibrated oa 

the Axis PHi and its Fluxion is DHxDd-j- 

« • 

PF X Ff =2BC X AD ^xa-yxx x ■ ^ ' ^ = 



m • • • ■ ' 



S/tlmx-^-xx Xax-^ XX 

m^x^^-^axx 3axx^-xx*x 

i — ; the Fluent of 



^iaX'\-'XX Sflax^^r^ 

which, a% BD-j- WlifAT^-A-AT-j-^fVilfAr-^ va- r= 

CAxBD^l CBxAD. Wherefore CAxBD-- 

CBxAD— ' (becaufe it 4r//e^ together with 
it) to the foremention'd Cvlindi ick Superfi- 
cies •= the Momemum of the Curve FAD 
with refped to the Axis of iibration PH« 
Whence the diftaiice of the Center of Gra- 
vity of the Curve FAD from the point C, 
is CAxBD^l CB^AD ^CAxBD" xpR. 
2AD ' •"^D "I »^ 

Farther, becaufe of 2K parallel to AR, 'as 
AD : BD : : ( AR : ZK : c) CA; CZ9 whence 

d and therefore CE. which by 

AD ' . , • . ' 

Conftrndion is = 1 BC -j- i CZ, ftiall = i 

e^ + iBC. 'That i vth., enter .£ 

Gravity of the Curve FAD, .and tlie point E 
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determine by this ConftruLtlon, are equally 
diftant from the point C But they are al(b 
pofitcd ia the iaoie right Line, and towards 
the lame parts, and therefore they coiactde 
with one another. This Coincidence of the 
point E as determined above, with tlic Cen- 
ter of Gravity as found at Vrof. V. may be 
thus fymhetically fhewn. By Cor. 1. Prof. V. 
2B A X = AYD4- BAx AR- Whence AH -1- 
2BAX = (ACHD-I- BAxAR ^ by Cor. fore- 
going) ARxCA-l-BAx AR ; that is, BOk 
AC -\- iBAX =ARxGB ^ or BDx AG AR 
xGB— .2BAX- Whence BDxAC-l-ADx 
BG = (ADx BC AR X CB — 2BAX = 2 AD 
xBC — 2BAX -) lADxAC-h lADxAB— • 
2BAX. And dividing by 2AD, we have \ 

BDxAC L — / I ABxA D--BAX _x 

^D~^^^^r<^^^i AD ^ 

CA -h-;^^- But^*^^ is the diftauce of 
AR AR 

the Center of Gravity of the Catena from the 
Vertex A, determined at Prof. V. and conft* 

quently, according to the 5th Pr^fojkion CA 
ARX 

- is the diftance of the point E from 

Aix ^ 

C ; now i ^^jy^ + i » the diftance 

of the point E alfo from the lame point C ac- 
cording to thisCr. Whence *tis manifeft that 

thefe two Determinations of the* point E 

A R X 

amount to the fame i becaufe CA -l*- ~ 



BDxAC , . „ 
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CQljLOL. VII. 

r * 

The Center of Gravity of the Spac<: 
P]?ADH, is in I the ipiddlc . point of th? 
ilelit Line CE. For fmce the Center erf 
Gravity of the Fluxion of AD, or Dd, and 
Ff, is twice as/ar diftant from PH, as is the 
Center of Gtavity of the Fluxion of ACHD, 
or DHhd, and FPpf and Dd-j FfxAC is = 
DdhH"l-FfPp -, 'tis plain that the Center 
of Gravity of thp Fluept FAD, is twice as 
hr diftant from PH, as I, the Center of 
Gravity of the Fluent PFADH. But this 
may be yet (hewn Cthervvift aLCOiding to the 
Method us'd before. Imagine an upright 
Cylinder to be ere&ed "p^^ Figure 
PFADH, and to be cut off by a Plane paf- 
iing tluough PH, and making au Angle of 
45 with the Plane of the Bafis. This Solid 
will expound the Momentum of the Figure 
PFADH librated on the Axis Pii- Aii4 
the Fluxion, of this Solid or Momentum (viz. 
the Solids ercfted on the Bafis PFfp, and 
HDdh) is produced 5 by muitipiyirig the M^-^ 
, mentum of the Fluxion, or the Fluxion of 
the Mementuw^ into i AC given. For by 
Cor, V. of this Propofitiori HDdh:=Ddx AC 
Wherefore tiie Flue at Momentum it fel^ is 
produced bv multiplying the Aipmentnm of 
the Curvt FAD with refpeft to the Axis 
PH (as determined at Cor. foregoing) vi^ 
PAxBD-l-CBxAD into i AC ; which wiD 
therefore be ^ ACxAC>cBD-i-iACxCBxAa 
ifcud cooiequtotly if this be divided by the 



librated 
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Ubrated Figure PFADH (=2CAjtAD, ^7 
Crr. V. of this Propofition) there will atifc 
(for the diftancc ot the Cenrcr of Gravity of 
the Figure I\FADH from the Axis PH) i 

-I- i CB J , wliich is = i CB deter- 
mia'd a bore. 

C.03.0L. yiii. 

If through the point N where DT the 

Tangent to the Catertaria in D., cuts the 
Line AR, be drawn a Parallel to \\C^ meet- 
ing in O a parallel to AR drawn through E i 
then will O be the Center of Gravity oi 
the Curve AD. For by Cor. 6* the Center 
Gravity of the Curve AD is in the right 
Line EO. But it ^all be demonft^ratecl to 
be in the right Line NO ; and conf^qucntly 
that (y it lelf (haU be the point. Let DA. 
be coacciv'd to be libraicd upon the Axis 
HL ; then the Momentum of this is the 
Curve DA multiplied into the diftanee of 
the Center, of Gravity from HL. And 
confcquently its Fluxion = DA x Hh (Hh 
being the Fluxion ot the diltance of the 
Axis of Libration from the Center of Gra- 



xniX'^-xx X I = And 

therefore the /\ foment um of the Curve DA, 
with refped to the Axis HL, is =- ax. And 
conlequently the diftance of the Center of 
Gravity from the fame Axis, is 4x divided' 
■ ^ • : R 4 • 
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by AD, or But >ecaufe DT 

touches the Catermria^ by Cor. 4, of this Pro^ 

f9ftion, the Angle BDT, or DNY^ACR, 
and the Angles at A and Y are right ones, 

therefore in the Equiangular Triangles 
RAC, DYN, 'tis R A : AC : UY : Y^^ i 

whence YK = ^-^^^ that is YN is the 

RA 

dillance of the Center of Gravity of the 
Catena AD from the Axis HLj or that Cen- 
ter is in the right Line I^IQ* 

COROL. IX. 

If throagh the point I be drawn a right 
Line parallel to AR, meeting ON prpdacfd 

in W i then W fhall be the Center of Gra- 
vity of the Space AGHD. For by Cor. i, 
the Center of Gravity of the Space ACHD, 
is in the right Line IW, but it ftiaU be de- 
monftrated alfo that 'tis in NW, and confe- 
quently W is the point. For (after the 
ferae manner as in C(ir. foregoing) the Flnxion 
of the Momentum of the Space ACHD poade- 
irating upon the Axis HL, will be fliewn to be 

(AGHDxHh=AC)cADxHh=) mS/ zax'\ xx 

MX . 

)C ' = 4* jr. And confequently the 



Momentum of the Space ACHD, with re* 
fpedt to the Axis HL, is tl?e Fluent of this 



FluxioOi 
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r 

Fluxion, a^x^ that is, a^x. This therefore 
divided by the Space ACHD^ or 

xkx-^-xx^ gim the diftance of the 
Ceater of Gravity (of the Space ACHD) 

from the Axis HL, which is = ■ 



yiaxA-xx 

_ACxDY . . , r , ^ r 

— — — • And tiicicioi c the Center of 

Gravity of the Space ACHD, is in the Line 
NW. And fiom thcle two laft CarcUartes^ 

is found the Center of Gravity of any Por- 
tion of the CMtetfd^ tboagh not reaching 
the Vertex A, or alfo of any Space com- 
prehended under any Portion of the Cate^ 
tjaria^ and any other right Lines befides 
Chofe aforelaidv^ 



COROL. X. 

Hence are tneafnr'd the Surfaces and So- 
lids generated by the Rotation of the Ci- 
tena (or a Space comprehended under it, . 
and a right Line) about any given Axis* 
For a Figure generated by fuch a Rotation, 
is (as is vulgarly known) equal to the gene- 
nerating Figure multiplied into the Periphe- 
ry defcrib'd by the Center of Gravity in the 
Rotation, which Periphery is given, fince 
the Radius or Diftance of the Center of 
Gravity from the given Axis, is given. Thus 
if the Catena AD lOuFd about the Axis AB, 

then 



1 MifcelUfiea Cwruffoi 

tiiea AN is the Periphery defcrib'd by the 

Ccatcr of Gravity O (7 deiiotifig the Ratio 

of the Periphery of a Circle to. the Ra(Uus> 

and confcqucutly the Surface generated by 

the Rotation of the Catena AD = (— h 

ANx AD=)f X AN>c AR. That 1$ a Or- 

elfe, the Square of whofe Radius is double 
the Re&aagle RA)S(, will =: the Sojcface ge- 
nerated by the Rotation of the Catena AD 

about the Axis AB. After the fame man- 
ner the Solid generated by the Rotation of 
the Space ACHD about AC, may be ftewn: 
to be equal to a Cylinder, wheie Bails .is the 
fbrementioad Circle, and its AlrituJe^AC. 
Thus alfo the Surfaces and Sg^ids. produced, 
by the Rotation of thefe Figures about any 
other given Axis, are meafur'd. For giving 
the CcuLtr of Gra,vity, they arc eafily dif- 
covered. 
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Of the ^iuadratutes of Gfometri* 
£(tUy in &tional Figures. 

. , £j J. Craig. 

LET ACF (f^g. 38.; be a Semicircle^ 
whole Diameter is AF, ADE a Geo- 
mctricafly irrational Curve^ whofe Ordioat^ 
BD cats the Semicircle in C The Qjuanti^ 
tks may be noted thus ; The Diameter AF 
= 2^, the AbfcifTe AB the Acc AC = 
tf^ the Ordinate BD = / And ief = rvy* 
a Gieaeral Equation exprefllng the Nature of 
the Geometrically irrational Curves ADE, in 
which r denotes any given and d^termin'd, 
Qiiantity^ and an. indefinite Es:ponent of 
the indetermitfd Quantity > I fiy tlie Area, 

ABD-= . ■ ■ tw V 2/y — yji-y. ' 
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^. > 4" &c. 

♦ 

In this Infinite Scries, thefe things are to 
be taken notice of: (i.) That the Capital 
Letters A, B> C, D, E, &c. denote the Co- 
efficients of the Terms immediately pre* 

oecding them, viz.^ A = • — ■ ■ ■ B = 

aA^m — I MB>^ifi — 3 
, G = ■ ' ■ and fo on. (2.) 

^ That if the Exponent « be an Integer and 
Pofitive, or equal to nothing, or if zn be an 
odd Number, then the Quadrature of the 
Space ABD may be exhibited by a finite 
Quantity: The Scries in thefe Cafes breaking 
off. (3.) That q denotes the Term laft break* 
ing o^ ^ (4.) That aD thofe Figures in which 
the Series is broke off have one Geometric 
cally Quadrablc Portion very eafily afliga- 

able from the Series it felf, vtz^ if you make 

the AbfciOc > = r nf^.^' ^r^ ; there 

will arife a Geometrically Quadra ble Area an- 
fwering to this Abfcine. (5.) .Tha,t only the 

Irrational Terms \} xay^yy is to be multi- 
tiplied iato the Terms following it 
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ExsmfU L 

Let ^ = becaufc ia this Cafe r = i, 

n = o^ theretCMre ' — / i$ the Term laft 

breaking off, wherefore 9 = whcacc ABD 

= ^y^iiv-\-^\l xa^yxi And coflfeqaent- 
. ly if (by Note 4) y<»i take the AbfcilTc 
jr = that is^ if the Ordinate pafs through 
the Center of the Circle, there will arife a 
Geometrically Quadrablc Portion fitting it, 
vfe. Area = that is, the Square of the 
Radius. 

Exmfk IL 

■ 

vy , 
Let ^ = ~. Becaufe in this Cafe r = ^ 

ji = I, therefore ■ ' ' - . t/ - » is th^ Term 

3^ 

bft breaking ofF, wherefore f = — ; whence 

4 

ABD = ^ + r V 24y,— v% aod 

coufecjuentljr, if (by Kote 4.) you . take 

J' =^ V a ''^^ « Geometrically 

Quadrafajle 
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Quadrable Area fitting this AbfcifTe, viz.. 

Example III. 

' ' t 

Let ;^ ^ J In this Cafe r = — 



breaking off, thcrefarc 1 = j i whence tjy 
Infinite Series, will ABD = 



And confequcntiy, if (by Note 4.) you take 
— Y ^ wxllari& a GeoaieeridftOf 

Quadra blc Area fitting this Abfcifle, viz^ 

Area = ■ — x yj lay^y^. 

' Stebndly, Let ACF (Fig. 39.; be a >4r4* 
AE its Axis, A the Vertex, and (B <*) 
the Liitus ReEtum. And let ADG-be a Geo- 
iTietru»% inratioBal £urv«,^ whofe Ordinate 
BD cats the fiir^iboU in G. Let tbe^ Abfcifle 
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AB=j/y the Ordiaatc BD= ^c, the Arc of 
the Pdr^pla AC = v. And let the General 

Equation exprefTmc; the Nature of lafinitc 

irrational CuiTes be this, Z rvy^^ ia whicfi 
r denotes a gi\ren and determinate Qjiatititf^ 

and n an indefinite Expoiicut of liic iudcter- 
iiiia'd Quantity 1 fay the Area 

A B D = "3^^!^ ^ qv 4 VI7+7^ — 



* 



In this Scries 'tis to be noted: (i.) That 
the Cnpital Letters A, B, C, &c. denote the 
Coefficients of the Term preceding tbem. 
(2.) That if the Exponent n be an Integer 
aad Pofitivc, or equal to nothing, or if in be 
an odd Number, then the Quadrature may 
be exhibited by a finite Kumber of Terms; 
the. Series in thefe Cafes breaking ofF. (3 .) 
That Arq is equal to the Term hit breaking 
off (4.) That of the Terms mnltiplyiing the 

Quantity V2^v4>'% the laft breakihg off ia 
to 1)e doubl'd. (sO That ali thofe Figores 
in which n is an Integer, Pofitive and an odd 

Number, or more generally, all thofe Fi-' 

gures in which the lait Term breai^ing o^ 

has 
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has an Afllrmative Sign or -^-^ have dne"* 

Geometrically Quadrablc Portion, and afllgn- 

able from the Series it felf, by taking the 

AbfciflTe as ia the fourth Note of the pre^ 

ceding Series. 
« 

Example h 

Let z, — v^ becaufe in this Cafe r = 1, 
= ^, therefore the Term lail; breaiiiig off 

is ^ y\ whence -I- 5 = — C 

Kote 3. ) and becaii^fe in this Cafe — — is 

the laft Term to Jjc multiplied into V 2<»^-^% 
therefore ABD = vy -1- ^ Va-y ri- >* >« 

Example IL 

Let i = becattfe in this Cafe r = — , 

I, therefore the Term laft breaking off 

is -^?i±L_y/--i = ±, whence 9=4 4, 

and i /f is the laft Term to be multiplied by 

therefore 

' ABD 
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■ 

— 4- ~ . And if you take ^ = 44, 
12 2 

there will arife a Geoniuiucally QiiaJiable 
Area fitting this AbfciiTe^ vi^. Area = c% 

2 

I have other Theorems of this Nature, 
for Figures depending on the Circle and Pa- 
rabola i but thefe two may fufficfe as a Spe- 
cimen to fliew the Uft of my Method pub- 
lifli'd in my Treatife of Quadratures^ ia de- 
termining the Quadratures of Irrational Fi- 
gures, for which there has been no Method 
(as far as 1 know) as yet made PubUck« 

That the Reader may the more eafiiy 
come at the Invention of thefe and the like 
Theorems, I fliall fubjpia antthcr^ and more 

hereakcr^ if need be. 

Let therefore (F/f. 40.) ACF be a Se- 
micircle, ADE a Geometrically Irrational 
Curve, whofe Ordinate BD cuts the Semi- 
circle ia Gv Let the Quantities be denoted 
as before, wz,. the Diameter AF = 24, the 
Abfcifle AB =y, the Arc AC = the Or- 
dinate BD = 7 and let = rv'^y^ an E- 
quation exprefTing the Nature of the Curves 
ADE^ in which r denotes any given and de- 
teraiiiAl Quantity, and n an indefinite Ex- 
ponent of the indetermiu'd Quautity 7. I 
&y the. Area 

5 ABD 
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■ 

»— .3 »— 4 



In this Theorem tbefe Things are to be 
taken notice of^ (i .) That 'tis made up of 

two Infinite Series, the former of which 
(coMeded by the Sign -|-) muiapUed in- 

to V V xay^y^ \ but the Terms of the latter 
(dfFeaed by the Sign — ^ are Ablblutc. (2.) 
That in the former Scries, the Cai5ital Let- 
ters, B, C, &c. denote the Coefficients of 
the Terms refpeaivcly preceding them ^ and 

m the latter have the fame Values as in the 

former 
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former. (3.) That the Quadrature may be 
exprefs'd .by a finite Quantity, when n is a 
fo&me Integer, or equal to, nothing, or if 
2n be an odd Number for in theft Cafes 
each Series is broke off. (4.) That 2^ is 
equal to the laft Term breaking oSf^ of the 
former Series. 



Let = — . Becaufe in this Cafe » = ^ 

ft 

r = i, therefore ihall the Area ABD 

4t 



COROLL AR ¥• 

The whole Figure AFE is equat to tvricc 
the Squjire, whofe fide is ACFy lefs the 
Square of the piameter. 



J^xmfle II. 
Lctz,p^-, jjjcc^ufc in this.<^fe«r=: I,* 

II" ) . v\ • ^ 

r = i-, therefore fl^U the Area ABD = 
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lay 



Example IIL 



^ — iJi ^ bccaufe ia this Cafe n — 2, 
r= therefore fliall the Area ABD = 



17«. 18 3 

While 1 was writing this, 1 recti v'd the 
late Months of the Lipfick. Ads^ in which I 
read, with a deal of pleafure^ fcveral excel- 
lent things for promoting. Geometry, and 
among them feme Remarks of Mr. Leibmfz.y 
and Mr. J. BermullU^ upon my Method of 
Quadratores . I n the Aits of AfrU^ An. 1695. 
Mr. Leibnitx. informs us that he has a Me- 
thod fomcwhat like ours^ and truly, I migh- 
tily Congratulate my feU\ that any thing of 
mine could have the Jcaft likenefs to the 
Thoughts of fo great a Geometer. Bat 
whcicas he fays his own is much more Ge- 
neral, and fhorter than mine ^ I make no 
^ doubt of that. It were 40 be wilh'd^ he 

^ would 
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ivoold no longer fupprefs this Method of 

his, and feveral other things he has, elpe- 
cially relating to hh Bijjlrcmial Calculus^ but 
rather, as foon as his Leifurc permits, pub- 
liib thetn for the Good of the Gomm<m« 
wealth of I.carjiing. In the mean ^vhiIe we 
hope the Illuftrious Marquefs De PHofpital 
will Ipeedily make publick what is necefifary 
to perfeft that Calculus^ in the latter part 
of that excellent Work of his, which (in 
the Preface to the former part) he informs 
us, he lias compos'd upon the Integrd Calcu- 
lus. We expeft alfo, with fome Itnpatience, 
that other Seftion, in which that Noble 
Author promifes he wiil (hew the Ufe of 
his Calculus in Phyjickj and Alechamckj. For 
whatever he has publilh'd, as well thoie 
Specimen to be found fcattcrd in the Lip- 
pci Acts, and elfcwhere, as that excellent 
"Book of his (Intiturd, Analyfe dcs Inflniment 

fctits) caulc us to expeA great Things from 
that Noble Marquefs. ' ' 

Whereas the Ingenious Mr. J. Berrjouilil has 
thought fit (in the Ads of February and Au^ 

guft-^ An. i69S0 to fay my Method is not 
General, I freely confefs it, as that Saga- 
cious Pel foil might catily perceive in the 
Courfe of my Examples. In a Matter fo 
Intricate I took what Steps I could j and if 
deter'd with the length and difficulty of the 
Journey, I then made no farther Progiefs. 
1 might fairly make a Step where I pleafe, 
iince my Application to thefe Mathemati- 
cal Studies is only by the by. Mr. Bemomlli 
has partly hinted where my Method is at a 

S 3 Staad, ' 
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Stand, though he fcenis not to have taken 
up the whole Matter. In the mean while 
I ackaowledge my felf highly oblig'd, that 
he has hoaoui^d my Treatife with his Ani- 
madvcrllons hut much more fo, that he 
was willing to free me of my IVJiitakes, 
with fo much Candor and Humanity. 



Cott^ 
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C(mcermng the af parent Magnitude 
of the Sm Mid Moon, or. the ap* 
rent di fiance of two Stars isuhen 
nigh the Horizon , and when 
' higher elevated. 

I Do not defign fo much to c^ablifli anf 
thing of my own that may be iatisi^dory 
in folving this admirable appearance^ as to 
dettd the Errors of thofe that have offered 

at a Solution thereot, and have coaic Hiort 
(as I conceive) pf being fatisfadory ; that 
^ thereby I may again iet the minds of Philp* 
fophers on work, and roufe them up to en- 
quire anew after this furpriiing Phxmmemn. 
That I may do this tlie more eftictually, I 
iball briefly declare the Matter of Fad, and 
then proceed to the Reafon thereof, given by 
ftveral, and to their Confutations-. 

Firft therefore it is well known that the 
mean apparent Magnitude of the Moon is 
}0 m» 30 f we wiU take it Numero Kfttmdo 
to de 30^ that is, an Arch of a great Circle 
in the Heavens of 30 Minuts is covered by 
her Diameter ; and this we'll fuppofe to be 
her apparent Diameter, at a fiiU Moon in the 
midfbof Winter, and when fhe's in the Me- 
ridian, and at her greiteft Korthern Lati- 
tode, and confequently the utndiolit that fhe 
can be ekT4f ?d i^i Pur H»UAn : 'Tis as well 

S 4 know a 
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known alio that when (he is in this pofture, 

being looked upon by the naked Eye (he ap- 
pears (that we may accommodate all to fen- 
.fible Meafures) to be Magnitttdims Pedslis^ 
about a foot broad. But the fame Moon be- 
ing looked upon jnft as fhe nfes, fhc appears 
to be three or four foot broad ^ and yet if 
with an Inftvument we take her Diameter, 
both in one poflurc and t'other, we (hallfind 
that ftill fhe fliall be but 30 Minutes :, tht 
jcveral ways of trying this I will not me/jtion, 
they beinj^ as various as are the Methods of 
taking the Moons apparent Diameter-, eom- 
mon enough among the Ajironomers ^ neither 
will I infift upon the truth of the Matter of 
Fad, for thai: I think cannot reafbfiably be 
queftioned, after lb many trials aiai To many 
experiments thereof, faithfully recorded by 
undoubted WituefTes; and it would be very 
unreafbiiable to imagine that lb many Au- 
thors (hould rack their Brains for foiviiig aa 
appearance wherein they were not certain 
of the matter of Fad. But becaufe of Nd^ 
Urn in Ktrha^ I can afTert that I have ac- 
curately try'd it my felf, and I have fo 
found it : One of the ways I ])rocecded was 
thus \ I took a very good Telefcope of about 
6 foot long, in the inward Fmtwj of whofe 
Ey^-Glafs I apply'd a very fine Lattice made 
of the iinglc hairs of a Man's Head \ then 
looking with this at the Moon when (he ms 
juft rifen and look cv! extraordinary big, Iol>» 
icrved what number of the fquarcs of the 
Lattice were occupy'd by her Body i then ob- 
fti-ving hjsr again, when more elevated and 
free from all extravagant Greatuefs, I ftitt 
*' * • • ' found 
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found the fame fqaares of the Lattice pof- 
IcITed by her. This way is equivaleat to that 
now more uied, of taking her Diameter 
Mr. 7itPif//s Micromettrs^ but I have alfoi 
tried and found the fame thing by an accu- 
rate Sextant) taking the diftance of the. 
Moons oppofite Limbs. 

Now this Phdmnufton afibrds two things to 
' be confidcicd, firil why the Moon (I flill 
name the Moon as being an Objedt more 
adapted for our light , for the fame thing 
holds in the Sun) Ihould feem bigger about 
the Horiz^on^ then when more ekvated \ and 
ftcondly, fhe appearing bigeer, how comes it 
to pafs that her Diameter being taken, it is 
no greater than when ihe appears lefs. But 
^ the Dilquifition concerning; this latter being 
likely to comprehend the former, I fhall not 
divide my Difcourfe into two Branches, but 
proceed in the Method propofed. Only I 
defire it may be noted, that I fuppofe the 
Hori- oyital^nA Aferidional Moon to be found 
both of the fame Angle, whereas in truth tlie 
the Meridional Moon (jLho' appearing lefs) 
Ihall be found of the greater Angle : which 
increafeth the Wonder. But this proceeding 
from the different diftances that one and the 
other is looked at (the Meridional Moon be- 
ing nigher as by almoft a Semidiameter of the 
Earth) and confequcncly eafdy fblved that 
way I have therefore chofen to put between 
them a plain equality, for avoiding Confufion 
^nd Intricacy in Difcourfe. 

Wherefore let us hear what the Iiigenious 
of thefe latter days can fay to this appearance. 
And firlt we find the Celebrated D^s^Cartts at- 

tributing 
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tributing this appearance rather to a deceived 
Jadgmcat than to any Natural AiKdioii o# 
the Organ or Medium offence; fbrtheMeoA 

(fays he) being nigh the Hariz^on^ we have a 
better opportunity and advantage of .making 
an Eftimate of her^ by comparing bar with 
the various Objcfts that incur the fight, in its 
way towards her; fb that tho' ue imagine 
ihe looks bigger yet 'tis a meer deceit; for 
we only think fo^ becaufe fhe ieems nigiitv 
the tops of Trees or Chimneys orHoelesor 
a fpace of Ground, to which wc can comptre 
her, and cftimate her thereby ; but wheawe 
bring her to the Teft of an Inftrament that 
cannot be deluded or impofed upon by theft 
appearances, then we find our Eftimate 
wrong , and our Senfes deceived. Thefe 
Thoughts, methinks, are much below the ac« 
cultomed accuracy of the noble Cmtu^ 
for certainly if it be fb, I may at any time in- 
creafe the apparent bignefs ot the Moon, tho' 
in the Meridian ; for it woold be only by 
petting behind a Clufter of Chimneys, a Ridg 
of 3Hill, or the top of Houfes, and compa- 
ring her to them in that pofture, as well as 
in the Horizm \ befides if the Moon be look'd 
at jull as fhe is Rifliig from a a Horiz^on de- 
termined by a fmooth Sea, and which has no 
jiiore Variety of Ob|eAs to compare her toi, 
Chan the pure Air yet ihe will feem big, as 
if lookc ac over tht rugged top of an uneven 
Town or rocky Country. Moreovery all va- 
riety of adjoining Objects may be taken og^- 
by looking through an empty Tube, and yet 
the deluded imat^inaLion is not at all helped 
thereby. 1 come atxt to the-folutioa hereof 

givcu' 
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givea by the famous Thomas Hohbs ; and for 
this we ftiall ftand in need of F^wre ^x. 

wherein^ fays he, let the point G be the Cen- 
ter of the Eaith, and F the Eye on the fur- 
face of the Earth \ on the iame Center G let 
there be ftmck the two Arches^ E H deter- 
miiiiiig the Atmolphere, and A D to repre- 
ient that blue fur face in which we imagine 
the fixed Stars \ and let F D be the Hwizjon. 
Divide the Arch A D into three equal parts 
by the lines B F, C F, it is manifeft that the 
Angle AFB is greater than the Angle BFC, 
and this again greater than the Angle CFD< 
Wherefbre lays he, to make the Angle CFD 
equal to the Angle CFD, the Arch CD mnffc 
be greater than the Arch GB j and confe- 
quently , that the Moon may in the Hwiz.m 
appear under the lame Angle as when ele- 
vated^ fhe mufl: cover a greater Arch, and 
therefore feem greater ; that is, the JVIooa 
in the Meridian appearing under th^ Angle 
BFC, that (he may appear nnder an equal 
Angle in the Horl^on^ as fuppofe CFD, *tis 
reccflary the Arch CD fliould be greater than 
C B ^ and confequeotly tho' ihe appear to fufa- 
tend a greater Arch when in the H&rix^n 
then when elevated, yet fhe appears under 
the fame Angle. And all this without Re- 
fradioo. The Geometry of this Figure is 
mofl: certainly true and demonflrable. At 
this I quarrel not ; but it makes no niorein 
our prefent Difficulty than if nothing had 
been laid \ for the Phiiolbpher has here made 
a Figure of his own, -and from thence he ar- 
gues as confidently, as if Nature would ac- 
commodate her felf to his Scheme, and he 

llQt 
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not obli^ d to accominodate his Scheme tQ 
Nature *, for here he has ?nade the Circle GF 
reprefentiog the Earth very large ia propor- 
lioa to the . Circle A D and then indeed 

takUg the poiat F in the Earth's faiface, 
and bylines from thence dividing the Angle 
AfD into what ever equal parts the inter- 
cepted Arches AB, BC, CD, Ihall be un- 
equal. But if he havi conffdercd, triut the 
Earth is as it were a point in refpect of the 
Sphere of the fix'd Stars, nay the vei y annual 
Orbit of the Earth is almolt if not altogether 
impciLcptibk (laving the truth o^\V'. Horr^s 
Attempt) he would have found that rh.- 1 iaes 
FUj FC^ FD, niuft be all conceived as dr?wn 
from the point G, and then equal Angles 
will intercept equal Arches, and equal Arches 
equal Angles: And fo it happens (at ieaft 
beyond the polTibility of difcovery of fenie) 
to the Eye on the fur face of the Earth. And 
bciides he fhoal.l have confidcred , that all 
Obfcrvations Allronomical are pcriormed as, 
from the Center of the Earthy and therefore 
it is that they keep fuch a ftir about a Paral- 
lax *, fo that his drawing his liaes lb far from 
G as F IS, and to another concentrick Circle 
fo nigh as AU^ decei\red him in this 
Point. 

The famous Gajfoidm has written ^ large 
Epiftles on this Subjcft, the fubftance of all 
which is, that the Moon being nigh the Ho*, 
riz^on and looked at through a more foggy 
Air, carts a weaker Light, and confcquently 
forces not the Eye fo much as when brighter i 
and therefore the Pupil doei more inlarge it 
fclf, thereby tranfmitting a larger Projedioa 

oa 
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on the Retina. In this Opinion 1 do find he 
h not dtone, foir in the Journals des Scavdns 

this Difquifitioii being again revived by a 
French jibbe^ he therein follows this Senti- 
ment oiGajfendns. It was firft publiflicd in the 
3d Conference prefcnted to the Dauphin in 
AuguH [672. but by reafon of an Oojeftion 
moved by Father Pardye^ it was fain to be 
re-publilbed with fo me additions and amend- 
ments in OSlah. 1672. The addition was, 
that this contracling and' enlarging of the 
Pupil caufeth a different fhape in the Eve ; 
an open Pupil making the Cryjialline fiarter 
and the Eye longer, and the narrower Pupil 
fhortniiig tbe Eye, and making the Cryfialltne 
more convex, the firft attends our looking at 
Objeds which are^rf mote or which we think 
ft; the latter accompanies the viewing Ob- 

•jcds nigh at cad. Likewife an open Pupil 
and flat CryflalUm attends Objefi:s of a more 
fedate Li§ht, whilft Objeds of more forcible 
Rays reqmre a greater Convexity and narrow 
Pupil. From thefe Pofitions the Ahhe endea- 
voured to give an account of our Th<tmmcnon 
as follows.' When the Moon is nigh the 
Hetizjun^ by com pkriibn with interpofed Ob- 

' jcfts, we are apt to imagine her much farther 
from us then when more elevated, andiiiere- 
fore (fays he) we order our Eyes as for view- 
ing an Objed farther from us % that is, we 

fomethiag enlarge the Pupil, and thereby 
make the Cryflallwe more flat , moreover the 
duskifhneft ot the Moon in that pofturedoes 
• not much: ftrain the fight; and conft- 
quei^tly the Pupil will be more large, and the 
Cryfiallim more flat; Hence a larger image 
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ftiall be projeded on the Fund af the Eye, 
and therefore the Moon fliall appear larger. 
And this difpofition of the Eye that ougnificf 
her, Qiagiufies alio the divifions of our ibre- 
mentioned Lattice, and confequently Iheby 
her Body fhall pollers no more of the divifions 
itban whea ftK: feems kfs. Thefe two &>r€-^ 
mentioiied accidents , visL. the Moons ima-* 
ginary diftance and duskifhnefi, gradually 
vauilhing as (he rifes^a different Species is here- 
by introduced in the Eye, and coaCoqaeatif 
ihe teems gradually Ids and iefs ^ 'titt z%dm 
ftie approaches nigh the Horiz.on. Thefe two 
Opinions of Gaffendns and the Ahbe being 
Wgfb a«kin , I fhall coafider them both toge* 
Cher, and firft I aflert that a wider or nar- 
rower Aperture increafes not, neither dimi- 
iliflies the projeftion on the Retina. I know 
fUfmm^ Falffr in his Synapfo Optica end^ voar$ 
to prove th^ difar cpatrary to this my Afler- 
tioa, and that after this manner. Fig. 42. 
A B is an Object , E F the greater aperture 
.Qf th^ Pupil, admitting the projedioa Kl 
op the M^etiM^ whereas the leiler aperture 
CD admits only the projeftion GH; but 
GH is lefs than KI, wherefore a lefTer ap^- 
tuire.difl^inilhes the projection. 1 adnice 
i;ha;t any Man that iindertook (as HtmrMtm 
.Faher) to write of Opticks more accurately 
than all that we^nt before him, fliould be 
gu^ljty of lb v<cry grofs a^ E^rrpr \ and I do 
mor^ admire tbait.jchie celebrated Gmffmdus^ 
and with bini the noble H&veliM |hould be of 
the fame Opinion: For tho' the 'foreiaid Fi- 
^re and Demonltratiofi jipld mqll c^rtaifvif 
ftuC iadircjajrpieftipns^ asJn .ad;!^^..^ 

with 



with a plaia hole ^ yet it will not hold la 
Projedioas made by Refraclion, as it is ia 
t;hofe an the Itetina in the Eye, by means of 
the CryfiaUitw and other Coats and Humours 
of the Eye. For a Demoaltration of thisob- 
fcrve Fig. 43. wherein let A B be a remote 
Objed , and E f the CryftaUine at its large 
aperture, projefting the Image IM on the 
Retina. Let then CD be the lelTer aperture 
of the Pupil before the CryftalUm : 1 Iky the 
Image I M ihall be proje^ed as large as be^ 
fore, for the Cone of Rays EAF confifts 
partly of the Cone of Rays CAD, therefore 
where the former EAF is projeded, thiJ 
latter C AD, as being a part of the former^ 
lhall be projected alfo. So that no more H 
effected by this narrow Aperture , but that 
the fides of the radiating Cones are inter- 
cepted, and confiqnently the Point I ihall be 

affected with lefs light, but it (hall ftill be in 
the lame place : What is faid of that Cone 
and that Point may be faid of all other Cones 
and other Fokits of the Objed. From hence 
appears firft , the Invalidity of the Account 
given of the Moons appearance by Gajfendiu 
ttom tliis Reafon. 2dly9 The Reafon ap^ 
pears why a Tekfco^s greater or lelfer 
Aperture^ makes no difference in the Angle 
it receives ; for imagine EF to be aj^i Qh)ed- 
glafs of a Telefcqf^e, and 'tis plain, sdly, 
'Tis evident why a greater or lefs Apertute 
on a Telefcope fhould make the Obje*!Js ap- 
pear Lighter or Darker-^ for thereby more or 
leis Rays are admitt^ to determine on the 
Projediofl of each^Point. Bm: all tilts by the 
by. And dii^ i^.fuiEcicxit for a Coufuution 

of 
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o^Gajfendus and Faber : But our forementioned 
jihhe fuperadds to a greater or lefler Aper- 

tin e of the Pupil, as a nccreflary Confequent, 
a greater and lefTer Convexity of the Oyjial- 
line^ as alfo a lengthening and ftiorteamg the 
Tube of the Eye. And this I mnft confefs^ 
would do fomcj:hing if we find it true in our 
Cafe and this let us try. Firfl, ftys he, 
the duskifhnefs of the Moon nigh the Hori^ 
zon admits the Pupil to enlarge it lelf, the 
Cryftalllne to flatten, and the Eye to lengthe/j. 
But what if we change our Objeft, and in- 
ftead of the Moon take the diltance between 
Ibme of the fixt Stars ; as fuppofe thofe of 
Orions Girdle) we fh.Ul find the fame Phano" 
memn in them, ahd yet I hope neither he nor 
Gajfetjdvs will aflert, that .they at one time 
ftrain the Eye more than at another, or that . 
at any time their fulgur ftrains the Eye at 
all ; if he do, let him take Stars of the leiTer 
Magnitudes, nay even thofe that can but 
juft oe perceived, and then he will be con- 
vinced : Or let him confider whether this will 
hold in looking at the Sun through very dark 
GlaflTes, which render the Sight thereof as 
inoflenfive to the Eye, as that of a green 
Field. But perhaps he will then fay that this 
other Reafon holds, which is idly, That the 
greater imaginary diltanceat which we think 
the Moon near the Horiz^oriy than when more 
elevated, makes us Contemplate her as if 
really (he was lb, viz.. with ample Pupils, 6?-^. 
but this I have fuffidently overthrown in my 
'Remarks againft Dej<Vfe/; therefore I pafs 
it over,*"*bnly fubjoining that if there were 
any . thing in this Surmife, my-thxaks the Ho- 

rixjontd 
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rizontd Mooa fhould be fancied nighcr to us 
thaa farther from usj for if we are for try- 
ing natural Thoughts, let us take Children 
to determine the Matter, who are apt to 
think that could they go to the edge of that 
fpace that bounds their Sight , they Ihouid 
be able (as they call it) to touch the Sky i 
and conftquently the Moon feems then rather 
nigher to us than farther from us. 

After I had writ thus far I accidentally caft 
my Eye upon Riccioli\ Treatiie of Refradion^ 
at the end of his id. Volume of the Alm^tfi^ 
Lib' TO. SeEl:.6. Cap. I. Quefi, 13. wherin he 
fpeaks of our prefent Difficulty ; but to my 
wonder I find him allert, that he and Father 
Grimaldi had often taken tYieHorixjomalSnnzii^ii 
Moons Diameter by a Sextant, when to the 
naked Eye they appeared very large ; ( Crtmal^ 
dtis direding his Sight to the left edge, and 
Riceiolm to the right,) and that even by the 
Inftrument they always found the Diameters 
greater than when more elevated, the Sua 
often fub tending an Angle of almoft a De- 
gree, and frequently 45 Minutes, the Moon 
alfo 38 or 40 Minutes. This is downright 
contrary to the matter of Faft which I have 
before alledged, and diredly repugnant to 
the matter of Fad afTerted by the Fremh 
Ahhe in the forecited Journal. Whether of 
US be in the right I leave to accurate Ex- 
periment to determine , and fubmit the 
whole to the decifion of the lUufirious Roy- 
al Society. Only give me leave to add 
one word agahifl. Rucioll^ for had his Experi- 
ments beqn accurately profecuted, he Ihould 

T have 
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have tryed them when the HorizMmal Mm 
had look'd ten times more large in Diame- 
ter than ordinary:; and then if it be true, 
Uiat even by an Inftrument (he will be found 
proportionally broader than really Iheihoizld 
fubtend an Angle of 300 Minutes, or 5 De- 
grees : for very often I have fecn the iMoon 
when fte appeared 10 times broader than or- 
dinary, which the fmali addition of 8 or 10 
Minutes to her ulual Diameter will never 

Caufe. 

Laltly,as an Apology for my reviving this 
dilquifition to that Noble Company of EngUfi 
Philofophers, I (hall only imitate the words 
of the forementioncd Ahbeh Letter. Potir U 
Raijon de cette jdffarence^ de la trompens d( 
ms Seas^ jt Id tiens plus Difficile a trouver^ que 
Us plus grands Equ4Mi^ £ AlgAre^ (fjutmi 
voHt y auhz. bien penfe^ vans Obli^erez. de tri 
tn dtre vofire Sentemem^ ficc. 

After which 1 have only to fubfcribe my 
felf an unworthy Member, and an hamble 
Servant and Admirer of that Illultrious Com- 
panx- 
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T'be Sentiments ef the Reverend 
and Learned vr. John Wallis 

R. S. Soc. ufon thu afoyejaid 
^ppearance^ communicated in a, 

Letter to the TMJher* 

m 

AS to the lafl Inquiry Cconccrning which^* 
you fay, the Royal Society would be 
glad to know my Opinion ^) about the appa* 
rent Magnitude of the Sun near the Hmzj^n^ 
greater than when confiderably high : 

Thelnquiry is Ancient : And, I remember, 
I diibourfcd it near forty. Years ago with 
Mr. Fofier^ thpn Profeilbr of Aftronomy in 
Givjhdm aSeff9* Who did then allure me 
(from his own Obfcrvation, I fuppofe, for 
I have never examined it my* felf,) that the 
apparent Magnitude (aken by Inflrument 
(however the Fancy may apprehend it) is not 
greater at the HorijLon^ than when highen 
And Mr. Cafvoel (when your Letter was com- 
municated to our company here) aiiirmed the 
fame* 

And (though I have not my felf made the 

Obfervation) I do not doubt but the thing Is 
fo. For it is afrreed^ That Refraction near 
the Horiz^on^ though (as to appearance) it 
alter the Ahitjide of the thing feen j yet it 
al tors not the Jbummh at all. 



T 1 And 




Aad it muft needs be fo. For, fince this 

equally i cfpeds all points of the Horiz^on ; let 
the Rcfraftion be what it will, the whole 
ri«» can be but a Circle : So that there is 
no room for the breadth of a thing (as to 
the Angle at the Eye) to be made greater, 
whatever its Tallnefs may (the Refraftioa 
not equally afFefting all parts in the Q'rcles 
of jittitude.) Nor is there any realba why 
this (hould rather thruft the other, than that 
the other thruft this, out of place. 

Whereas, in the Mtitude^ it is otherwife: 
For while what is near the Hariz/>n is inlarg* 
cd, that which is further off is thereby con- 
tracted : which as to the Aumuth or Honz^on- 
tal Fofition cannot be. 

In Spedacies indeed it is otherwife ; for 
they reprefent the Objed every way enlarg- 
ed ; and do thereby hide the adjacent parts. 
But in Refradion by Vapours, f.ippofing all 
parts of the Horizjon equally afFefted by them, 
one part cannot be expanded in breadth 
(whatever it may be as to the heigh th) with- 
out thrufting out another (for the whole 
Hmuon can be but a Circle) and, why one 
part rather than another ? 

Unlefs we would fay (as perhaps we may, 
if there Ihall appear a necelfity for it) That 
the Rays of a lucid Body do expand then* 
felves every way to the prejudice of the parts 
adjacent, by covering them. 

But fuppofing (which I am apt to believe, 
till the contrary fliall be evinced by Experi- 
ment) that the Sun or rvioon^s apparent Dia- 
meter taken by Inftrumcnt near the Horizj^n^ 
is the fame as taken in a higher Foiiciaii, (I 
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mean its H^izjomal Diameter, or that paral* 

lei to the Horiz^on ; for the creel Diameter, in 
a Circle Perpendicular to the Horiz^on^ may by 
the Keira&ioQ be varied, and thereby made^ 
jiot greater^ bat le/s than when higher \ as 
hath been noted in the Name of Sol EKpkm 
at the Horizon.') Suppofmg, 1 fay, that 
the Sun's app.irent Diameter Horiz.ontal^ tn- . 
kea by laftrument, is the fame near the Ho^ 
riz^oftj as in a higher Pofition, I take its Ima- 
ginary greatnefs which is fenCed ntzvHoriiuMy 
to be only a deception of the Eye j or rather 
the Imagination from the Eye. 

For fare it is, that the Imagination doth 
not eftimate the greatnefs of the Objed feen, 
only by the Angle which it makes at tlvc Eve ; 
but, by this compared with the fuppofed di- 
Xtance. 

True it is that, C^ttris foribusy we judge 
that to be the greater Objeft, which makes 
at the Eye the greater Angle: But not fo if 
apprehended at diflerent Diftances. 

For if through a Caleracnt (or iefler aper- 
ture) we fee a Houfe at loo Taras diftance ; 
this.Houfe (though feen under a lefs i\agel) 
doth not to u<; fecm Icfs than the Crtfemcnt 
through which we fee it, (or this greater than 
that, becaufe it makes at the Eye the greater 
Angle :) Bat the Imagination makes a com- 
parative EHimate from the Angle and Di- 
itance jointly confidercd. 

So that, if two things feen under the lame 
or equal Angles, if to one of them there be 
ought which gives the apprehenfion of a 
greater Diftance, that to the Imagination will 
appear greater. 

T 3 Uow 
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Now fure it is^that one great advantage for 
'Eftimating of a thing feen, is, from the va- 
riety of intermediate Objeds betiveen the 
Eye and the thing feen. For then the fnia- 
gination mult allow room for all thefc 
things. 

Hence it is that if we lee a thing over two 
Hills, between which there lies a great Valley 
unfcen, it will appear much nearer than if 
%ve fee the Valley alfo : And it will appear as 
}u(t beyond the firft Hill. And if we move 
forward to the top of the nearefl: Hill (that 
lb the Valley may be feen) it will then appear 
much further than before it did. 

And on this account it is, that the Sua 
fetting, appears to us as if it were but jufl 
beyond the utmoft of our vifible Horizon ,^ bc- 
caufe all between that and the 5un is not 
feen* And, upon the fame account, the Hea* 
ven it felf feems Contiguous to the vifible 

Horiz^on, 

Now when the Sun or Moon is near the 
HoriMti^ there is a pro/pedl of Hills, and Vai- 
lies, and Plains and Woods, and Rivers^ and 
variety of Fields, and Inclofures, between 
it and. us : which prefent to our Imagination 
a great Diftance capable of receiving aft 
thefe. Or, if it fo chance that (in ibnie Po* 
fition) thefe Intermediates are not actually 
ieen : Yet having been accuftomed to fee them, 
the Mem6ry fuggefts to qs a view as large as 

is the vifible Horizon. 

But when the Sun or Moon h in a higher 
Fofition J we fee nothing btcween us and them 
(unlefs perhaps fbme Clouds) and thettfim 

liothing to prefent to our Imagination |b great 
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^ And therefore, though both be fecn under 
tlie lame Angle, they do not appear (to the 
Imagination) of the fame bignefs, becaufc 
not both fanlkd at the fame Diftances: But 
that near the Hmzan is judged bigger (be- 
caafe fuppofed farther ofF^ than the fame 
when at a greater Altitude. 

'Tis true, that as to fmall and middling 
Diftaoces (bolides this Eltimate from Inter* 
mediates) the Eye hath a means within it ftlf 
to makefome Eftimate of the Diftance. As, 
when we already know the bignefs of a thing 
ieen, to which we have been accuftomed as 
a Man, a Tree, a Hoafe or the like : If fuch 
thing appear to us under a fmall Angle, and 
indiltind, and faintly coloured j the Imagi- 
nation doth allow fuch DiAance, as to malke 
luch a thing lb to appear. And, if this, thro' 
a Profpedive Glafs, be repefented to us un- 
der a bigger Angle, and more diftinft : It is 
accordingly ap];)rehended as (b mtich nearer* 

But the cafe is otherwife, when we do not 
by the known bignefs, judge the Diftance; 
but, by the fuppofed Diftance, judge of the 
bignefs ; as in the Cafe before us. 

And accordingly, different Perlbns, accord* 
ing to different fancied Diltanccs, judge vc- " 
ry differently. As, if two Stars be fhcvved 
to ignorant Perfons, and you 9sk how far they 
lecm to be afunder: one perhaps will (ay a 
Foot ; another a Yard, or more : And one 
fhall fay, the Suu appears to him as big as a 
Bulhel ; another, as big as a Holland Cheefe : 
Each eftimating according to the fencied Di- 
ftance. 

T 4 Again 
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Again in our two Eyes (when the Object: 
is feen by both) there is yet another means 
of eftimating how far ofT it is. (And it is 
this by which we judge of Diftances.) Name- 
ly, there are, from the fame Objed, two dif- 
ferent vifual Cones, terminated at the two 
Eyes : Whofe two Axes contain, at the Obr 
jedi different Angles, according to different 
Diflances: An accuter Angle at a great 
Diftance, and more obtufe when nearer. 

Kow, that fuch Objeft may be feep by both 
Eyes, clearly, it is reqaifite that the Eyes be 
put into fuch a Pofition, as that the Sight of 
each Eye receive the refpecli^ Axe at ri^ht 
Angles. Which requires a different Pofition 
of the two Eyes, according to the different 
Diftance of the Objed. 

As will manifeftly appear \ if we look, with 
attention, on a Finger (or other fmall Ob- 
Jeft) at two or three Inches diftance from the 
Eye , and then upon another like Objefl at 
three or four Yards beyond it : (and this al- 
ternately feveral times. For 'twill be mani* 
feft, that while we look intently on the one, 
we do not fee the other (or but confufcd!/) 
though both be juft before us. And, as we 
change our view, from the one to the other, 
we manifeftrly feel a Motion of the Eyes (by 
their Murcks) from one polture to aao- 
ther. 

And according to Y:he difierc^nt pofture in 
the Eyes, rcquifite to a clear Vifion by both, 

we eftimau ihc DifL4iice of the pbjcd fiora 
us. 

And hence it is,that they who have loft the 
Sight of one Eye, are at a great difadvantage, 

' , . ' ■ ^s 
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a? to eftimating Diftances, from what they 
could do while they hid the ufe of both. 

But now when the Diftance grows fo great, 
as that the Pofition of thele vifual Axes be- 
come Parallel, or fo near to Parallel, as not 
to be diftingulihable from it : This advaur 
tage is loft, and we can thenceforth only 
conclude, that it is far offi but not how far. 

Hence it is, that our view can make no 
diftindion of the Moon's Diftance, from that 
of the other Planets, or even of the fixed 
Stars : But they leem to us as equally remote 
from us y though we otherwifc know their 
Diftances frqm us to be vaftly different. Be- 
caufe the Parallax (as I may fo call it) from 
the different Pofition of the two Eyes, isqoite 
loft, and undifcernable, in Diftauces much 
lefs than the leaft of thefe. 

And fo, of the fixed Stars among them* 
fclves : Which, though they feem equally re- 
mote from us ^ many (for ought we know) 
be at Diftances vaftly different. Kor can we 
tell, which of them is neareft: (un lefs perhaps 
we may reafbnably guefs, thofe to be neareft, 
which fccm biggeft.) • Bccaufc, here not on- 
ly the Parallax from the Diftance of the two 
Eyes ^ and that from the Earths Semidiame- 
ter but even that from the Semidiameter of 
the Earths great Orb, is quite loft aiidnone 
remaining, whereby to eftimate their Diftance 
from us. 

But (to return to our cafe in hand ;) tho* 

as to fmall Diftances, we may make fome 
eftimate from the known Ma^mtude of the 
Objed : And, as to middling diftances, from 
^hc Parallax (as I may call it) arifingfrom 
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the interval of the two Eyes: Yet even this 
latter v^ill hardly reach beyond, if lb far as 
the vifible Horizon : and all beyond it, is lott. 

So that, there hCig nothing left to aflrft 
the fancy in eftimating fo great a diilance^ 
but only the intermediate Objeds : Where 
thefe intermediates appear to the Eve^ (as, 
when the Sun or Moon are near i\\QlIirizon 
the diftance is fancied greater, than where 
tbey appear not, (as when farther from it:) 
and confeqaently (though both under the 
fame or equal Angles) that near the Horizon?! 
is fancied the greater. And this I judge to 
be the true reafbn of that appearance. 

You will excufe (I hope) what excurfion I 
have made ^ becaufe though fome of them 
might have been fpared, as to the prefenc 
cafe ^ yet they are not impertinent to the ba- 
iinefs of Vifion ; and the eftimate to be thence 
made, of Mao^nuudes and Diftauces, by the 
Imagination. 

The Sun's Eclipfe Ma^ ifi. was here ob- 

ferved about i a Digit i between one and cwa 
a Clock after noon. 
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A ^emonjiration of an Error com- 
mitted by coynnion Surveyors in 
comfaring of Surveys taken at 
long Intervals of Time arijmg^ 
from the Variation of the Mag^ 
netich Needle^ by William Mo- 

lyneux. jG/g^; F. R. S. 

TH E Variation of the Magnctick Needle 
is ib commonly known^ that I need not 

infifl: much on the Explication thereof; 'tis 
certain that the true Solar Meridian, and che 
Meridian ftiewn by an Needle, agree but in 
a very few places of the World ; and this too^ 
but for a little time (if a moment) together. 
The Difference between the true Meridian 
and Magnetick Meridian perpetually vary- 
ing and changing in all Places and at all 
Times; fometimes to the Eaftward, and 
Sometime*; to the Weflvvard. 

On which account 'tis impodible to com- 
pare two Surveys of the fame place, taken at 
diftant times, by Magnetick Inftruments, 
(fuch as the Circwn f event or ^ by which the 
Down Survey^ or 5ir William Petty s Survey of 
Ireland was taken) Without due allowance be 
made for this Variation. To which purpofe 
we ought to know the DifFcrencc between 
(lie M^g^^ucii Meridian and true Meridian 

at 



a 84 MiJceUanea Curio fa. 

at that time of the Down Survey, and the 
iaid difierence at the time when we make a 
new Survey to compare with the Davm 
Survey. 

But here I would not be underftocd as if 
I propofed hereby to fhcvv , that a Map of 
the fame place, take a by Magnetic k Inftru- 
meats at never fo diftant times^ fliould not at 
one time give the lame Figure and Comms as 
at another time This certainly it will do 
moft exaftly, the variation of the Needle 
having nothing to do either in the Sfc tpe or 
Contents of the Survey. All that is aflfeded 
thereby, is, the Bearings of the Lines run by 
the Chain , and the Bomidaries between 
[Neighbours. And how this may caufc a con- 
fiderable Error (unlefs doe allowance be 
made for it) is what I fliall prove molt 
fuHy. ' 

In order to which, let us fuppofe that about 
the Year 1657. (at which time the Down 
Survey was taken) the Magnetick Meridian 
and true Meridian did agree at DuUin^ or 
pretty nigh all over Ireland ; that is to fay, 
that there was no Variation. And indeed 
by Experiment it was at that time found, as 
lam well aflTurM, that at DMin it was hardly 
half a Degree. 

Let us fuppofe that in the year, t<^9^- the 
Variation was 7 Degrees from the Korth to 
the Weftward \ that it was really ib, I be- 
lieve lam pretty well afllired , from an Ex- 
p.r'uncat thereof made by my felf with all 
diligence. Bat this is not material, let us 
now only fuppofe it* 

Let 



Digitized by 



Mi [celianea Cw io fa. 185 

Let JrfJB rcprtfent the Survey of two 

Town-Lands, one iii the pofllllion of and 
t'other in the poflelTion of 5, which we call 
^ Town-Laud and B Town-Land, taken by 
the I>w«-Survey, Atmo 1657. when there 
was no Variation. 

Let the Lhie NS running through the 
Point P be the true Meridi:in, and confe- 
quently theMagnetick Meridian alfo at that 
time, becanle of the fuppofed no Variation^ 
and let this Line NS be alfo the Boundary 
between the two Town* Lands ^andB. 

In the year 169%. when the Variation is 
7 Degrees from the North to the Weftward^ 
£ having a Map of the Domt Survey^ and be«* 
ing fufpicious that his Neighbour j4 had in- 
croaehed on him by a Ditch PO, imploys a 
Surveyor to inquire into the matter : The 
Surveyor finds by his A^f^tp that the Boundary 
between B and his Neighbour -rf run from the 
Point P through a Meadow directly aecoi ding 
to the Magnctick Meridian SPN-^ but ob- 
ferving the Ditch F ^caft up much to the 
Eaftward of the prelent Magnetick Meri- 
dian, he concludes that j4 has incroached on 

arid that the Ditch ought to have been 
call upalongft the Line Pq^ the Angle Q^P ^ 
being an Angle of 7 Degrees , that is the 
prelent Variation of the Needle ^ and the 
Line P^ the prefent Magnetick Meridian: 
For which Variation , not making any al- 
' lowance, he pofitively determines that i5 has 
all the Land in the Triangle ^ P ^, more 
than he ought to have*, and that his Ditch 
ought to run aloiigfi: ihc Line Pgr, 

Tis 
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Tis true indeed , if the Surveyor go the 
whole furround of the Lands jismd B^ he 

will find their Figure and Contents exa^lly 
•?<]^reeable to the Map here exprefled. But 
theu the Bearings of the Lines are ail 7 De- 
crees different from the Bearings in the Map, 
a id they will run in and out upon the adja- 
cent Neighbouring Lands, and caiift endJe/5 
l^ifrevences between their PofleflbrS', as is 
inanifeft from the Figure : wherein theprickc 
Lines icprefent the Difagreement in the 
L'civings of the Lines, protrafted from the 
Vol at P i and we fee A iacroaching on hVs 
Neighbours on the Weft ward, as he incroache^ 
on B , and ^'s Eaftward Neighbours iii- 
croachii]g on him, and fb forward and clear 
round. Whereas, by a due allowance for the 
Variation of the Needle, all this Coofbfion 
.ipd Difagreement is avoided^ and every 
thing hits right. 

Thus for inftance in the Cafe before us, 
knowing that the Magnetick Variation has 
Call fed the pre feat Magnetick Meridian to 
fill in the Line n q P 7 Degrees from the 
North to the \A^'eft\vard s to reduce this to 
the Magnetick Meridian at the time of the 
n')vvn Survey, I mud make the Meridian of 
Tiiv Map to fall 7 Degrees to the Eaftward of 
my Magnetick Meridian ^ as we fee the Line 
P (y falls 7 Degrees to the Eaftward of the 

Li iC P 

what is here faid on fuppofition that the 
M Jgnet had no Variation at the time of the 
iirft Survey taken -, and that it had 7 De* 
f^ ees variation Weftvvard at the time of the 
iUoud Survey, may ealily be accommodated 

to 
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to the fuppofal of any other Variations at 
the firfl: and iecond Surveys , Mutatis mu* 
tandis^ for knowing the Variations we know 

their Difference; a;id if we know their Dif- 
ference, this gives us the Angle Q^P by 
which we reduce them to each other* 

The beft way therefore to make Maps in« 
variable, conftant and everlafting , were for 
the Surveyors , who ufe Megnetick Inftru- 
ments to make always allowaace for the 
Magnetick Variation, and to protrad: and 
lay down their Plats by the true Meridian. 
This the wary Sailer is fully convinced of: 
and therefore in Steering his Courfe, he con- 
ftantly allows for the prefent Vaiiation^whicli 
he obferves by the AzSmuth Compafs, orelle 
he would mifs his appointed Harbour oftner 
then he would hit it ; For no two Points on 
the Globe keep the fame Bearing to eack 
other by the Magnetick Meridian for any 
time together. And though the Variation 
be flow, yet in a long Courfe , or in times 
pretty diltant, it may caufe vaft Errors, un- 
lefs allowed for. Thus for inftance, fup- 
pofe in the year 1660, a Sailor had fleered 
iTom the Land's end of England to Cape Fim* 
Jter in Sfain^ by his Magnetick Compafs 
a dired South Courfe and that at that time 
there were no Variation. Afterwards AntiQ 
17,00. when there was (fuppofe) 7 Degrees 
of Variation from the North to the Weft- 
waid, another Sailor intending to make the 
fame PafTage, fteeis direftly the fame South- 
erly Courfe by bis Magnetick Compafs : 1 lay, 
this lafi: Seaman will be carried hr into the 
Bay of Bifcay to the Eaftward, and will mifs 
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of his defired Port by many Leagues ; but if 
in his Courre he hath allowed for this Varia- 
tion, andindcad of failing a direft Southerly 
Couife.by his Compafs, he had ftcer'd 7 De- 
grees from the South to the Weftvvard, he 
had hit his Point. Whether thcfe be the true 
Bearings of thefe two Places, it matters jiot : 
We go on to the Suppolition that they are. 

Perhaps it may be objeded, That Surveys 
may be taken withoutMagnetick Inllruments, 
and that therefore this Error arifing from the 
Mcgnctick Vai iation , and Change of the 
Bearines of Lines, may be avoided. To 
which i anfwer , firft. That granting a Sur- 
vey may be taken mthout Magnetick laftru-* 
ments, this is nothing againfl: what we have 
Laid down relating to Surveys that are taken 
with Magnetick Iiiftruments , as the Down 
Survey aAually was, and moft Surveys at pre- 
fcnt aftually are taken therewith- Secondly, 
Though a Survey may be taken truly with- 
out IVIcgnetick Inftruments, fo as to flicw the 
exad Angles and Lines of the Plat, and con; 
Icquently the true Contents, yet this will 
not give the true Bearings of the Lines, or 
(hew my Pofition in relation to my Neigh- 
bours^ or the other parts of the Country. 
This muft be fupply'd by the Magnet, or 
ibmething equivalent thereto, as finding a 
true Meridian Line on your Land by Celeftial 
Obfervations. And I doubt not but the an- 
cient Egyptians^ before the dilcovcry of the 
Magnet were forced to Ibme fuch Expedient 
in their Surveys and Applotments of Lands 
between Neighbour aaJ Kciglibour , after 
the Inuudatious of the Nih^ which, we are 

told 
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told, gave the firft Original to Geometry 
and Surveying. Abiblute NecefGty and Uie 

having introduced thefe, as Delight and Di* 
xerCioa introduced Aftronomy amongft the 

Chaldeans. 

And this brings me to another Objedioa 
which may be made againft the Inftance be«- 

fore laid down : It may be faid. That cer- 
tainly the Surveyor which B imployed waa 
V€ry ignorant, who. woald choofe to judg* 
of the Line P Qj, rather by its bearing thaa 
by determining the Point by meafuring^. 
from //and G. To this 1 anfwer. What it 
both the Points //and C? were vanifh'd fincethc 
Down Survey was taken ? What if the whole 
fece of the Country were chang'd, fave only 
the Point P and the Line P QJ How fliall 
the Surveyor then judge of the Line/' ^ but 
by its bearing ? That this is no eztrava^^ 
gant Suppofition^ we have an Example in 
Ej^ypt above-mentioned, where the Nile lays - 
all flat before it, and ib uniformly covers all 
with Mud. that there is no diitindion* la 
luch a Cafe your beanug muft cmainly help 
you out, there is no other way. 

But I anfwer fecondly, To fay that the 
Surveyor might have determined the Pointy 
by admeaiurement from G and or any. 
other adjoining noted Points, as from F, AT, 
&c. 'tis very true ; But then 'tis againit our 
Snppolition. I am upon ihewing an Error 
that arifes from judging of the Line P Q^by 

Magnet ick. bearings and to tell me that this ^ 
might be avoided by another way, is to fiy 
nothing* 1 my feif ihew how it may be avoids 

M ed 
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ed by allowinp^ for the V^ariatioai butfiill it 
Is an Error^ till it be avoided. 

But thirdly^ if JS^ Surveyor do not allow 
for the Variation of the Needle, hewj/J ne- 
ver exactly determin even the Points Fj 
//, &c. or ^ay other Points in the Plat ^ 
but inftead thereof wiH feu on the Points/, A, 

From what has been laid down, we may 
fee the abibjute nccefDty of allowing for the 
Variation of the Magnet, in comparing old 
Surveys with new ones \ for want of which 
^reat Difputes may arife between neighbour- 
ing Proprietors of Lands: and it were to be 
wim'd that our Honourable and Learned 
Judges would take this Matter into tliehr 
Gonfideration whenever any Bullncfs of this 
kind comes before them. Hitherto an abfo- 
Itttc Acquiefcence in the Down Survey, with- 
out any of the fore-mentioned Allowance, has 

been agreed upon as a ftanding Rule incur 
CJourts of Judicature in IreLa?id but that ma- 
ny Men may be injured thereby^ 1 iuppofe 

manifeft from what fbi^goes. 

I have only this to add, That leafl: I be 
thought herein to ftrike at the Truth or Ex- 
.adtnefs qf the Down Survey, 'tis not at all 
the intention of this Paper, but rather to 
confirm' it, by flicwing which way Men 
ought to Examine it truly, and not by the 
common ways ufed by them, which rather 
con6>und it, and aQ that claim under it« 

See the Table ivg. 44, 

Al. 
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Although this Paper was chiefly dcligned 
the endiag of Coattits ia the Kingdom 
irel^ about the interefts of fome of thofe 
whofc Lands are Neighbouring, and have 
I been furveyed by Magnctick Inftruments, 
' jret coalidering its uaimfal Uie , it was 
tbought it would be vpry grateful to the Cu« 
rious to pablifli it here. 

I * ♦ 
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^IPropoJai concerning the 'pMoUax 
of toe fixed Stars y in Reference 
to the Berths jflnnud OrA In 

^ fever al I^etters of May xhe od. , 
June 99. an^ July 10.1699. from 
tDr. John Wallis to William 
Molineux Efq^ 

S I 

I Am obliged to you for two Books which 
you have been plea fed to fend me^ that 
your Sehtbmcmm TeUfcopicum^ and that of 

Dioftrickjj which you have perfovmed fo well, 
that I have not been better fatisficd with any 
that I have leen of that Sabjeft* I Aoold not 
lb long have negleded to retorn my Thanks 
for them, but that I thought a Letter of bare 
Thanks to be too empty^ unlefs I had fome* 
what eUe to fend with it« 

You will^ I hope, give me leave (though I 
have not the opportunity of being perlbnally 
known to you) to fuggeft a Speculation, which 
hath been in my Thoughts thefe Forty Years 
or more ; but I have not had the opportu- 
nity of reducing it to Praftice, as being not 
fo well ftored with necellkry Inftruments of 
that kind^ nor much exercifed to Telefoopick 
Obiervations. And though I have many 
Years Imcc fuggeftcd it to others, yet nei- 
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ther have they had Idfare of conYcnicnce of 
.putting it in Fraftice. 

It is concerning the Parallax of the fixed 
Starsy as 'to the Earths Annual Orb. 

GuliUa complains of it a great while fincc 
(in his Syficma Cofmicum) as a thing not at- 
tempted to be obferved with fuch diligence 
as lie could wiih) and I doubt we have the 
lame caule of complaining ftilK I know that 

Dr. Hoo^and Mr. Flamjiead have attempted 
fomewhat that way, but have deiifted before 
they came to any thing of Certainty. What 
hath been done to that purpofe abroad I 

know not. 

CaUleo hath fuggefted divers things .confi« 
derabie in order to it. 

As to the times of Observation ; That it 
Ihould be when the Sun or Earth are in the 
Tropicks, or as near thereto as may be ; Be- 
caufe at thofe times, if any, wiU be the 
greateft difference obfervable in their meri* 
dional Altitude. 

As to the Stars to be obferved. That they 
Ihould be fuch as are as near as mjiy be to 
the Pole of the Ecliptick : For fuch as are in 
the Plain of the Ecliptick, or near unto it, 
though they may be fonietime nearer, (bme- 
time farther from us, (which might fome* 
what alter their apparent Magnitude, if it 
were lb much as to be obfervable) yet it 
would little or nothing alter the Parallac- 
tick Angle, as GaliUla doth there deiQon- 
ftrate. 

He notes alfo, that in abufiiu-fsfb nice^ 
the ordinary Inftrumeius of Obicrvation 
(though pretty large) would be infufficients 

V 3 (he 
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fhf doubts) for this purpofe, and doth pro- 
pofe, that by the fide of fome Edifice or Moon- 
Uitiy at fbme Miles diltalic^ the fctting of 
fome noted Star (as that of Lncida Lyrs) 
iTiight be obftrved at thofe difFcrent times of 
the Year, which might be equivalent to an 
ftiltrament iivhofe Radius wete fo large. 

Which were a goJod Expedient if Praiftica- 
Me; but I doubt thfe Deitfity of our Atmo- 
fphereisfo great, as that it will be hard to 
dilcern a Star jaft at th6 Hori^dn, ot 
within Ibme few Degrees of it : And that the 
Rcfra'ftion would be there fo great, and fo 
uncertain, as not to comply with lb curious 
an Obfervation. 

That which occurred to myThoughts npoa 
thefc Confiderations, was to this purpofe : 
That fome Circumpolar Stars (nearer to the 
Pole ci the Equatbr than is yottt 2imh:K and 
not far from the Pole of the Zodiaqk) lliould 
be made choice of for this purpofe. And in 
cafe the Meridinal Altitude be idfcernahl^ 
different at diS^ent dfaies, to wifl aifo be 

their utmoll Ea/l alld Weft Azimuth, which 
jnay be better obferved than therr Riling or 
Setting: And this Will be not obnoxious to 
the Refraftfbn, as is the Meridional Altin 
tude ; (for though the Rcfraftion do affeft the 
Altitude, yet not the Azimuth at aJI)^ and 
we may here have choice of Stars fpr the pur^ 
pole \ which iii Obftnrations from the bot« 
torn of a Well we cannot have ; being there 
fronfined to thofe only which pafs very neaf 
pur ?cnith, tjiough y? rv lipaU Stajr^* * 
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I would theft take it for granted, as a thing 

at leaft very probable, that the fixed Stars 
are not at all (as was wont to be fuppofed) at 
the &me diftance from us, but the diftanca 
of fomtj daftly greater than of others ; and 
confequently, though as to the more remote, 
the Parallax may be undifcernable ^ it may 
perhaps be difcernable in thofe that are near- 
er to ns. 

And thofe w may reaibnably guels (tho^ 

we arc not Aire of it) to be neareft to us. 
Which to us do appear biggeft and brighteft, . 
as are thofe of the Firfl: and Second Magni- 
tude ; and there are at kaft of tlie Second 

]\ragnitude, pretty many not far from the 



in the Shoulder qf the lefier Bear) : And in 
cafe we fail in one, we may try again and a« 
gain on Ibme other ; which may chance to 
be nearer to us tlian what we try fu ll. And 
Stars of this bigneis .may h.c difcerncd by a 
moderate Teleicope, even in the day-tinie ; 
cfj^ecially when we know jult where to look 
for them. 

The Q&i^er of Obfervation I conceive, 
may be thns: Having firft pitched upon the 
Star we mean to obferve, and having then 

confidered (which is not hard to do) where 
fuch Star is.to be feen in its gieateft Eaft or 
.Weft A:|iiiHith j it may be then convenient 
to fix very firm «d ftcadily on fome Tower, 
Steeple, or other high Edifice (in a conveni- 
ent fituation)agood Telefcopick Objcrt-^lafs 
in liich pofit^on, as may be proper for view- 
ing that Star. -And at a due diftance from it 
nc*ir the Grouud, build on purpofc (if alrea- 



Pole of the Ecliptick, (as th 
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4y there be not any) Ibme litde Stone Wall, 

or like Place, on which to fix the Eye-glafs, 
ib as to anfwer that Objeft-glafs : And ha-r 
Ving ft ad jutted it, as through both to fee 
that Starin its defired Station, (which may beft 
be done while the Star is to be feen by Night 
In fuch fituation, near the time of one of the 
Solftices), let it be there fixed fo firmly, as 
not to be diftarbed, (and the place io ie^ 
cured, as that none come to dlforder it), 
and care be taken fo to defend both tVie 
Clafles, as not to be end4ngered by Wind j 
and Weather. In which contrivance I am J 
beholden to Mr. John Cafml M. A. of Hm-^ \ 
hall in Oxfardy for his Advice and Aflift- 
f^nce } with whoni I have many Ye^rs fincCi 
(pmmnnicated the whole matter. 

This Glafi being once fixed (and aMU 
i:rQmeter fitted to it, fo as to have its Threds 
perpendicular to the Horizon, to avoid ar 
iiy inconvenience which might arife from 
(diverfity oiF Refradion if any be) the Star 
inay then be viewed from time to time (for 
the following Year or longer) to fee if any 
fhan^e of Azimuth can be obferved. 

This I thought fit to recommend to your 
Coaridciation, who do fb well underftand 
Telefcopes, and the managery of them j not 
knowing any who is more likely to reduce 
it to Praaice. If yoq fhall think fit to give 
your felf the trouble of attempting the Ex- 
periment, and that it fiicceed well, it will 
^ noble Obfervation, and \yorth the La- 
bour ; Ai^d, if it Ihould mifcarry, the charg? 
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But when 1 iogg^ft (as a conTcnient Star 

for this purpofe) the fliaulder of the leflTer 
Bear (as being the neareft to the Pole of the 
Zodiack of any Star that is of the hrSt or 
lecond MagnitndeX I do not confine you to 
that Star-, but (without retracing that) 
fuggeft another namely, the middle Star, 
in the Tail of the great Bear, which (tho' 
Ibmewhat farther from the Pole ot the Zo- 
diack) is a brighter Star than the other, abd 
may be nearer to us. 

But I do it principally upon this Confider- 
ation : namely. That there is adhering to it 
a very fmall Star, (which the jirabs call 
jilearj of which they have a Proyerbial fay- 
ing, when they would defcribe a Iharp-fight- 
cd Man ^ That he can difcem the Rider 
9n the middle Horfe of the VVayn ^ and of 

one who pretends to fee fmall things but o-> 
Ver-look much greater \ Fidit AUw at mn 
Lunam fUnam): Which Hevelim in bis Ob* 

fervations, finds to be diftant from it about 
9 Minutes, and 5 or 10 Seconds: So that 
befides the advantage of difcoverine the Pa- 
rallax of the greater Star, if diicernable. 
Their difference of Parallax of that and 
of the leffer Star (being both within the 
reach of a Micrometer) may do our Work 
as well. For if that of the greater Star be 
di(cernabie, but^ that of the lefler be either 
not difccrnablc, or lefs dilcernable. Their 
different diflanccs from each other at dif- 
terent times of the the Year, may, perhaps 
(without farther Affaratas) be difcerned by 
a good Telefcope of a competent length, 
^HVftifted with ^ Micrometer, it carefully 

pie- 
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inrcferved from beiag dilbrdered in tb€ InUrr 
Yals of the ObiervatioiiSi; and diicover at 
once^ both, that there is a Parallax, and 

that the fixed Stars are at different diftaa- 
ccsfrom us, wherein, that I be not mifta- 
]cen, my oieaaing is not, that the Inilrument 
or Micrometer ihouki be removed ibr the 
obfci vingof the leflerStar; but that (whea 
the Azimuth of the greater Star is taken) 
by a Micrometer (confifting of divers tiric 
Threads parallel and tranfverfe) iMy (at t\ie 
lame time) be obferved the Diftaoce of the 
two Stars, each from other, in that Pofiti- 
on (both being at once within the reach of 
the Micrometer ;) which diftance (the in- 
ftrument remaiAtiig unmoved) if it be found 
(at diCKrent times of the Year) not to be 
the fame •, this will prove, that there is a 
diflerem Parallax of thefe two Stars. 

This latter part of (he Obfervatiofl 0^ 
their diiirent di(banc^ at di^ent times) 
I fuggeft, as more caiily prafticable though 
aot K> nice as the former. For it may bt doae 
I think, without any further jiffaratas thei"e 
tluui a good Teiefcopc, of oriUnary fornix 
fhrniflied with a Micrometer, (this being 
carefully kept unvaried during the Interval 
of thefe Obfcrvations, AndJf this part only 

the Obiervation (without the other) be 

})urrued ; it matters not thoojgh tbe two Ob- 
ervations (near the two Solftices) be, oneac 
the Eallera, the other at the Weftcra Azi- 
muth (whereby both may be taken in the 
Night-time,) for the diftance mult (at both 
Azimaths) be the iame^ if after obferviog 
the Azimuth of die greater Star ^t be ne* 
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cefliry to move the Micrometer for mcafur- 
iag its diitaxice from Alcor that mav be done 
aaotber Night (and it is not necellary to be 
done at one OUeiiration) for that diftance^ 

and caq|iot be difcernably varied in a I^iigbt 
or two, 

I fliall give you no farther trouble at pre* 
^t, but fubfcribe mj fel^ Sk^ 



1^ 



A 
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A Difcourfe on this PROBLEM; 

JVhy Bodies dijfolved in Menftrud 
Specifically Us^bter than tfceiw- 
felvesj f^wtm therein ? 

By Mr. William JMolyneux, of 

Dublin^ Member of the Rojd Society. 

THE Liberty of Philofophifing being 
now univerfally graated between all 
Men^ I am furc that a difference in Opinioa 
will be no breach of affeaion between twoia- 
tirely Loving Brothers: And therefore I Ihall 
take the freedom to propofe my own Thoughts 
' in a matter wherein my Brother Mr. Tho^ 
mas Molyneux hath appeared publickly in tlw 
Novclles de la Repuhlicjue dts Litres^ Mm i 
jiout 1684. Art 4; and Mois de Janvier idSj. 

7. The Problem propofed is, Why Bodies 
diffolved fiom in Li^mrs li£htir than them/elves ? 

as for Example : Mercury diffoWed in Itrong 
Spirit of Kitre fwims therein, tho' each fmall 
Particle of Mercury, be far heavier than fo 
much of the Liquor whofe place it occupies. 
This, fays he, cannot be folved by the prime 
Law of Hydroftaticks, which is, that a Bo- 
dy which is an equal quantity is heavier than 
a like quantiw of Liquor, iiaks in that Li- 
^ quor-; 
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quof, thus a Cubick IncJh of Iron being hea«, 
vier than a Cubick Inch of Aqua-Portis^ and 
each Particle (how fmall (bever) of Iron be-* 

ing heavier than a like Particle of Aqiu^Fmis j 
Iron being put into Acjua-Fortis fhould fink^ 

and yet we find, that Iron being diflblved ia 
a convenient quantity of Aqun^Fmis floats 

therein, and does not fall to the Bottom- 
The Reafon which my Brother gives for this 
is. That the internal Motion of the i'arts of 
the Liquor, does keep up the Particles of tbq 
dinblved Solid, for they being fo every Mi- 
nute, are movable by the lead force imagi- 
nable, and the Adion of the Particles of the 
Menfirwm^ is fuiEcient to drive the Atomes 
of the diflblved Iblid Body from place to 
place and confequently , notvvithftanding 
their Gravity, they do not fink in the Liquor 
lighter than tbemielves. As a Proof of this 
in the Article of Jamfi9rxe%%* be offers 
an Experiment known in Chymiftry^ that a 
Menflruum over a digefting Fire (as the Chy- 
tnift fpeaks) will diflblve a greater quantitjjt 
ef a Body put into it, than when 'tis off the 
Fire, and if it be uken ofFthe Fire, and fuf- 
fered to cool, a great Portion will precipi- 
tate of that which was perfedly diflblved^ 
whilil: the AAnftruum continued hot. For, 
Jfays hey the Particles of the Mtnfiruum ac- 
quire a more violent agitation by the Fire, 
and are therefore able to raife and keep up 
a greater Qjiantity of the diflblved Body, or 
hereby they are able to refift a greater Gra- 
vity. 

It has been objeded a^ainft this Notion, 
that the comOHm £xpenment of precipita- 
tion, 
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tlon, by mixing an j4lkaiy with sin Aeid (ktm§ 
to contradift this ; for thereby the Fluidity 
of the Ahnfiruum is. not taken away, and 
conl%qttCiitl7, the internal Agitation of its 
Parts is not dimimflied> and yet tberenpon, 
the Particles of the dillblved Body precipi- 
tate all to the Bottom. To this he a/ifwcrs 
in the forecited Article of Janu4iry^ that ail 
Mixtures of different Liqaors introduce ia 
each a different Conformation of Fores, wA 
therefore the Infufion of a new Liquor, drives 
the infefible Parts of the didolved Body from 
tlieir Places, and forces them to ftrikc a- 
l^inft each other, and cling t(>getber, aad 
To becoming more big and heavier than fW- 
iTierly, the internal Agitation of the Liquor 
is no longer able to move and fuftain timsiy 
and consequently they fall to the Bottom. 
This, as ^rly and fhortl^" as I can propoft 

it, is his Sentiment of this PliGenonienon. 

But I conceive an other Account may be 
given of this Appearance, and that the fore* 
faid Law of /fydrofimcki k a little deficient. 
*Tis true indeed, if we conMer only the lpe-» 
cifick Gravity of a Liquor, and the Ipecifick 
Gravity of a folid Particle floating therein, 
the forementiooed Rule is exad} but in 
finking there is reqnilite a (eparation of the 
Parts of the Liquor by the finking Body ; and 
there being a natural Inclinarion in the Parts 
of all Liquors to Union ariling from an A- 
greement or Congmity of their Paits, tber« 
IS a refinance therein to any thing that ft* 
parates this Coniuiiclion : Now ualcfs a Bo- 
dy have weight enough to overcome this 
Congruity or Unioa of Parts^ fuch a Body 

will 
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Will float ia a Liquor fpecifically lighter than 
it If If. Bat that a heavy Body, as Meremy 
or Jrwt may have its Parts reduced to that 
MIniitenefs, that their Gravity or Tendency 
downwards, is not llrong enough to feparate 
the Goheliofl or Union of the Farts of a Li* 
qudr, will be manifeft, if we confider, that 
. the Refiftance made by the Ahdium to a fal- 
ling Body, is according to the Superficies of 
the Body ^ but as the Body decreafes in Bulk^ 
its Superficies does not proportionably de« 
creaft, thus a Sphere of an Inch Diameter, 
has not eight times lefs Sui)erficies than a 
Sphere of two Inches Diameter, tho' it have 
eight times lefs Bulk, and conreqoently paf* 
fing through a Medium^ as fuppofc Air oi 
Water, the Sphere of an Inch Diameter is, 
proportionally to its Bulk, more refilled, than 
a Sphere of two Inches Diameter in propor- 
tion to its Bulk, and hence it will come to 
pafs, that at lafl: a Body may be reduced to 
that Minutenefs, that its Gravity prefling 
downwards (which is according to its Birlky 
may be lefs than the refiftance of the Akdi* 
ttm^ which operates on the Surface of the 
Body feeing as \ faid before, the Surfaces 
of Bodies do not decreafe fo £ift as their 
Bulks, thefe decreafing in a TrtfUcoit^ but 
thofe in a Duflicate Ratio of the Bodies Dia- 
meters. 

This Account does not at all oppofe the 
Experiment of a Metfjhruum over the Fhrc^ 
being able to dilFolve or fuftain a greater 
Quantity of a heavy Body ^ for the Rcafon. 
of this, as 'tis given by my Brother, does not 
Coatradidk. my Notion* The Account like- 
wife 
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wife, that He gives of Chymical Precipitin 

tion agrees very well with what I piopofe : 
So that of thefe I lhall fay no more. 

But bccaufe in the beginaiog of my DiA 
coarre, I fey that the forcmctttioncd Law of 
Mydroflaticks is a little defeftive, I deiire tocr- 
plain my felf a little further in that ?o\nt. * In 
Weights falling through the Air^ were Gn-z-. 
vity only confider'd, the Proportions of their 
Defcents would be exadly as GMiko has 4c- 
monftrated v but it is allowed by all, that the 
Refiftancc of the Air, not being confider'dia 
thofe Dcmonitrations, they are not Mathe- 
matically true in Pradife, but that really 
there is fomething of that proportion hind- 
red by the Airs Refiftance. Now, what is 
this lefs than to fay, that the Refiftance of 
the Air takes off fome of the Operation of 
Gravity, or is able to witbftand or oppole 
part of its Aftion ? And if fo^ what fhall we 
lay were an Iron Sphere let through a Me- 
dium of Water ? Surely the Proportions of 
its defcents would be much more difturfaed 
herein, as Water is much more Solid and dif- 
ficult to be feparated or patted through than 
Air, and confequcntly we muft needs grant, 
that more of the Operation of Gravity, is 
taken off or refilled by this Oppofition of the 
Water, than that of the Air. And if fb^ 
furely there may be a certain degree of Gra* 
vity, that may be quite taken off by the 
rciiftanceof the Water: Were a Fiftol Bui* 
let let fall through the Air, it would defcend 
imperceptibly nigh the Proportions that C14-* 
UUo has afTif^ned, but wlvc a lingle grain 
of Saud fo let falli it would be much hiudred 
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in its Courfe, and the half of this Grain would 
be more obftruded ; what (hall we then (ay 

of the ten thoufandth part, or of a part the 
ten thoufaiid millioneth of this, and again of 
the Infiaits Subdiviiions of that, 'till -w. lalt 
we come to a part that would be wholly re- 
fifted, or kept up; fiich as T conceive the 
minute Particle^ of a Body diffolved in a 
Menfiruum ? 

On this account 'tis, 1 fay, that the fore- 
mentioned Principle of Hydrofianckj is a little 
defeftive; for it confiders not the natural 
Congruity of the Parts of a L jquor, whereby 
they defire, as 'twere, to unite and keep to- 
gether, juft as we fee two drops of Water oa 
a dry Board being brought together do jump 
and coalellc, and therefore Liquors have an 
innate power of refilling a certain decree of 
force that would feparate them ^ fuch as I 
fuppoie the degree of Gravity, in the raofc 
minote Particles of a Body diidblved in a 

The fore-men tioned Rule holds true to the 
molt nice Senfe in great Bodies, but in thofe 
that are by many Millions of Oivilions fmal^ 
ler, it feems to fail. 

This, in lliort, is my Conjefture in this 
matter, which I propofe, as my Brother did 
his, witli ail fubmiillon imaginable, and there- 
by to give occafion to others to enquire into 
the Caufes of this appearance, rather than to 
publifh my own Sentiments as the undoubted 
Solution thereof. 

But this I muit acknowledge, that the in- 
ternal motion of the parts of a Liquor feems 
I fo very agreeable to truth, and explicates fo 

X many 
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many Phaenoroeaa eafily and plainly, that I 
would not be thought to deny itl Neither 

woiikl 1 be thoii-f t wholly to reject my Bro- 
■ thers Solution of this Problem ; for certainly 
that Motion (whatfoever it is) in a Afe^^ 
firuum^ which is able to diflToIve fuch a folid 
Body as Iron, that is ^ which k able to di- 
ftuvb tVic clofe and fluong CoViciion of the 
Parts of Iron, may very well be fappofed fiif- 
ficient to difturbor keep up thefe pamfroni 
reftiiir. m the bottom or the VefleJ, wheiela 
the ftlution was made: And certainly no 
better account can poffibly be given of Gich 
Solutions, than by fuppofing fiich an internal 
motion in the parts of the Menfiruvm indnu- 
ating themfelves into the Iblid Body, and 
loorcning its parts. And tho' it may be ob* 
jeAed, that in the parts of Wzt&r there may 
be fuppofed as violent an internal motion, as 
in the parts of j4^uu-l'u,tis , ai;id yet we fee 
Water , will not dillblvc Iron as Aqjut-Fortts 
, does, and common Bees-Wax isdifturbcd by 
nc'chcr of them , I kavc the nice enqu/ry 
after this Point to others, viz^. What kind of 
JMotion and peculiar Conformation of parts 
is requifite both in the Menftruum and in the 
diflblved Body, th-M a Solution may refalt 
from their Commu ture. 
. • 

Some RcjlcBions on th? foycgo'ing 

Taferby Mr, T.M. 

i /What my Brother has laid down in this 

Pifcourfe, I think does moft undeniably evince 
that the received Law of Hydrojlatichj is. 
fomewhat defedive. For Liquors, tho'ihey 

are 
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ire Flaid yet they are Bodies, and therefore 

conililof parts united ^ which Union, tho' it 
be cafily dcHroy'd, yet of aeceflity it requires 
fome degree of Force for the efFedting it \ not 
is it more manifeft , if rightly conCdered, 
that a Flint requires Force for the fepamtioa 
of its parts, thaa that Fluids do tor theirs. 
But however, 1 imagine, this Property oug,ht 
Hot to be relied upon as the fole Cauie of thf<; 
appearance, to which my Brother has apply'd 
it; nay perhaps does not <b much as concur 
the leaft in the producing this effed ^ my 
Reafon in fhort is this : Whatever is of fufli- 
cient Power to raife the minute Particles of 
a heo!^ Body in a light Fluid, is certainly a 
fufficient caufe to keep them in that Urate t 
Kovv my Suppofition mav give fome account 
of this, what my Brother fays, never can ; 
for he muft necefiarily fuppofe them firfl: 
railed ^ and then he gives the reafon of their 
not finking : Whereas 'tis not to be quefti- 
oncd but that that Force which raifcd them,' 
is the fame which keeps them from falling to 
tile bottom. 

But thefe ConJeAures (for I efteem themi" 
no more) 1 leave to the Confideration of thofe 
that defire to enquire further in this Mat- 
ter. 
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Of the "weight of a cuhic foot of di^ 
vers grains^ &c. try d in aV^f- 
fel of "weU'feafond Oah^ whofe. 
concave 'was an exa^ cuhit foot. 
By the direBim of the 5Pi»U/fl^ 
fbical Society at Oxford. 

THE following Bodies ivere poured 
gently into the VeflTel, and thole in the 
12 firft Experiments were weighed in fcales 
turning with 2 ounces, but the laft 7 were 
weigJti''d in fcales turning with one ooace* 
The pounds and ounces here mentioned ^ire 
Avoirdupois. 

lb. 

1. A foot of Wheat (worth 5 a 
Bulhei ) weighed of Avoirdupois 

weight. 47, 

2. Wheat of the belt fort Cworth 

6 s* 4 dl. a Buihel) 48. 4^ 

3; The fame fort of Whpat jpeafured 

a fecond time. 48. 2t 

Both forts were red Lammas Wheat of 

the laft year. 
4. White Opts of the laft year. 2p. $• 
The belt fort of Outs were zd. in a 

Bufliel better than thefe. 
S- Bhie Feafe (of the laft year) and 

much worm-eaten. 49. t2. 

tf» White Psafi oi the laft year but oiic. 50. 8. 
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7. Barley of the laft year (the beft 
fort fells for \ 6d. iaa, Qiiarter 

more than this. ^1. 2. 

8. Mak of the laft years Barley, made 

2 Monrhs before. 30. 4. 

p. Vkld' Beans of the laft year but one. 50. 8. 

10. Whcaten Meal (unfiftcd). 31. o. 

1 1 . Rye Meal (unfifted.) 28. 4. 

\^. Vxxmp Water. 52. 8. 

13. Bay Salt. ,^ 

14. White Sea-S^/r. 43, i^. 

15. Sand. 85. 4. 
iff. Newcaftle Coal. ^-j. 12, 

17. Pit-Coal from Wedneshury^ 53: 
but this is very uncertain in the 
filling the Interfiices betwixt the 
greater pieces. 53. o.' 

18. Gravel. n 109. 5. 
I p. Wood-Alhes. 58. 5* 

A further Lifi of the Specifick Gravities of 
Bodies^ being in fro^ortion as thejollomng 
numbers. 

PUmp-watcr 1000 
Fir dry • 54<^ 

Elm dry ' 600 

Cedar dry tfij 
Walnut-tree dry ^3 1 

Crab-tree meanly dry 7(^5 
Alh meanly dry, and of the oat^IIde lax 

part of the Tree 734 
Ammore dry, but about the Heart * 845 
Maple-trce - 75 S 

X 3 Yew 



l^io , J^l iff ell me a Curio f ^ • 

Yew of a Knot or Root i6 years old ^66 

Beech meanly dry ' 854 

Oak very dry, almoft Worm eatea 75^ 

Oak of the out-fide fa] i y part, fellM a 

year fincc 870 
Oak dry, but of a very found dole tex- 
ture . p2p 

The fame tried another time psi 

Logwood 913 

CkriL 995 

Moil Cyder not clear 1017 

Sea- water fetled clear 1028 

College plain Ale the Glxm 1028 

Urine 1030 

Milk 1031 

Box the fame 1031 

Redwood the iamc; 1031 

Sack ' 1033 
Beer Vinegar 
Pitch 

Pit-Coal of StafFord-fhire ' 1240 

Speckled wood of Virginia 13x3 

iagnum Vitas 1327 

Stone-bottle 1777 

Ivory i82d 

Alabafter igy2 

Brick ip^p 

Heddington-ftone, the foft lax kind * 2029 

Burford-ftone, an old dry piece 2049 
Paving-ftone a hard fprt froin about 
Blaidon ^ » ' ■ 

Flint 

Glafs of a qnart Bottle ' 
Black Italian Marble 



1034 
1150 



2450 

2542- 

2666 



2704 



^X"7l* / T" 

AVJute It^afl Marble tried twicf 2707 

*• 
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_ White Italian Mnrble of another fort 



of a vifibly ciofer texture 27 1 8 

Block- tin 73ii 

Copper 8843 

Lead TIT 345 

Quick-ijJyer ' 14019 

Quick-lilvcr ^3593 



The lafl Experiment was tried with another 
quantity of Quick-lilver , which had beea 
uied in Water in the preceding Experiment : 
However I rather truiS: the laft, for that I 
found a fmall miftake (tho' here in the cal- 
culation allowed for) ia the weight of the 
Glafs containing tke Quick-iliver in the trial 
before. 

* The Solids here nientioncd were exami- 
ned hydrojiaically by weighing them in Air 
and Water; but the Fluids, by weighing an 
equal portion of each in a Glafs holding about 
a quart. The numbers (hew the proportion 
of gravity of equal portions of thefc Bodies j 
but if of theie Bodies we take portions 
equally heavy, their magnitudes will be reci- 
procally proportional to their corrcfpondcnt 
numbers, e.j-.a cubic foot of water is to a cubic 
fi30t of Alabafter in gravity as 1 000 to 1 872 ; 
but a pound weight of water, is to a pound 
weight Albailer in magnitude as iSyito 1000. 
So that knowing by the former Table the 
weight of a cubic foot of Water, and by this, 
the proportion in gravity betwixt Water 
and Alabafter, we may by the Rule of Three 
find the weight of a cubic foot of Alahalter, 
and lb of any other of theie Bodies ; or we 
may kuow^ their magnitude by knowing their 

X 4 gra- 
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gravity. So that an irregular piece or quan- 
tity of thefe Bodies being offered , Yn hut 
weighing them, and we may know their juft 
magnitude without further trouble. 

Obfervations of the Coail'aralJt'ey Jnten^ve 

or Specific GrdvUies of various Bodiis. 
Made by Mr. J. C. 

PUmp-water, 

Cork, ^37 

Saflafras Wood, 4*^ 

juniper Wood (dry) 55^ 
Plum-tree, (dry) 

Mjftic, ^ 

Santalum Citrinum, ^9 

Santalum album, ^®4^ 

Santalum rubrum, ' ^ 

Ebony, ^^77 

Lignum Rhodium^ ^^^S 

Lignum Afphaltum , ^ ^ 7P 

Aloes, . '^^7 
Succinum pclluciduni, 

Succiuam piague, ^^^7 

Jet, ^-3^ 
The top part of a Rhinoccrb's horn, 

The top part of aa Ox horny * 

The (Blade) bone of an Ox, i^5^ 

An human Calculus, i -4^ 

^ Another Calculus humanus, i433 

Another Calculus, 

Brimftone, fuch as commonly fold, i8n 
Borax, 

A fpotted faftitious Marble^ 1822 

h Gally-Pot, ^928 
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Oyfter-fhcIT, 
Murex-lhell, 

Lapis manati, , J;. 

Wood petrefied in Leivh.Nea^h, z^^r 

Onyx-ftone, ' .V^ 

Torcojs-itone, 2<oS 

EnglilTi Agat 5 
Grammatias lapis, 

A Coraelian, .^^^ 
CoraUachates, 

^ I ' 200C 

Talc. ^^^^ 

Coril • 

Hyacinth (fpurious) 25?£ 

Jafper (fpurioas) ^666 
A pellucid Pibble, 

RockCryftal, rjfj 

Cryftallum Difdiadafticom: * ^^J^ 

AredPafte; ' ^8°J 

Lapis NephTiticns, • 

Lapis Amiaatus from iiW«, . 201? 

Lapis Lazuli .^^r 

bardachates, ,-^0 

AGranat, . 

A Golden Marcafite, fJ^ 

A blue Slate with fhining Particles; 350© 
A mineral Stone, yielding i part in 
160 Metal, *^ 

The Metal thence ertraaed, s c ~ o 

The (reputed) Silver Ore of Walej^ 74^^ 

The Metal thence extraaed, 11^? 

. P859 

Spelter, , 

Spelter Soder, gj| 

Iron of a Key, ^5^3 

Steel, 
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Steel, 

-CaftBrafs, 8100 

Wrought BraTs, 8280 

Kamnier'd Bvaik^ 8349 

A felfe Guinea, 9075 

A true Guinea, - 1 888S 

Sterling Silver, ^^53^ 

A brafs Half-Crown,' ^ 9468 

Ele'ftrum, a Britifh Coin, 12071 

A Gold Coin of Barbary^ 1 7 $4* 

A Gold Medal from M0r0C€^^ \ 8420 

A ^ 'c'?n^ Gold Ducat, ^ 1 826 1 

A Gold Coin of Alexanders^ 18893 

A Gold Medal of Queen AUry^ ipioo 

A Gold Medal of Queen EUiaheth^ 19125 

A Medal clleem'd to be near fine Gold, 196 ^6 
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Letter of 2)r. VVallis to T>r. 
Sloane, concern wg the Generation 
of Hail^ and of 'Thunder and 
jLigbtning^and the JBjfeds thereof 

Oxon. "July z6. 1601 > 

S I 

T Thank you for the Tranfaftlons of June 
which you feat me:; wherein I am well 
pleafed with Mr. HaUey\ Remarks on the 
Torricellian Expeiiment at the top of Snm^ 
don-hUl in WaUs^ at the height of 1240 yards 
perpendicular. Where the height of that 
Quickfilver in the Barofcope was 3 Inches 
and io h^fs than beJow at the Sea-fide ^ which 
is an Obfervation of good ufe ^ and would 
have been more fb, had he had the leifure to 
make like Obfervatioas at fcveral other per- 
pendicular heights in the Afcent. for 
from fuch comparative Obfervations we are 
to make an Eftimate, at what proportion the 
height of the Quickfilver doth decrcafe in re- 
ference to the height of the place. I mean 
whether in the fame Proportion, or the Du- 
plicate , Sub-duplicate , or low otherwife 
Complicate thereof* From whence we may 
make a Judgment of the height of the Atmos- 
phere, if at leaft it have a determinate 
height. I did once attempt (a great wliile 
fince) a Computation of it, but wanted a 
iiillicieiii. uuujbcr of Data to proceed upon. ' 

' " * But 
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But that which is moft furprizing in thofc 
Tranfaftions is, the prodigious Haii^ there 
mentioned which bappen'd at many Places, 

on different Days, and all withia the compa/s 
oflefsthan fix' Weeks. I have been told of 
the like in other Places about the me time, 
in Limolnjhire^ Hampjhire , and ^Ifewbere ; 
whether or no on the lame Days which yoa 
mention, I cannot tell nor can I give apar- 
eicular Account of them. But it would be 
kind in thole who can, to give you like Ac- 
counts thereof with thofe jom have Publiihied^ 
for a like publick Information. • 

1 find it is thought very ftrange, what 
fiiould caufe fo fudden a Congelation of Hail- 
ftones to fb great a bigncfe before they fell. 
And it is indeed very ftrange. Bnt it is not 
rxcccilai y that the whole bignefs be attaiijed 
before they begin to fall, but the freeziiig 
jnay continue during the Fall, to increafe the 
Bulk* For I remember that (many Years 
Jince) I obferved here at Oxford *a Srange 
lliovvcrof Hail, wherein (bcfides the fovmcd 
Stones that fell on the Ground, there did 
hang on the Trees a great deal in the Form 
of Icicles ( a Foot or more in length) fo 
many and heavy, as to break ofFfbme Boughs 
with their weight ^ and I was then told, that 
in fome places great Branches of 1 reeswere 
fo broken oflT; which muft needs be from the | 
continuing to freeze dtiring the faO« j 

And truly the Generation of Hail in ge- 
neral, is a thing which defcrves to be farther 
inquired into, than (I think) hath been yet 
done. I find Mr. HaSey (in bis Narratioji) 

alcii- 
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afcribing it to Fafour diffopng the Aqimws 
f4trts fo to confeaL And not unlikely* 

If I may iiitcrpolc uiy Opinion, you may 
take it thus : 

Thunder and L ightning are fo very like the 
ESeds of fired Gun-powder , that we may 
reafbnably fudge them to proceed from lilce 
Caules. The violent Explofion of Gun- 
powder^ attended with the Noife and Flafh^ 
is fo like that of Thunder and Lightning, as 
if they difiered only as Natural and Artifi* 
cial ; as if Thunder and Lightning were a 
kind of natural Gun-powder, and this a kind 
of artificial Thunder and Lightning. 

Now the principal Ingredients in Gun- 
powder arc, Nitre and Sulphur (the Adrni* 
ftion of Charcolc being chiLily to keep the 
Parts feparate for the better kindling of it.) 
So that if we iuppofe in the Air, a conve- 
nient mixture of Nitrous and Sulphorous Va«- 
pours, and thofe by Accident to take Fire ; 
fuch Explolion may well follow, v;ith fuch 
Noife and Light, as in the firing of Gun-pow- 
der. And being once kindled, it will run oa 
from Place to Place as the Vapour leads it^ 
as in a Train of Gun-powder , with like 
EfFefts. 

This Explolion, if high in the Air, and far 
from us, willdono Mifchicf, or not confider- 
aide; like^ a parcel of Gun-powder fired ia 
the open Air, where is nothing near to be 
hurt by it : But if near, to us (or among us) 
it may kill Men or Cattle, tear Trees, fire 
Gunpowder, break Houfes, or the like; as 
Guai-powder would do ia like Circum'- 
ftaaces« 

. ' ' Now 
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Kow t h nearnefs or farnefs may be cHimated^ 
by the Diftancc of Time between feeing the 
Flaih of Li.s;htning, and hearing the Noife of 
the Thunder. For though in their Genera- 
tion, they be fimultancDus; yet (Light mov- 
ing fatter than Sound) they come to ns fiic- 
cefiively. 1 have obferv'd that, commonly, 
the Koife is about Seven or Ei?.ht Si:cQnds 
after the Fhfh (th;it is, about hrrlf a quarter • 
of a Minute) ; but fometimes much fooner, in 
a Second or Two, or lefs than ib, and almolt 
immediately upon the Flafls And at ftcfe 
time, the Explofioii mull needs be very near 
us, or even amongfl: ns. And, in fach Cafes, 
1 have (more than once) prefaged the Ex- 
peftation of Mifchief, and it hatli proved ac- 
corJiiu l y, in the Dettruftion of Men or Cat- 
tcl, in i the like. (As once at (9A-/^r^ ; when, 
within half an Hour after fuch Prefege, I 
heard of one killed at Medly^ hard by, and 
others endangered ; and another time at Tow- 
cefter^ when within a few Hours after, we 
heard of i^ive Perfons killed at Evert on^ about 
Fonr or Five Miles from us, and others 
wounded \ befide other Hurt done.) 
- Now, thatthere is in Lightning a Sulphor- 
• ous Vapour, is manifeft from theSulphorons 
Smell which attends it, efpecially when Hurt 
is done; and even where no Hart is done, 
from the Lightning it ielf, more or lefidifcern- 
able. And a fultry Heat in the Air, is com- ' 
monly a Fore-runner of Lightning foon after- 
And that there is alfo a Nitrous Vapour 
with it, we may reafonably judge, becaufewe 
do not know of any Body fo liable to a fud- 
daia and violent Exi^lolloa. - 

14o?v 
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^ow thefe Mstterials being admitted, it 
remains to be coniidered, how they may be 

kindled in order to fuch Explofion. As to 
which,! have been told from Chymifts (though 
I have not fcen it tried) That a Mixture of 
Sulphur, Filings of Steel, with the Admiiiioa 
of a little Water, will not only caufea great 
EfFervefcence, hut will of it fclf break forth 
into an aftual tire. 

So that there wants only fome Chalybeat 
<jr Vitriolick Vapour (or fbmewhat equivalent) 
to produce the whok EITccl (there being no 
want of Aqueous Matter in the Clouds.) 

And there is no doubt, but that amonglfc 
the various Effluvia from the Earth, there 
ifiay be copious Supplies of Matter for fuch 
Mixtions. 

And 'tis known, that Hay, if laid up too 
Green, will not only heat, but take Fire of 
it felf. 

And while we are difcourfing of this, it may 

fuggeft fbmewhat as to the Generation of Hail 
which is very oft an attendant of Thunder 
and Lightning. 'Tis well known, in our ar- 
tificial Congelations, that a Mixture of Snow 
and Nitre (or even common Salt) will caufe 
a prefcnt and very fudciain Congelation of 
Water. And the fame in Clouds may caufe 
thatof Hail-ftones. And the rather, beeaule 
(not only in thofe prodigioufly great, bat in 
common Hail-ftones) there feems fomewhat 
like Snow rather than Ice, in the midft of 
them. 

And, as to thofe in Particular (of which we 
are now fpeaking) fo very large (as to weigh 
Haifa Pound, or iiireeQuartci^ of a round) 

fup- 



Digrtized by Google 



gao MijceUmea Curiofal 

fuppofing them to fall from fo great a Height; 
as 'tis manifell they did by tne Violence of 
their Fall : 'Tis very pollible, that though 
their firft Concretion, upon their fnddaia 
Congelatioii, might be but moderately great, 
as in other Hail ; yet. in their Jong Defcent^ 
if the Medium through which they fall were 
alike inclined to Congelation, thc^ might 
receive a great Acceffion to their Bulk, and 
divers of them incorporate into one Like as 
la thole Icicles before mentioned. 

Thefe have been my Thoughts, occasioned 
by the Confideration of the farprizing Great- 
ncfs of thefe Hail-ftones , with, the great 
Thunder and Lightning which did attend 
^ thefe Storms. 
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Aftronomy o£ Comets. 



df Comets. Bat fince they are alio (aid, by 

the Help of the fame Arts, to Inve prognofti- 
cated Earthquakes and Tempefts, 'tis pafl all 
Doubt, that their Knowledge in thefe Matters, 
was the Refult rather of meet jifirologscal Cal- 

tulatioft^ than of any jifironomical Theories of the 

Cosleftial Motions. And the Greeks^ who were 
the Conquerors of both thofe People, fcarcei 
found any other fort of Learning araongfb 
thenf, than this. So that 'tis to the Greeks 
themfelves as the Inventors (and efpccially to 
the Great /^/pp/rrcfc/^/) that we owe this yi^7r<?- 
fjomy^ which is now improved to fuch a Heigth, 
But yet, amoagfl: thefe, the Opinion of Ari' 
fiptle (who wou'd have Comets to be rtothing 
elie, but Sublunary Vapours, or Airy Meteors) 




OF THE 
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prevaird fo fir, that this moil difficult Part 
of the AftrODomical Science lay altogether neg^ 
lefted-^ for naBody thought it worth while 

to take Notice of, or write about, the Wan- 
dring uncertain Motions of what they etteemed 
Vapours floating in th€t/£thir j whence it came 
to pafs, that nothing certain, concerning the 
Motion of Ck)mets, can be found trai^fmitted 
from them to us. 

But Seneca the PhUaJopher^ having coniider'd 
the PhMoMCfta of Two remarkable Comets of 
his Time, made no Scruple to place them a* 
mongll the Caleflld Bodies , believing them 
to be Stnrs of equal Duratioa with the World, 
tbo' he owns their Motions to be governed by 
Law^s not as then known or found out And at 
laft (which was no untrue or vain Prediftion") 
he foictells, that there fhould be .4 .^es fometime 
Ihereafter, to whom Time and Diligence fliou'd 
unfold ^11 thefe Myfteries, and who fhou'd 
wonder that the Ancients couM be ignorant of 
them, after fomc lucky Interpreter of Nature 
had Ihewn, in what Farts of the Heavens the Ca-' 
mtts tpander^dy whnt^ and how great thcv w^e^ 

Yet almoll all the Aftronomers diflftr'd from 

this Opinion of Seneca-^ neither did Senfcahita-' 
felf think fit to fet down thofe PhdiKoiuena of 
the Motion, by which he was enabled to maintain 
his Opinion : Nor the Times of thofe Appear- 
ances, which might be of uft toPoflrerity, ia 
order to the Determining thefe Things. And 
indeed, upon the Turning over very many 
Hiltories of Comets, I find nothing at all that 
can be of Service in this Affeir, before, ./I. !>♦ 
1337- at which time Nicef horns Gregoras^ zCon^ 
Jiantinoplitan Hijtorian and Afironomer^ did' 

^ " preuy 
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t>tttty accurately deicribe the Path of a Comet 
amongft the Fix'd Stars, but was too laxc as 

to the Account of the Time j fo that this molt 
doubtful aad uncertain Comet, only defer ves to 
be iaferted ia oar Catalogoe, fot the &Jk of its 
appeariiig aear 400 Y^rs ago. 

Then the next of our Comets was in the Year 
f47Z, which being the fwifteft of all, and nearclt 
to the Earth, was obferv'd by Rcgionumtmm. 
This Comet (lb frightfbl upon the Account 
both of the Magnitude of its Body,and the Tail) 
niov'd Forty Degrees of a great Circle in the 
Heavens, ia the Space of one Day ^ and was 
the firft, of which any proper Obfervations 
are come dbwn to u$. But all thofe that 
confider'd Comets, uiitil the Time of Ticho 
Brahe (that great Reilorer of Alironomy) 
believ'd them to be belpw the Moon, and fo 
took but little Notice of them, reckoning 
them no other than Vapours. 

But in the Year 1577, (Tfcho fericrfly 
piirfuing the Study of the Stars, and having 
gptten large Inftitimeiits for the Performing 
Coeleftial Menforatioos, with far greats Care 
and Certainty, than the Ancients cou'd ever 
hope for) there appeared a very remarkable 
Comet 5 to the Obfervation of which, Ticlaw 
vigoronfly applied himfelf ; and* found by ma- 
ny juft aad faithful Trials, that it had not a 
jDiiir/7al Para/lax that was at all perceptible: 
And confoqucntly was notonly no Aireal Va- 
\pour, but aUb mach higher than the Moon ; 
nay, might be placed amongft the Planets for 
any thing that nppear'd to the Contrary; 
t^ cavilling ,Oppolition madeby fome of the 
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Scho^f^nien in the mean time, being to no Pari 

pofc. 

Next to Ticho^ came the Sa9;ac!ous Kefler7 
He having the Advantage of Ticho\ Labours 
and Obfervations, found out the true Phyficd 
Syftem of the World, and Vaffly improv'd the 
Aftronomical Science. 

For he demonftrated that all the Planets per- 
form their Revolutions iu EUiptick Orbits^ tpfaoji 
TUins fAfs thro" the Center of the &tn^ obferYing 
this Law^ That the jirests (of the EKptick SeRersi 
tahfi at the Center of the S:w^ which he froved 
to he in the common Focus of thefe Elliffes) are 
alrPffs proportional to the Times j in which the cor^ 
refpondent Elliptical Arches art defcrilfd. He 
difcoverM alfo, That the Difianas of the Plm* 

vets from the Sun are in the Selquialtera Ratio 
of the Periodical Times ^ or {which is all 
cat) That the Cubes of the Difismes are as the 
SejHores of the Times. This great Aftronomct 
had the Opportunity of obferving Two Co- 
mets, one of which u'as a very remarkable onew 
And from the Obfcrvations of tfaeie (which af- 
forded fufficient Indications of an jbtntud PhtaU 
Ux) he coiieludcdy 'That tht Comets mo^d freely 

thro' the llduvtafy Orhsy with a Motion not much 
different from a Rectilinear one ^ bnt of what Kind 
he coH^d not then precifefy determine. Next, He^ 
^elim (si Hobie Emulator of Tjcho Brake) 
lowing in Kepler's Steps, embraced the fame 
. Hypothefis of Xht RcElilinear Motion of Co^ 
mcts^ hinifelf accurately obfcrving many of 
them. Yet, he complainM, that his Calcttlatioos 
,did not perfedly agree to the Matter of Fad 
in the Heavens : And wig a;\are-> that the Path 
$f a Comet was bm itito a Curve JUtte towards the 
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Sim. At length, came that prodigious Comet 

of the Year 1680. which defcending (as it were) 
from an infinite Diflance PerpendicnUrly towards 
the Sun, arofe fi:om iiim agaia with as great 
a Velocity. 

This Comet, ( w hicb was fccn for Four Monthtf 

continually) by the very reinaik;ii)lc und pe^ 
culiar Curvity of its Orbit (.)bove all o- 
thers) gave the fitteft Occalion for inveltiga- 
tine the Theory $f tht Mmon. And the Rvyal 
Oh/erv4tories at Paris and Greenmieh having been 
for fomc time founded, and committed to the 
Care of mo ft excellent j^Jironomers^ the apfa-- 

rtfir^ Motion of this Comet was moft accurately 
(perhaps as hx as Hamane Skill cou'd go) ob« 

fei v'd by Mrs. Cajfmi and FlamJleccL 

Not long after, that Great Geometrician^ the 
IllkfirioHs Newton^ writing his Mathematical 
TrincifUs e>J Natwral Fhtlofophy^ demonftrated 
not only that vfh^t Kepler bad found, did ne<* 
cciraiily obtain in the Pl/rnetary Syftt hi butal- 
fo, that all the Fh^mmena of Comets wou'd 
naturally follow from the fame Principles i 
iitf bich be abundantly illufti^ated by the £xam« 
pie of the aforcfaid Comet of the Year 1680. 
Ihewing, at the fame time, a Method of Deli- 
neating the Orbits of Comets Geometrically ^ 
ivherein he (not without the highcft Admirati- 
on of all Men) folv'd a Problem, whofe Intrica- 
cy render^ it worthy of himfelf. This Comet 
heprov'dto move round the Sun inaParabo- 
ifcal Orb, and to defcribe Area's (taken 
the Center of the Sun) proportipnal to the 
Times. ' ' 

A' 3. ^'^^.rt^ 
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Wherefore (following the Steps of fo Great s 
Mm) I liaTe attcnplcd to bring the iame Me- 
thod to AriibmukMl (^dcdsuim % and that wkii 

delircd Succefs. For, having collefted all the 
Obfervations of Comets I could, I fram'd 
this Tabic, the Refult of a prodigious deal of 
CalcQlation,whicb^ tho' but fmall in Balk, mUi 
be no unacceptable Preftot to Aftrooomers.For 
thefc Numbers are capable of Reprefenting a\\ 
that has been yet Qblerv'd about the MoUon oi 
Comets, by the Help only of the following 
Generd TMf % io the mafciBg of which I fpara 
no Labour^ that it might come forth perfed^ 
as a Thing confecrated to Polter>ty, aod to 
lait as long as A^rmowy it felf. 
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^heJ^oiimkdEkiitmtis of the mtiotts iffaPardolkk Orl 
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from tlic Titles, what the Numbers mean. Only itn-ay be 
obferv'd, tliat the Ffr;/;f//«w.Diftaiices, a.re eflimated in fuch 
hm, as the Middle Diftance of the Earth from thQ (jon- 
iains loocoo. ' * ' A4 A 
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A Gemrd Tdibk for CslenLuiMg tha 

Motions of Comets in a. Parabolic al 
Orbtt, 



Med. j^ng. a 
mot. \ eribeHo 
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1.31.4 

3 3.15 

4 3443 
6. 6. c 

7-37 
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a Sole* 
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o 000694 
0.00123 1 
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9. 7.430.002759 
110.98. 20 003745 
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_ 29 15 4: 
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29 4o 3'>*a? 

41 4^.4 
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! 57 r7 
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Med. 
mot. 

o 

6i 

62, 
63 
64 
6$ 

66 
67 
68 
69 
70 
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74 
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The QonfiruBion ay^d Vfi oj the 

As the Plfljiets move in EUi^kk Orbs, foJ 
do the Comets in fwtdf^^k one&j haYing^ 

fSon in their common Fochs^ and defcribc eqtia|| 
Areas in equal Timts. But now becaufe all 
Tar^oUs are ^mUr to one another^ therefoit 
if any determinate Part of the jtre^ of a 
Veo FarJMa^ bediyided into any Kambei 

Parts at Liberty, there will be a Uh D\vifioa 
made in all P^r^W^V, under the fame Angles, 
and the Diftances will be pioportional : Am^ 
confequently this one Table of oars wiU fenr* 
for all Comets. Now, the Manner of tk 
Calculation of this Tabic is thus : la the H^^; 




Let S be the Stm, POC the Orbit of a Come^ 
P the Perihelf'on, O the Place wh^re the Comet 
h 90 jr. diftant from the San, C any otbctt? 
rtacc. Draw the Right Lines CP, CS, m 
make ST, SR, equal to CS ; and then having 
drawn the Right Lines CR, CT, (vvhereor 
the one is a Tangent, and the other aPer^ j 
dicular to the CurvQ let fall CQ. perpendicih 
lar to the Jxis PSR. ' { 

.» • » ' 
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' Now, any j4rea^ a? COPS, being gWcn^ 'tis 
required to find the Angle CSP, and the Di- 
ftancc CS. From the Nature of the Para^ 

tU R(i IS cm = 4 the Parameter of thtjiicii-, 
id confeqnently if the Parameter be put = 2, 
then RCL- r. LetCQ=^ - then Pdfhan =: 
i t^, ^nd the ParaboUck Segment COP— 
But the Triangle CSP wia=:i4x, and fo the 
|(ixtiUil6al Atm COPS=:f, «:tu % z.-m, whence 
t*-H3 2L-i2if. Wherefore rcfoiving tliis Cii* 
Incal Equation, or the Ordinate COL will be 
known. Now, let the ArtA OPS be proposed 
to be divided into 100 Parts ^ this Arta isf, of 

r\ Sqnare of the Paranieter, and confequent- 
1 2 ^ is — that Square = 4. If therefore the 
Roots of thefe Equations ^^'+3 2: =: o, 04 : 0,08: 
D, I z ; o, 1 5, &c. be fucccffively extraded, 
there will be obtam^d fo many x. or Ordf nates 
tCQ^refpeaivcly, and the Atea SOP will be di- 
vided into 100 Parts. And in lil^e manner is 
the Calculns to be continued beyond the Place 
0. Now the Root of this Equation (fiace RQ. 
is = i) is the Tabular Tangent of the Angle 
CRCi, or [ the Angle CSP, and fo the Angle 
CSP is given. And RC, the Secant of the fame 
Angle CRCL, is a mean Proponional between 
RQ,or Unity, and RT, which is the Double of 
SO, as is plain from theC<?^;/V^/, But if SP be put 
~ I ^ and fo the Latm Re[inm — 4 (as in our Ta- 
ble) then RT will be the Diftance fought, viz.. 
tiie Double of SO in the former Parabola. Af- 
ter this manner therefo- e, I composed the fore- 
going Table, which ferves to reprefent the 
Motions of all Comets: For hitherto there has 
beeij none obferv'd, but comes within the Laws 
of the Parahla. 

It 
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It remains nowr, that we give tbc Rules for 
tbe GalcolatioQ^ aod (hew the Way of ddM^ 
mining the Place of a Gmnei: loen, by tluli 

Numbers. The Feb city of a Comet moving in s 
Parabola, is every where to the FeUcUy of a f U* 
mt drfcrilfing a Circle dboiUt the Sm^, at^ ihefim 
JDifiance from the Sun^ as^l/ ^ td I. a& appears 
from Cor. 7. Prop. 16. Xifc. !• of the Primip 
Thil. Nat. Math. If therefore a Comet in its 
tmheliHm were fuppos'd to be as fiar diitaafe 
from the^Sua as the Earth is^ then the EMutnil 
Jrea which tlm Comet wou'd dcTcdbe^ woMl 
he to the Diurnal jirca of the Earth, z%\Jiio 
I. And confequently, the Time of theAmwal 
Revolution, is to the Time in which kt\ 
a Comet wouM defcribe a Qpadraat of its 
Orbit from the Ferihelinm^ as 3.141 55^ 
(that is tbe of theCircIe; to There- 
fore the Corner woii*d defchbe that qM^^ 
in ro9 Days, 14 Hours, 4^ Minuter*, and' fe 
that Parabolick Area (Analogous to the ArtA 
POS) being divided into 100 Parts, to eadi 
Day there wouU be alotted o.jii228o« of thok 
Parts j the Log. of which, «<au $i.9tfoia8, is 
to be kept for continual life. But tbm lit 
Times, m which a Cornet^ at a greater or Ufs Di- 
fismcej defcribe fimilar Quadrants, are fi 
the Times ^ the RcvoUitions in Greles^ that is, in 
the Sefijuiplrcate Ratio of the Diiiaaces: AjaA 

fo the Dimmd Area's^ ellimated in Centefmd 
Parts of the Quadrant (which Parts we put for 
Meafurcs of the mean Motion, like Q^rees) 
are in each, in the StAfefqmtkertt Proportiim 

of the Diftam^ ffom the Smin the Perihelion. 
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Xiiere necedary Things prmis'd, let it be 

i>roposM to compute the af parent Place of any 
mc of the mentioii'd Comets, for ^a^Civm^ 
Vimc, Therefore, 

!• Let tb$.Smi$ Place he had^ and^thtLag.^f 
t$ Difimtt.frm the Emh. > 

I 2. 2>f the Difference between theTime of the Po 
ribelion, md theTime giw/i^ he gotten^ in Days and 
Decimal Parts of Days, T4f the Log^ of this Nam'* 
Ikt^ let there be addedthe conftmt Log. 9.5^01 28,, 
^.th€ Cempkmint Arithmetical ^ the I of the 
Log. of theDifiancein the Periheliura from the Sun: 
The Sum will be the Log, of the Mean Motion^ to 
f^ht in the firji Column of the Gemral Table. 

3 . With the Mean Abtime let, there he take»4be 
eerrefpandent Angle frem Perihelium, in the 
Table J and the Log. for the Dl (lance from the 
Sun : Then in , Comets that are Direfl^ add^ and 
in Retrogra4e^s,/idffiraa'j if the Time he after 

Perihelism, the Jnglethmfemd^ te or from 
the Place of the Perihelion^ or m DireEl Comet 

itrid in Retrograde one 5^ add \ if the 
Time be before the Perihelion, the forefaid Angle 
to or fromr the Place of the Perihelion ; and fo 
iKc JljaU have the Place of the Comet in its Orbu. 
And to the Log, found for the D. fiance^ let there 
he added the Log, of the Diflancc in the Perihe- 
lion, and the Sum will be the Lo?^ of the trae 
Difiance of the CoWtet from the Sm. 

4. The Place of the Node y together with the Place 
of the Comet in its Odnt^ bcuig fiven^ let the Di^ 
jlance of the Comet from the Node be found j then^ 
the Inclination of the Plane being given^ t tier e will be 
givettalfo (from the common Rules of Trigonometry) 

' theComet^s Place reduced to the Eclip:^^, the Incli- 
nation or l^^lioccntrhk Latitude^andthe Loi.ofthe 
curu^e Dijtanci, 

J. From 



r 
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5. Mm tbefe TTmgs ^ven (hy the very fam 
Rides rhatipe find the Planets Places^ from the SwtA 
TUce and Difta»ce given) we vuty abtaia tit* Ath\ 
parent «r Geocentrick Pi4r* ^theCkmer, twtX 
tbir with the jiffarem Lmiiiuk. And this it 1 
maybe worth. while to iJJuilrate by aa Exam- 
ple or two. 

Example I. 

Let it be required to jiffi the Place of tk, 
Camt of the Tear i66^j Marcb i\ 7\ 
oo\ P. M. Loadon. That is. ^6% 19VI 
8r, after the Perihelion, n^hich hi^^ealJ 

14ovemb*24% ixN 52^ . j 

Log. Dii^. PeribeL o* 011044 
tx^ Sefquialu 6. oi^yS 
Com Arithi P 9S3434 

Log. Temp. i» 98<?862 

Log. Med. Mot i- 929424- 
Medius Motot 85.001 

PeriheU it 4^. 2f 

Ang. Correfp. 8;- o<;~ 

Comet, in Otb. ^ jz* 3* 20 
|jftr<!eiid,Nod. H if> 14* 00 

Com, a Nod9 34- 4^ 
' Red. ad Ecli^. ^9- 

Com Hclioe. ^ 18 54. 55 

Incl. Bar, - 11. 4^. so 

tog. pro dift. o« 255369 
Log. Ptirihcl o- 01 1044 

Co- fin. Incl. 9 9907^4 . 

tog. dift. Curt. o. 257567 
Log. dift. 0 £>• 9919 

0 X 44- 45 

- Com. Vifus y , 29* 18. 30 
Lat. Vifa 8. 3,6. 15 



tit 
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£ K A M P L £ II. 

Ltf it be required to pnd the Place of the Co- 
met of the Tear t6t^ , July 2 j% i ^ ^r, 

P.M. London; Or, i ji»,4b^ Equat.Time. 

That 2i\ io\ 50' after the Peri- 
helion* 

Log, dift. Perihel. o. 748345 
Log. Se'quialt. s>» <^22W4. 

Comp. Aritb. o. 377486 

Log. Temp. /> 31071^ 

Log. Med. MoT. i. 648 
MediusMpcus 44, 498 

Perihel. H . ap. 

Aflg- Corrcfp. gd. 47, ao- ^ 

Comet. !n Guk y a8. 42. 10 

Nod. Defond. }i 13- 23. co 

Com. aNodo 35. 19? 10' 

Red* ad Eclip. 4. 48. ;o 

Cora. Helioc, x u. 30 

lad. Bor. , 35. a. 00 

Log. pro di(\. o. 1 1 1 3 56 

Log. Perihel, 9. 748^43 

Co. (in. fncl. 9. 913187 

Log. di ft. Cure. 9.772855 
Log. dif^. 0. o. 006104 

: ® Locus^a MO-^uit%, - 

. . • . .;Com. VilUi® . : ,%. u.fo 

At the Inftant of Time fpecified in the 
firit Example, 'twas obfcrv'd (at London) that 
the Comet a|^Ue4 to theSecoad Star ot Aries ^ 

that it was »mi(l to be 9^ moire Northerly, 

' C aud 
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and 3' to the Eaft, according to Mr. Hook's Oh- 
fervation. But at that of the Second Example, 
1 my felf (near London^ with the lame Inftru- 
me&t$ whereby I formerly obferv'd Uie Soth 
tberd Conftellatuins) found the Place of the 
Coniet to be ®, 5% £i';, and28\ 52' Koith 
Latitude, which agreed cxa&ly with the Ob- 
^ fervailoa made at Grcmpich sdmoft the my 
fame Moment. 

As for the Comet of the Year f <j8o, mXAch 
cnnie almoU: to the very Smi it felf (being in 
it^ Pcrihtlion^ not nbove * of the Semi-Dtamecer 
ot the Sun diftant trom the Surface of it) fmce 
the Latm KeSnm is fo very fmall, could hardly 
be contained within the Limits of the General 
Table, becaufe of the exccfljve Velocity of 
the Alean Moticm Tiierefore in this Comet, 
the belt Way is ("after the Mean Motion is 
found) to get from thence (by the Help of the 

foregoing Equation =^ lo^of the Mean 

Mouori) the Tangent of Half the Angle from 

the Ve-nheUon^ together with the Log. for the 
Diitance from the Sun. Which Things being 
given, we are to proceed by the Soiies^ 
as in the reft. 

After this Manner therefore, the Aftrono- 

niital Reader may examine thefc Numbers, 
which I have calculated, with all imaginable 
Care, from the Obfervrations i have met with. 
And I have not thought fit to make them pub- 
lick before they have been duly examtn'd, and 
made as accurate as 'twas poflible, by the Study 
of many Years. I have publilh'd this Speci- 
men of Cometital Altronomy, as a Pr9drmnm 
of a dedgned future Work, le/t, happening 
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to die, thefe Papers mighc be lofl^ which 
every Man is not capable to retrieve, by rea« 
fon of the great Difficnlty of the Calculation. 

. NoviT, it may not be amifs to put the Reader 
in mind, That our Five firft Comets, (the 
Third and Fourth obferv'd hy Peter jlpian^ the 
Rfth by Pm$Ims Fdbricius) as alfo the Tenth feen 
by M^fiUn^ if I miftakcnot, in the Year 1 595. 
are not fo certain as the reft ; for the Obferva- 
tions were made neither with fit Inftruments^ 
nor due Care, land upon that Account are diP 
agreeing with thenifelves, and can by no tneans 

be reconcil'd with a regular Computation. The 
Comet which appear'd in the Year 1584. was 
only taken Notice of by Blanchlmts^ who o!)fer» 
vedat^0i»r; And the lait, which appear'd in 
the Year 1598* was feen only by thofe at T^- 
who determined its Courfe in a very un- 
common Way. This Comet was very obl'curei 
and, altho' it mov'd fwift, and came near 
noogh our Earth yet we, who are wont to 
be curious enough in thefe Matters, faw no- • 
thing of it. For want of Obfervaiions I have 
left out of the foregoing Catalogue, thofe Two 
remarkable Comets which have appeared in this 
our Age, one in NovenAtr^ in the Year 1 589 the 
other in February in the Year 1702. For they di- 
rcding their Courfestovvards the Somhern Parts 
of the World, and being fcarce confpicuous here 
in Emrope^ itoct withno Obfervcrs capable of the 
Bufinefs. But, if any one lhall bring fi oni !ndia^ 
or the Southern Parts, an accurate Series of re- 
qaiiite Obfervations, 1 will w i llingly fall to woric 
again, and undergo the Fatigue of repreTent- 
ing their Orbits in Numbers, as I hare done 
the reft. - 

C 2 By 
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By comparing together the Accouats of tk 
Motioasof thefe Coroets^ 'tis apparent^ tbdr 
Orbits ate difpos'd in no manner <tf Order ^ 
nor can they, as the Planets are, be compre- 
hended within a Zodmck^ but move indiffe- 
rently evei;y Way^ a$ wdl Retrograde as Di- 
red i from whence it is dear, tJiey are not 
carry'd about or ihov'd in ymrtmu Moreover, 
the Diftances in their Perlhelinm^ art (bme-^ 
titties greater, fometimes lefs ^ which toakes 
me fufped, there m^y he a far greater Mnio- 
ber of them, whicii moving in Regions moFe jv- 
mote from the Sun, become very obfcurci ^ad 
wanting Tails, pafs by us unften: 

Hitherto I have coafider'd the Orbits of 
0>mets as exadly Parah^Uck ^ upon which 
Suppofition it wou d follow, that Comets be- 
ing impelM towards the Sun by a Centripetal 
torce, defcend as from Spaces infinitely di-. 
ftant, and by their Falls acx^aire fuch a VdodtjSy 
as that they may again mn off into the remo- 
telt Parts of Lhe LlniveiTe, moving upwards 
with fuch a perpetual Tendency, as never to 
return again to the Sun. But iinc^ thq ap- 
pear freouently enough, and fince none <tf thop 
can be round to move with an HyperboVick 
Motion, or a Motion fwifter than what the 
a Comet might acquire by its Gravity tothfi 
Sun, 'tis highly probaUc tbey rather ^ovc k 
very Eircentrick Orbits, and make thw ^ 
turns after long Periods of Time ; For fo their 
Number will be determinate, an4> perhaps, 
not fo very great. Befidje^ the %«cebetwees 
the Snn and the iix^d Stars is immenfe, ^ 

there isRoQra enough for a Comet to revolve, 
tho' the Period of its Revolution be vaftly Ion?- 
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MdW, the LaiM ReElnm of an ElUffis^ is to tbc 
t^uiRMSttmoi^PmrubolM^ which basthelaaie 

Di/lance in its Ptrihttikm \ as the Dlftance in 
the j4fheHtim in the Ellifjts^ is to the whole 
jixk of the Ellipp. And the Velocities are 
in a SoWopIicate of the fame : Whcsr^^ 
fore in very Excentrick Orbits this R^io comes 
iirery near to a /f^riV of Equality ^ and the very 
fmall Difference which happens on Account of 
the greater Velocity in the Parabola^ is eafiiy 
compenfi^cd in determinipg the Situation of 
the OrWt. Tbc principal' life therefore of 
this Table of the Elements of their Motions, 
and that which induced mc to conftrud it, is, 
Th9t wlienever a new Comet ibaU appear, we. 
may be able to know, by comparing together 
the Elements, whether it be any of thofe which 
has appear'd before, and confequcntly to deter-^ 
mine its Period, and the^^A-^f of its Orbit, 
and to fimtell its Return. And, indeed, there 
are many Things which make me believe 
that the Comet which ^piar? obferv'd in the 
Year 1531. was the lame with that which 
Kepler and Lor?^ommitafifts took Notice of ai)d 
defcriii'd in^fae Year 1 tfo?* and which I ray (elf 
have feen return, and obferv'd in the Ye^r 1682, 
All the Elements agree, and nothing feems to 
centradia thismy dpinion, befides the Inequalir 
ty of thePeriodickHevQ^tions: Which Inpqtli^! 
lity is not fo great; neither, astbA'lt miy not be' 
owing to Ph^ lical Caules. For the Motion of Sa^ 
tHrn is fo difturbed by th^ reft: 'of the Planets, e^ 
fpecially Jn^iV/r^that the PeriodickTimeof th^i* 
Planet is uncertain- for fbme wfiole Days to? 
gether. How much more therefore will a Cor 
met'b^Lfubjedtafuch like Errors, wliicii rife^ 
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auuofl Four times higher than Sat^rri^aiul whofe 
Velocity, tho' cncrcafed but a very littie, would 
be fufficieat to change its Orbit, from an EOip^ 
tical to a Parabolical one* This, moreoTtr, 
confirms me in iiiy Opinion of its being the 
fame^ that in the Year 1456. intfte Summer 
time, a Comet was feea pafTmg R^etrograde 
l^twcea the Earth and the Sun, much after 
the fame Manner: Which, tho* no Body made 
Obfcrv'itioas upon it, yet from its Period, and 
the Manner of itsTraufit, I cannot think dif- 
ferent from thofe I have juft now mentioned. 
Hence I dare venture to foretell. That it will 
return again in the Year 1758. And, if it 
fliould then return, we (hall have no Reafon 
to doubt but the rell mult return too ; There* 
fore Aftronomers have a large Field to exerdle 
thcmfelvcs in for many Ages, before they 
will be able to know the Number of thefe many 
andgicat bodies revolving about the commoa 
Center of the Sun j and reduce their Motions 
to certain Rules. I thought, indeed^ tAar the 
Comet which appear'd in the Fear 1 532. might 
be the fame with that oblerv'dby Hcvelnu in the 
Year 1661. But ^^iWsObfervauoas^ which are 
the only ones we have concerning th? firlt of 
thefe Comets, arc too rude and unskilful, for 
any thing of Certainty to be drawn from them, 
in fo nice a Matter. I dcfiga .to tr^at of all 
thefe Things in a larger Volume, and contribute 
my utinoft for the Promotion of this Part of 
Aftronomy, if it (hall pleafc God to. continue 

my Life and Healthj. ' 

In the mean time, thofe that defire to kooir 
how to conftruft Geometrically the Orb of a 
Comet, by Thj:ce accurate Obleiy^tioas given. 
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mxf find it at the End d the Third Book of 

Sir Ifaac Nemton^s Principles of Natural Phi- 
lofbphy, entitukd De Syftemate Mimdi^ in tlic 

Words of its renowned, Inventor. Which 
ilare fiiice been more fully explained by my very 
ivorthy Collegue Dr. Ctej^^ory^ in his Learned 

Work of Aftro7Jomia Phyjica & Gcomctrica. 

One Thing more perhaps it may not be im- 
proper or unpleafa/it to advertife the Aftrono- 
mlcal Reader j TTjat fome of tliefe Comets 
have their Hodes very n^ar the Annua! (9rb 

of the Earth, that if it fhall fo liappcn, that 
the Earth be found in the Parts of Ker Orb 
next the Nodeof fuch a Cornet^ v\^ilft rhc Co- 
mfctpafles byj as the apparent Motion of the 
Comet will be incredibly Avi ft, fo its P^tralUx 
■will becQiBC very fcniiblc; and the Proportioa 
thereof to that of die Sun will be given. Wiiere- 
fore fach Tranlits of Comets do afford us the 
very bcft Means, though they feldom happen, 
to determine the DiHance of the Sun and 
Earth: Which hitherto has only been attempt'- 
ed by Adars in his Oppofition to the Sun j or 
el& i^finm in ftrig^o ^ whefe ParMBaxes though 
triple to that of the Snn, are Tcarce any ways 
to be perceived by our liilhnmcnts^ whence 
we are ftill in great Uncertainty in that Affair. 
This ufeof Comets was the ingenious Thought 
of that excellent Geometrician Mr. Nicolas 
Facto, No w the Comet of T472, Iiad a / 
thIUx above Twenty times greater than the 
Sun's. And if the Comet of 1618, bad come 
dowp, about the Middle of Maschy to his dc- 
fcendiag Node: Or if that of 1684, had arrv 
vcd a little foooer at its amending Node ^ 
they wonld have bjsen yi^t much n(^arcr, the 

E^rth^ 



Digitized by Google 



a 4 JVisfc^UoKua Curiuja. 

Earth, and confcqucntly have had more nota- 

But hitherto none has threatened 
the Earth with a n^rer Appulfe, than tfaa( 
of For by Calciilati0a Ifijid^ tbat 

%'cmb. 11% 6\ V.M. that Comet was not 
above the Scmi-dia meter of the the Sun to 
the Northwards of the Way of tAe JEartk 
At which Time, had the Earth bcM Hmrc^ 
the Comet would have had a FmtjAmx equal 
to tbat of the Moon, as I take it. This \% 
fpoken to Alironomers : Bat what might be 
the Coofequcaccs of fo near an Appnlfe-, or 
of a €onta& ; or^ iaftly, of a Shock of the 
Caleftial Ikxiics, (which is by no means im- 
pofTiblc to come to pafs) I leave to be dit 

cuf^U by^tbe.Studioasof fhyitcal Matters. 
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CoDGernii^ the 

RAINBOWi 

' ' IN. . 

Which (by a direfl: Method) is fhewn 
how to find the Diameter of each 
Bow,, the Proportion of. the Refraaion 
being given : Together with the Solu- 
tim of the Inverft. FrohJleau. or Imiw 
to ftndciite A4«Mi of the Refra£lion, 
die Diameter of the Iris being given: 



I » ' . 't "fi I i • , ,. ., , ^ 

LL the Writers of Natural Hiftarn 

_ tow. (a. Meteor fa remarkable for its 

fair Colours) and given an Account of the 
GmitH'^oi I And the Awicat Aiytk^igt^fif^ 
ff^tip^^^ik^^ ^ : Aippoanriicr^ 

' thought 
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^uglit fit to gi?e it the Title of TZmmmmb^; 
or the CWU •flfWlrr^ and placing it in ths 

Number of the Coddcjfcs^ attributed to it the 
Office of a MtQiftgcr between the QxUfiiMs 
and mortal Men ^ which Fable, perhaps owes 
its Original tf>Gmfis^ Ctup. V. 

Thofe that attentively conridcr'd the Pha* 
mmena of the Rainbow, always found, that 
the Sun's Rays reflected by a Watery Cloud, 
came to the Eye under a certain Angle ; from 
wlieacearoie tbeArcb, orQrcolar Figure of 
it. But as for the Caufc and Reafon of tY\e 
Colours, as alfo of the Magnitude of the 
A^le, by wbicb we coaltantly find it diftant 
from the Point oppofite ra the Stm ; thefe were 
Things, that a long while, and very greatly 
perlcx'd, as well the AJodemsy as Aiidents. 
Neither did they do any thing to the Purpcif 
herein, till the Famous Mon^eur Des Cmes 
making v(e of the Mathematical Sciences, 
fhevv'd by fevcral Examples, that more ftrift 
and clofe Methods of Reafoning might and 
ought to obtain, even in our Maoagemecvt of 
tboSSt ^hypcai Sftcidanmu. 'Amoqgft other 
tlnngs (tho' it muft 1^ own'd that herein he 
had fome Light, from the Learned Amomo dt 
Domini ^ Arcb-bifhop of SpaUto) he explain'd 
the Theory of the Rainbow. And having dif- 
eover'4 tbeLawsof Refr ad i o n , hexlearl^^e- 
monftratedp that the Trimmryhis was nothing 
elfe, but the Sun's Image reflexed from :the 
Concave Sur&ce.pf.iAauinerable Sphif'ical 
Drops of Rain ; and that lytih diisCon4|tioi^ 
that th(^ Rays that were' penAld at thfuir 
Incidence, were, not loft or diffipatcd.,hj.,|ihe 
iieji€xion^ OAd the Tw9 RefrMaumsJ^u$ ^it^^ 
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Ingrefs^ and the other at the Egrefs) but fell 
(aad that alfi> parallel) on the Eye. That the 
Rays were tinged with Colours by thofe Re- 
fraftions, after the &111C maimer as we fee they 

arc by a GlafsPrifmc. That the Secondary Iris 
is produced, after the fame manner, by the 
Rays that fall more obliquely, only here arc 
- Two Reflexions, before the Son's Rays (which 
when refraded a Second time proceed parallel 
to the Eye) emerge out of the Drops of Wa- 
ter. Farther, that the Magnitude of each Iris 
depends upon the Degrees of the Refraftion, 
which is different according to the Nature of 
each tranfparent Solid or Liqnid. 

And fuppofing the Proportion of the Sines 
of the Angles of Incidence to the Sines of the 
reiraded Angles, to be in Water, as 250, to 
1&7, he deterniinM the Semi-Diameter of each 
Iris^ agreeably to Obfervations, viz.. that of 
the Primary Iris^ 41 ^ 30'. and that of the 
SiCfiffdary^ 51^ 54', By which he did not fo 
mnch confirm the Theory it felf, which was 
^ d^monftr^ted from other Principles, as the- 

Truth of the fore-memion^d afflcmcd Proportion^ 
(viz.. that of the Refradion.) But for thef© 
Things, the Reader may confult jthe 8th Chap- 
ter of Cmt€i% Mmvrsy whither 1 refer him* 

But noYf Cartes (who nledan indired and 
tentative Method \a determining thefc Angles) 
did not fcem clearly to apprehend the Ealinefs 
of the Probieqi he had piiopofed to |iknrelf^ . 
And becaofe none (that 1 know of; iinice InsOy.. 
has handled the fame Argument more fully; 
and alio (ince fome have niifnnderllood what 
Cmes did, committing very great PjtraU^ifmx, 

. in fome SQOi» (finco kis time) nnhkb |)ar<tkiH . 

larly 
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larly pretended to explain the Phdntrntena of 
the Rainbow- I was willing to fapply what I 
thmght was wanting ia this Dodrinei aad* 

metrically to determiAc the- Angle of its Di- 

ftancc from the Poi7]t ofyofitt to tij^ Sun: Or 
contrarywiie, from the Irugivtn^ to^^rwijfe 
the refriftive Power of the Liquid. 

Wlmt the Geldmted Mr. Nnnm' has dow 
upon this Head, the Reader will find (with 
modi greater Advantage) in his Book of Li&ht 
and Colours, when be ihaU think fit to be- 
fbow thoie exoeUeat DilcOTeries ppontfaePlib* 
lick. 

But to proceed. *Tis plain from what Carrej 
has demonftrated, that the Prh?2ary Irts is 
fbrm'd by fucb Hays of the Sou, where the 
Excefs of: Two r^dhd Ai/igk$i above one 

Angle of hicideme^ is the Greatfft of aU fitch 

£xctjies pejjikle. And that the Secondary Iris is 

form^'d by thofe liays only, where the Excefs 
of Three refradtd Aagles, above one of //la- 
dence, is in lrkcinaniier:tho>6*iiwf^j?. And lb 

we may go on to a 3d, 4th, or any other iWf, 
which are form'd, where the Ray<; emerge af- 
ter 4f or mor« RcSexions. But thefe can 
never be feenan^theHeaveBS, becaofe of the 
S jjvs Light which is ftill nioreand more dcM- 
litatcd by. each Reflexion and Rcfraftion": 
Wheoce it * comes to paf^alfo, that the Seccn-- 



f3xnt& ocfaan the PrrOMilyioiife^ - autln all tbtfft- 

the general Rule is^ that the Excefs tif 4, 5, 
or mcrt rciralhi AmUs^ (vtt. the Nu477ber of 

RjdSexions being iaoreafed by Unity) ab^e-cnc 
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Now this iredtefi Excefs doubled, is always 
tiie Diftance of the /w from the Point ofpofin 
to the Sm^ when the Number of Reflexions is 
meven. But if that Number be evert^ then the 
.Double of that ffrtst^fi jingle, is the Diftaace 

of the from the Sun it felf, vh. ia the id, 
4th, 5th, ire. Iris. Al! thcfc TPbings are ei- 
ther purely Cartefim\^ or clfe eafily follow 
'from his Writings in the foreineation'd Place. 
Bttt BOW to obtain thofe greateft Mxceffis^ 

having the Refradion of any Liquor given ; 
'tis to be obftrv'd, that the Excefs of Two 

refracted Angles, above one of lacidencc, is 
there the Great eft, where the moment aneoas /w- 

crement of the AogJe of Incidence is exadly 
double of the momeHtmmu Iwerment of tte re- 

fracted Angle. And that the Excefs of Three 
refrafted Angles is there the Greatefi^ where 
the Increment of the Angle of Incidence is 
triple the Increment t/S the refra&ed Angle; 
and fo of the relt. And this is fufEcieatly 
evident of itfelf: But as for the Angles, we 
may obtain them by the Help of the following 
Ltmma^ which maft therefore be demonftra- 
ted* 
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Lemma. 

The LeQs of an) fUin Tridngle cantimmg j 
// Verticd Angle be augmemed or 

' dimim(}/d^ by m J/;^Ie lefs than any 
Aftgle affign*d ; t}jt Momeata c?r Inftan- 

taneou^ Mutations of the Angles the 

Bafe^ are to one another reciprocaWy^ as 
the Segments of the Bafe. 

At Fig. 1. Flate 3 fuppofe the Triangle 
ABC, whofe Vertex is its Legs AB, AC, 
and Baft BC, upon which let fall the PerpendK 
colar A D. Then let the Angle BAG be in- 
crcafed by the hidivifibU Momentum CA and 
let the Lines B c ^, cD be drawn, which dif- 
fer, in Imaginatioa only, from the Lines BCD, 
CD. Ifay^ that the ^tfmmifm of the Angle 
ABC {viz,. CBc) is to Wa^Momtntmn of the 
Angle AGE or ACD, as CD to BD, thai is 
reciprocally as the S^meats of the Bafe. 

DEMONSTRATION. 

Becaufc the Angle ACD, is the Sum of the 
Angles ABC, BA^ its Mementum alfo ihaU 
equal the Sum of the Mements of thoft Angles \ 
that is, it (hall equal CA r-hCBr. But CAr 
=:CDr, fince, becaufeof the right Angle at 
D9 the Points A, D, C, c, are all in the Arch 
of a Circle, whofe Diameter is AC : By EncL 
3. 9. And coofequeotly the Sum of the Angles 
CBr, CDc (that is the Angle Ucd) fliall be 
the Mcmemum of the Angle ACD or ACS. 

. But 
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But thofe Angles CB r, D r ^, being indefinite- 
ly fmaU, are to one another as their oppofite 
fides, that is, as c D or CO to BO, that is as 
the Segments of the Bafe redprocally. Q,: 
E:D. 

' If each of the Angles B and C be j4ane^ the 
Lemma will ftill C ^^utatis tumidnSs) be deoaOA- 

firated after the fame Maimen 

C.OROLLARr. 

Hence it follows that the Momenta of the; 
Angles at the Bafe,' are to one another dirtiily^ 
as the Tangents of thofe Angles. 

By the Help of this Lemma^ I will be eafle 
to find the l3iameterof any Ins whatfocver; 
. and that either by ^alcHlation^ or a Geometrical 
ConfimlUm, For taking any right Line, as 
CA (Fig. 2.) let it be divided firft of all in " 
D, fo that CA, may be to CD, in the RMia 
of the Refraction in Water, which is as 250 
to 187, or more accurately, as 529 to ^96. 
Then let CA be divided fo in E, that C£ may 
be toAE, as Unity to the Number of Reflexi- 
ons, a Ray of the Sun (fit to produce the Iris 
propofcd) undergoes : And upon the Diame- 
ter AE defcribing the Semi-Circle ABE, on 
the Center C with the RaMm CD defcribe the 
Arch BD, meeting the Semi-Circle ABE in 
the Point B. Laftly, Drawing the Right Lines 
CB, AB, let CFbe let feUperpendicularupoa 
AB produced, and EE paraOel tbereta I iay^ 
then, thdt CBPis the Angle of Incidence, and 
CAB the RefraSed Angle that wc enquire af- 
ter, and which will produce the IrU pro^ 
pos'd* 
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DEMONSTRATION. 

Bccaufc the TriangFes ACF, AEB ite Umi- 
iar, it wiU be AF: BF :: AC; EC, that is, 
asthcNtiioberof Reflexions encrcasM by Uni- 
ty to Unity (by tlic Cmjhmai^) and coni^ 
qnently the Momentmn of the Ang^t CBF, will 
be to the Momeraum of the Angle CAP, in the 
fiuDC Proportion (by the foregoing Lemmcu} 
fint the Sine 6t the Angle CBF^ is to the 
Sine of ttie Angle CAF, in the Proyottion of 
the Sides CA^CB, that is, in the Proportion 
of the Refraction given (alfo by thzConfirHEiUn.^ 
Therefore CAF is the Refi afted Angle, cor- 
refponding to the Angle qf Incidence CXF} 

and their A^otnentd are in the Ratio propos'd, 
wherefore they are the Angles fought. Q, E» D# 

And now, inultiplyiog the Retrad:ed 
gle by the Nmiri>er ctf the Reflexions encreas'd 

by Unity, and ifrom the Produft fubftrading 
the Angle of Incidence, we ihall have half the ' 
Diftancc of the Iris from the Sun, if the 
Number of Reflexions be fvr^f^ or from the 
Point oppofitc to tiK Sttn, )i ttiat Noaber be 
ii^uie.j^ as we have ftiewn already. Hence 
we inay exhibit (f)y a Conftrnclion concife and 
eloquent enough) the lacidencies of all the 
Orders of Irii\ in any Liquor whofe R^fra- 
ftion is known. For if the Line AC (FTB, 2.) 
be divided into Two equal Parts at E, into 
Three equal Parts at f, into Four at «, into 
Rye at«r, &c. And on the Diameter AE, Ar, 
Af, Ai7, be defcrib'd, the Semi-Circles ABE, 
Ai7/, vviiich are all interfedcd ia 
the Points ,s by the Arch DBA^v, de- 

fcrib'd 
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fcrib'd on the Center C with the Radios Cb» 
which is to AC, in the given Proportioa of 
the Refradion: I fay then that the Lines 
AB, Ab, A3, Av, will make with the Line 
AG, the Angles CAB, CAb, GA3, CAv, equal 
• to the Refracted Angles; and with the re- 
fi^edive Raycs CB, Cb, Q^, Gv, they will 
make Angles equal to the Angles of Inci- 
dence that are required ; viz,, ABC (or ra^ 
ther its complement to a Semicircle) for the 

Primary Iris^ AbC, for the Secondary^ APC, 
for a Third Iris^ AvC, for a Fourth^ If any 
one has a mind, to find thefe Angles by an 
accurate Calculation, 'twill follow irom the 
lame Principle, that putting the Radius=I, 
and the Ratio of the Refraftion as r to the 



Sine of Incidence will be ^ and the 

Sine of the Refraaed Angle "^^^ — -from 

which Angles proceeds the Primary Iris. For 
the Secondary the Sine of Incidence will be 

V'*" — 
g— the Sine of th« Refradted 

Angle ' "3^ For a TA/V^ /m^ the Sine 

of lacideace win be — - aad the Sloe 
of the Refia^led Angle — I For a 

X^rr 15. 
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Fourth Jris^ the Siac of Incidence vviU be 



the reft. Farther, 'twill be foundry CaJcu- 
lation, that (takingCWrt^/s Projjortioo) the 
Primary his 15 dilbint 41^. 30'. from the 
Point oppofitc to the Sua ; the Secondary^ 
5 1 ^ . 5 5'. from the fame. The Thiri^ 40'' , 20'. 
and the Fourth^ 45°. 33 . from the Sun it felf ; 
which Irises perhaps were hardly ever feoaf^r 
the reafons before mentioned. 

Anci thus much may fulfice concerning the 
Magnitude of the Irtdes^ in the perfpicuoos 
Drops of a Flnid^ whole Rdradiw Power is 
known. It remains that nothing be faid con- 
cerning the Colours^ which this Phenomenon 

J>refent$, with the orders of them in each 
brt of his^ according to all the polOble Vari- 
ations of the Refraction. 

And here we muR know e(pec\a^ly, that 
the Acute and Sagacious Mr. Newtotjy has 
found by molt clear Experiments, that thm 
Jtigjfs of Light uro not Simfk mtd Vnifrrm^ ms 
they iffue &ut of the Lttminoui Sody^ b§g$ the fm^ 
white Light which we fec^ confifis of Corpufcles of 
all kinds of Colours^ mi^d and hurr^d wiih 
s viioUfit Motion^ one amongft amther. And 

that the divvrfity of the Colours of things 

aiiics, acLO] ding to the various Difpofitions 
thofe Ohjcds have, to Refract or lUfled this 
or that peculiar kind ot Light. 

The Proof of which is maoifeft from Refra* 




and the Sine of the Refracted 



X4 




and in like manner of 



dions. 
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ftions, in which thefe Species are fcparated 
from one another, and the Slue or Piirp^e 
Light, (even in the lame Diaphanous Body) 
is niore Refraded than the TcHow or Red. But 
let the Reader confult this incomparable Per-* 
foil's Letters (N°. 80. and the followi ng of the 

Thilofofhkal Travfatlioris^ from which Speci* 

Jnen lie will be able to judge, how nobiy thi$ 
Argatnent of Lighf will be managed by hira* 

To my purpofc 'tis fulficient, that all kinds 
of Blue Light, are fomething more refracted 
than^^-i, from which difference arifes the 
Latitude of the Irides^ which is hardly to be 
determined by Obfervation, becaule of the 
uncertain Limits of the Colours. But by how 
much the Proportion between CA and CD, is 
of greater Inequality ^ or by how much the Re* 
iradioa is greater, fo mdch the greater is the 
diftance orany /rw from the Sua, and confe- 
quently thofe borders that are remoter front 
the Sun, ihine with a Put fie Colour^ but thofe 
that are nearer, with an mtenfe Red. 

This may always be feen in the Primary 
Irifj which vaniflics in the part oppofite to 
the Sun, if the Sine of Incidence be to the 
Sine of the Refraded Angle, as CA to CB, 
or as 2 to t. But if that Ratio be greater^ 
there can be no Primary Iris feen at all. 

As for the Secondary Iris^ 'tis to be noted, 
,that this vaniflies into a Point, in the part 
oppofite to the Sun, when the Ratio of thd 

Refradion isas i to ^ V-^ , otas 1 ^ 

to 0,847487..* and from thence it retuffii 
back to the Sam itfelf, where it van ifhcs, if 

the faid Ratio be as 3 to i, or as CA to Cc. 

D 2 But 
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But in the Ratio's between thefe (fuch as wc 
have in all Fluids knowa to ns, except the 
Air) by how much the greater is the Ratio^ 
by fo much h the Iris more diftant from the 
Point oppofite to the Sun, or rather from the 
Sun it felf , reckomng the Arch beyond a 
Semicircle. And confcqucatVy the Colottrs 
win feem to he In a difierent order fitim the 

• Frlmary Iris^ in thefe rttvrnings^ unkfs, the 
diftance of the hides from the Sun, be taken 
in this Sefjce *, which is alio every where to be 
obfervcd in the reft. 

The Ihird Iris is confbfed in the part op- 
pofite to the Sun, the Ratio of the Refraftion 
being as i 10,91855--- from thence it re- 
turns back to the Sun in the Ratio of i to 
,68250—- whence again, the order of the 
Colours being reftored,in theRatio of 4 to i, 
or C A to C e, it terminates in the part oppo- 
fite to the Sun. The Fourth Iris beginning 
from the Sun, in a Ratio of Equality, paflcs 
on to the oppofite Point, in the Ratio or r to 
^94895 - and thence returns back to t/ieSun, 
if the Proportion be as 5 to 4^ hence again, 
it difperfes to the Point oppofite to the Sun 
in the Ratio of 1 to ^ 5 5 3 3 7 - - within which 
compafs arc included the RcfraSions of all 
Fluids that are known. Laflly:, The Ratio 
being as 5 to t, or CA toCn, it vaniihes in 
the very Sun it felf ; the Colours being every 
where inverted to the fight in its return to 
the Sun, as they were eretl in its egrefs from 
it. Hence, in watery Clouds, the Firfi and 
Fourth Iris (hew Jeef red Colours turned to- 
wards the Sun ; bat the Second and Third give 
furfle. Lut perhaps I may feem too tedious 

iu 
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in theft Defcription?, the Raivhow it felf be- 
ing no more than a Momentary Fhantafm, 

But whence 'tis that the difierent Refra- 
dive Power of Fluids arifes, is a Problem of r 
the greateft Moment, and to be ranked 
amongft the Secrete of Kature, not yet ob^ 
vious cither to our Sences or our Reafonings. 
For fure Water amongft all Fluids , does 
leaft of all Refraft the Rays of Light. When 
'tis Tin&:ur''d with Salts diflblvcd in it, accor- 
ding to its weight and thequaatiiy of Salt, 
it increafes the Refradions.^ And Corrcfiuc 
Sfirits (which are much heavier than Water) 
do alio much more Refraft the Rays of 
Light: Nor is it any wonder, lince being 
denfer Bodies, they may eafily be conceived 
ib much the more to obftrud the paflage of 
the Rays. But wliy there fhould be lb great 
a Refraftion in Burning Spirits and 0/7/, efpe- 
cially in Spirit of Turpentine^ or ofWine^ fince 

they are Fluids extreamly Light in comparifon 

of Water, and confift very much of fubtle 
iEtherial Particles, does not foeafiiy appear ; • 
but feems to require (in order to the Expli- 
cation of it) a more thorough knowledge of 
the Nature and Texture of Light. 

But from the difiance (of the Iris from the 
Smi) given^ to find the Ratio of the Refra- 
ction, is a thing that will give thofe that are 
curious, an occalion of finding the Refradion 
of any Fluid, accurately and with little trou- 
ble. For if a Cnall drop of any tranfparent 
Fluid, be fuppofed to hang, at the bottom of 
a fmall Glafs Tube, and the Sun being near 
the Horizon and ijiining ftrongly, it be ob- * 
ferved under what Angle (with the Poi>^t 
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offoftte to the^ Sun) the Colours of the Ins bo 
fecn in the drop, then the Proportion ibught 
win be obtained with « little CalcnlatioB. It 
is a Cubical Equation, explicable by oneoflty 

Root^ by w hich, from th^ Primary Ins given^lh^ 
Ratio is computed^ vii., T^— T^t — 4rrt=o, 
where T is the Tangent of the Atvg(e of Jnci^ 
denc€ reqmifite^ t the Tangent of i the^iftancc 
of the Vih from the Point oppoCte to the Sun, 
to the Radius r=-ri. Whence (according to 
Cdtddnm'^ Rules) arifes this Theorem, viz.. 
Fr9m the Cub9 of t fubfiroQ tim PradnS 0/ 2tt 
int0 the Excefs of the Secmtt 4f the fume Areh 
^i. ic {he Riiduis rljc d:^'fere?7ce (liall be the Icjjer 
Cube. The Sum of the Jame^ adduig 4trr, will 
bt the greater Cube» The Sum ef the fides of hotb 
Cvhes^ sttd of win be e^ual te the Tangent of 
the jifigle of Incidence^ and the half of that^ will 
he the Tangcfit of the Kefrafted jingle. FrOIU 

VVhcnce the lUdo ibught is manifdQ:. 
For an Example of this. In a drop of OU ef 

7urfentine^ the diftance of the Primary Iris, 

from the Point oppofite to the Sun, is ob- 
fcrvcd to be ,75''. 40'. 'Tis required to find 
the Ratio of the R^fradion* 

t—Tang. 12°. 50'. = o, 227SC53 
5=^s>e(rr of the fame. = 1,0236197 

at = 0,0118^217 

s — rX2tr = 0,01167255 

Ttie pifier?nce i$ the leflfer Cube 0001 4952 

„ ^ ' ' >vholf lide 0,0530773^ 

The Sum o, 02349482 
4tfr Oj 91 12 2525 . 
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Greater Cube o, 93472007, whole fide o, 9777486 

to, 22t8o63 

T=Tang. Incid. 51". 32'. i,258<J322 
i T=Tang. Refr. 52'. 11'. o,6293»«i 

Lallly, As VtT-I 4 ' VtT+i tt r : « : : 
1 : 168025. Which Proportion comes very 
near to that, which Experience fliews to be 
in Glafi and moft pellucid Solids. The Dia- 
mond indeed, exceeds all tranljarcnt Bodies, 
not only in rerpeft of its haidnefs andvalac, 
but alfo its Refractive Power, the Propor- 
tion here being as 5 : 2, nearly, or more^ ac- 
curately as 100:41. But of this, perhaps 
more in another place. 

While I was writing thefe things, that 
skillful Geometrician Mr. De Moivre^ at my 
*equcft, found a like Equation for deter- 
mining the Ratio, from the Scmidumeter ot 

the Secondary Iris, liven. By which, the Ratio 

is indeed foraething more exadly determmed, 
Imt that Equation being a Biquadratical one, 
tliC Calculation is not foeafily pertormed. 
This Equation is TM- i T' t— » J W » 
t*=:o • where Tis the Tangent or the Re- 
ftaaed Angle, t, the Tangent of \ the di- 
ftance of the Iris from the Point oppoljte to 
the Sun, to the Radius r=i. And this Equa- 
tion is of that Form , as to be always expli- 
cable, by an Affirmative and one Negative 
Root, the one and the lefs of wfaich, is the 
Tangent of the Refrafted Angle, in the 
<rrefs to the Sun, vi^. when the Purflt Colours 
tre nearer to the Sun. The greater Root is 
the .Tangent of the Refracted Angle in an 

D 4 " 
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Iris out from the Suft^ vvi. in a Fluid of 

a lefs Mario, In Oil o f Turpentine^ thediflance 
of this Ivis from the Point oppofite to the 
Sua, isobfenred to- be Si"*. 30. whence tb^ 
curious Reader may find out the Roots, 

o, 80822-- and — 2, 98131-- the Tangents of 
the Refraftcd Aiigles. Hence is computed the 

Jiatio of greater Inequality^ aS I tOO,679P5-- 

fuch as is in Oil of Turpentine. But frotti 
the greater Root comes forth the Ufftr Rittio^ 

as 1 to 9540 nearly, fuch as would be in 
a Fluid, exhibiting a Secondary Iris of the 
fame Diameter, but which (after the manner 
of the Primary one) fiiould look towards tht: 

$un with the Red Colours. 

If any one has a mind to find thefe Roots 
by a Geometrical Conftrudion, any Parabola 
being given, it is done with fo much eafe, 
that I need not repeat what I have already 
ofiered upon that Head Fhilofo^hical Traftj-* 
^tiions^ 54. 1 88. 

Each oiF thefe Equations is deduced from 
what has been iaid before^ and alio frovx 
the Rules for the Tangents of the Dottble 
aud Treble Arch the bare hint of which, 
inay be iuftead of a Demonftration even to 
thofe that are but meani; vers'd in thefe 

This Difcourfe being already in the Prefs^ 
there caine to my hands (by the means of a 
Friend) a certam Book, whofe Title was 
7hMumAtttiaJis lhaumafia , ' Printed at Nerivf 
berg 1699, under the Superintendency of AI. 
SturmtHs. In which the slcillful Author feems 
to iiave iaid together whateiter is IX) be found 
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pf this Argument, as well amongft the AU-^ 
dern as the Ancitnt Writers ; fubjoyning and 
illuftrating .G«rf*/s, Eek4rd's, Hmn-Mtm F4~ 
ffrs, Md Mkrietei Calculus, From whence 
It IS plain, that the reft added very little or 
nothing to Cartes\ Iiivciitions, building UPOA 
the fame Ungeonic^rical and Tenuti^ M^l 
tbods of Calculation. But that the Judicious 
Reader may be fenfible , things I have 

ferformed^ in the Do^rine of the Iris^ I v^ould 

have him read the forementioned Book, and 
compare it with this Difcourfe; left in put- 
ting out thefe things, I flionld feem only to 
have made an unpleafing Repetition of what 
had been done before. And of what v*fiuf9 
in jilhonomical Matters., this Umnut of ours nutt 

. *», flwU be fl^ewn upon fome Other occafion. 
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king xhc Logarithims, Intereil fimpk and 
compound ; the chief Properties of the 
conick SeQions, menfuration of Surfaces 
and SoUds ; the fundamental Precepts of 

pcrfpeclive Trigonornctry : the Laws of 
motion applied to mcchanick Powers, Guii^ 
nery, &c. Defign'd for the benefit, and a^ 
dapted to the capacities of beginners. By 



t 



» 



Books. 
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Booh and Map fold ly John Sedcx^ 
next the Fleece-Tawrn in 
CornhiL 

ATIms C^Jlift Coatoining the Syf- 
tcins and Theories of the Planets^ 
tlie Conftellations of the Stars, and other 
Phenomena's of the Heavens. Price 5/. 

A Pocket-Book, containing feveral 
choice Colled:ions in Arithmedck^ Aftro* 
nomy, Geometry, Surveying, Dialing^ 
Nav^ation, Aftrology, Geography, Mea- 
furing, Gauging, &c. Price 5 

The Theory of the Handling or working 
of (hips at Sea, the like never before pub- 
liflied. 

A New Pair of Globes^ Twelve Inches 
Diameter. TheTerreftial is laid down ac- 
dording to the neweit Diicoveries, and 
from the ftioft exaffc Obfefvations^ with a 

general View ot the Trade Winds, and 
Monfoons. The Coeleftial has the Stars 
Places, from theCorreft Tables of M. He- 
W/j, C^pt. Halley^ and the like, neva* be- 
fore extant, Price ^ A 

A New Syftem of Geography, defignM 
in a moft plain and eaiie Method for the 
better underftanding that Science : Accom- 
modated with new Maps of all the Em- 
pires, 



pires. Kingd(>ms^i^rindpaimes^Dukec^^ 

Provinces and Countries in the whole 
World; with Geographical Tables^ ex- 
plaining the Diviiions in each Metp. The 
Third Edition. To whicli is added. An 
Introdo^miix^ that^cieiiM. Price 6 a 

The General Laws of Nature and Mo- 
tion, with their Application to MechAm^ks^ 
Alio, The Dofbine of Ceikripetal Forces, 
and Velocities of Bodies, defcribing any of 
the Conitk &eiti<msy being a Fart of the 
Great Mr. Newton*^ Principles. The 
Whole iUuftrated with Variety of ufeful 
Theorems and FrohlemSy and accomadated 
to the Ufe of Youger Mathematicians. 
T^yHDimn' Price 4 

A Hexagon, fortified with all Sorts of 
Out- Works, according to. the modern Me- 
thod erf Fotttiication ; together with all 
the Inilruments ufed in Attacking and 
Defending of Places, ufeful §oc aW that 
read trh€ Piiblidc News. Curioufly En- 
graven. Price I /. 

A Treatife' of Trigonometry, Plaid and 
Spherical, Theoretical and Praftical; in 
which the feveral Ca&s of Plain and 
Spherical Triangles are folv'd Inftrunien- 
tally and Aiidimetically : As like wife a 
Treadfeof Sccriographick and Orthogra^ 
phick Projection of die Spiiere* By 
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Haj/nes^ late Reader of the Mathematicks 
to His Majefty's Engineers. Price j s. 

A New Map of the Seat of War in 
Flanders^ On the Rhine^ the Meufe^ the 
Moffel, &c. Price 6 1 

A Plan of the Town, Caftle, Moles^' 
and Bzy of Gibralur^ as Attacked by the 
French^ ijofy. Price 6^. 

Alfo a Plan of the City and Cittadel 
of Liege. Price ^ d. 

Where may be had all Sorts of Mathe- 
matical Books, Maps and Inftrumenrs, 
for the Sea or Land. 
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